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Chapter  I 


DEFINITION  OF  RINGS  AND  ALGEBRAS.  EXAMPLES. 


In  this  chapter,  we  are  concerned  with  the  definition  of  rings  and 
algebras.  We  then  give  a  number  of  illustrations  which  will  be  useful 
and  instructive  later. 


1 .  Definition  of  a  ring.  First  properties. 

We  consider  a  set  R  for  which  an  addition  and  a  multipli¬ 
cation  are  defined  within  R  .  This  is  to  say  that  two  functions  s(x, y) 
and  p(x,y)  of  two  arguments  x,y£R  have  been  selected,  both  with 
values  in  R  .  We  write  x+y  for  s(x,y)  and  xy  for  p(x,y)  . 

DEFINITION  1.  A  set  R  for  which  an  addition  and  a  multiplica¬ 
tion  are  defined  in  R  is  a  ring,  if 

(I)  The  elements  of  R  form  an  abelian  group  under  addition. 

(II)  The  multiplication  is  associative:  (ab)c  =  a(bc)  for 
arbitrary  a,  b,  c  6  R  . 

(III)  Both  distributive  laws  hold: 

a(b+c)  =  ab  +  ac  ,  (b+c)a  =  ba  +  ca 

for  arbitrary  a,  b,  c  in  R  . 

As  a  consequence  of  (I),  we  note  that  for  given  a,  b  €  R  the 
equation  a+x=b  has  a  unique  solution  x£R  which  is  denoted  by  x=b-a  . 
For  a  £  R  ,  the  element  a-a  is  independent  of  a  and  is  called  the 
zero -element  0  of  R  .  Then  b+0=b  for  any  b  G  R  .  As  usual,  we 
write  -a  for  0-a  .  Then  b-a=b+(-a)  ,  It  follows  from  the  associati- 
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vity  of  the  addition  that,  for  any  positive  integer  n  ,  we  can  form  sums 
of  n  elements  of  R  without  using  parentheses.  In  particular,  we  write 
na  for  a  sum  of  n  equal  terms  a  €  R  . 

Similarly,  because  of  (II),  we  can  form  products  of  n  elements  of 
R  without  using  parentheses.  The  product  of  n  equal  factors  a  is  of 
course  denoted  by  a11  . 

Taking  b=c=0  in  (III),  we  see  that  a0=0,  0a=0  for  every  a  £  R  . 

It  then  follows  from  (III)  for  c=-b,  b  €  R,  that  a(-b)=  -ab,  (-b)a=-ba  . 
The  ordinary  rules  for  brackets  hold.  However,  since  the  commutativity 
of  multiplication  was  not  assumed,  we  have  to  be  careful  about  the  order 
of  the  factors.  A  ring  is  said  to  be  commutative,  if  ab=ba  for  all 
a,  b  £  R  . 

Let  R  be  a  ring  which  does  not  only  consist  of  the  single  element 
0  .  It  may  happen  that  there  exists  an  element  e  in  R  such  that 

ea=ae  =  a  for  all  a  €  R  .  Then  e  ^0  and  further  e  is  uniquely  deter¬ 
mined.  We  call  e  the  unit  element  of  R  and  often  denote  it  by  1  .  If 

R  is  a  ring  with  a  unit  element  1  ,  an  element  a  of  R  is  said  to  be 

regular,  if  there  exists  an  element  a’  of  R  such  that  aa,=a,a=l  .  Then 
a'  is  uniquely  determined  by  a  .  We  usually  write  a  *  for  a  and  call 
a  *  the  inverse  of  a  . 

DEFINITION  2.  A  skew  field  is  a  ring  R  with  unit  element  such 
that  every  element  a^=0  has  an  inverse.  Alternately,  we  may  say  that 
the  ring  R  is  a  skew  field,  iff  the  elements  different  from  0  form  a 
group  under  multiplication.  A  field  is  a  commutative  skew  field. 

Before  we  come  to  the  discussion  of  examples,  it  should  be 
mentioned  that,  as  in  all  abstract  theories,  we  are  not  interested  in  what 
the  elements  of  R  "are"  but  only  how  they  "behave"  under  addition  and 
multiplication.  This  leads  to  the  idea  of  isomorphism. 


DEFINITION  3.  An  isomorphism  of  a  ring  R  onto  a  ring  R*  is 
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a  one-to-one  mapping  x  — >  x*  of  R  onto  R*  such  that 

(x+y)#  =  xsH-y*,  (xy)*  =  x*y*  for  all  x,  y  £  R  .  The  rings  R  and  R* 

are  isomorphic,  in  symbols  RiStfR#,  if  isomorphisms  of  R  onto  R* 

exist. 

If  we  have  an  isomorphism  of  R  onto  R*  and  if  we  agree  to  use 
the  same  letter  for  an  element  x  of  R  and  the  corresponding  element 
of  R*  ,  then  any  equation  based  on  the  ring  properties  in  R  is  true  in 
R*  and  vice  versa.  In  a  way,  we  may  say  that  R  and  R*  differ  "in  name 
only"  or  that  the  rings  R  and  R*  are  "not  essentially  different".  We 
cannot  distinguish  between  them  in  an  intrinsic  manner  using  only  ring 
properties.  It  will  be  clear  that  an  isomorphism  of  R  onto  R*  maps 
the  zero -element  of  R  on  that  of  R*  ,  the  unit  element  of  R  (if  it  exists) 
on  the  unit  element  of  R*  ,  etc.  We  have  (x-y)*  =  x*-y*  for  x,  y  £  R  . 


2.  Rings  of  endomorphisms  of  abelian  groups. 

We  discuss  a  special  class  of  rings  which  will  be  of  fundamental 
importance. 

Let  G  be  an  abelian  group  in  which  the  group  operation  is  written 
as  addition.  Consider  first  the  set  M  of  all  mappings  0  of  G  into  G  . 
Such  mapping  is  given,  if  for  every  g£  G  ,  the  element  is  known  on  which 
g  is  mapped.  We  denote  this  image  by  g©  or  by  0(g)  .  Of  course,  the 
notion  of  a  mapping  is  the  same  as  that  of  a  function  defined  on  G  with 
values  in  G  .  Two  mappings  0  and  0’fe  M  are  equal,  iff  g0  =  g0'  for 
all  g  €  G  . 

The  sum  of  two  elements  0^,  0^  of  M  is  defined  by  the  formula 

(1)  g(©1  +  ©2)  =  g©1  +  g©2  (for  a11  g  6  G). 

Here  the  element  on  the  right  makes  sense,  since  g0  ,  g0  £  G  ,  and  G 

1  w 

is  an  additive  group.  In  other  words,  0  +0  is  the  mapping  which  maps 

X  u 

the  element  g  €  G  on  the  sum  of  its  images  g0  ,  g0  for  the  two 

X  M 
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mappings  9^,  9^  ,  This  is  the  usual  definition  of  the  sum  of  two  functions. 
It  will  be  clear  from  this  that  M  itself  is  an  abelian  group  under  addition. 
The  zero -element  is  the  zero -mapping  □  of  G  which  maps  every  gC  G 
on  the  zero-element  0  of  G; 

(2)  gD  =0  (for  all  g  €  G). 

If  9  £  M  ,  the  mapping  -9  is  given  by 

(3)  g(-0)  =  -(g©)  . 

Here,  the  element  -(g9)  is  the  negative  of  the  element 
group  G  . 

We  next  define  the  product  of  two  transformations 
formula 

(4)  g(9192)  =  (g©1)©2  (for  g€G). 

Thus,  *s  t^ie  maPP^ng  obtained  by  performing  9^  first  which  maps 

g  — and  following  it  up  by  9^  which  takes  g9^— >  (g9^)9^  •  It  is  seen 
at  once  that  this  multiplication  is  associative.  Moreover,  if  9  ,  9^  ,  9^ 
are  three  elements  of  M  and  if  (T  ^  =  9(9^+9^)  and  =  99^+99^  ,  it 

follows  from  the  definitions  of  addition  and  multiplication  of  mappings 
that  both  and  map  g  — >  (g9)9^  +  (g9)9^  •  Hence  O  ^  , 

i.  e. ,  we  have  the  left  distributive  law 

9(9^9^  =  99x  +  992  . 

However,  M  is  not  a  ring,  since  the  right  distributive  law  is  not  true  in 
general. 

In  order  to  obtain  a  ring,  we  replace  M  by  the  subset  E  consisting 
of  the  endomorphisms  of  G  .  An  endomorphism  9  of  G  is  simply  a 
homomorphic  mapping  of  G  into  G  ,  i.e.. 


g9  of  the  additive 
61  *  Q2€  M  by  the 


a  mapping  of  G  into  G  such 
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that 


(5)  (g^g^e  =  g^+g^  , 

for  all  g  ,  g2  £  G  . 

If  we  apply  9  to  both  sides  of  (1)  and  use  (5)  for  g^=g9^,  &2  =  ^2' 
we  see  that  g((9 ^  +  9^)©)  =  g(© ^  9)+g(©29)  =  g(9 ^  9+  9^9)  for  all  g  £  G  and 
hence  we  have  the  right  distributive  law 

(9  +9  )9  =  0  ©+920 

for  9  ,  9  £  M  and  9  £  E  .  In  order  to  see  that  E  is  a  ring,  it  is 

X  W 

necessary  to  check  that  if  9^,  9^  are  in  E  ,  then  ^  ^  * 

This  is  done  easily.  Note  though  that  the  proof  of  9^  +  9^  ^  ^  depends  on 
the  commutativity  of  G  .  Note  also  that  Q  £  E  so  that  E  is  not  empty. 
Actually,  the  identical  mapping  I  of  G  , 

(6)  gl  =  g  for  all  g  £  G  , 

is  an  endomorphism  and  clearly,  I  is  the  unit  element  of  E  .  We  have 
thus  shown 

THEOREM  (A).  The  endomorphisms  of  an  abelian  group  G  form  a 
ring  E  with  unit  element  I  . 

Remarks.  Aii  element  9  £  E  has  a  reciprocal,  iff  9  is  an 
automorphism,  i.  e. ,  an  isomorphism  of  G  onto  G  .  Indeed,  if  9  is  such 

an  isomorphism,  the  reciprocal  mapping  9  *  is  an  isomorphism  of  G  onto 

G  too  and  99  *  =  9  ^9  =  1.  Conversely,  if  we  have  two  elements  9,  9'  of 
E  such  that  99'  =  I  then  9  must  be  one-to-one,  since  otherwise  99’  =  I 
could  not  be  one-to-one.  Further,  if  9*9  =  I  then  9  must  map  G  onto 
G  ,  since  otherwise  9*9  =  I  could  not  map  G  onto  G  .  Hence  9  has  a 

reciprocal,  only  if  it  is  an  isomorphism  of  G  onto  G  . 
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2.  Our  theorem  remains  true,  if  G  is  an  abelian  operator -group 
with  a  set  K  of  operators,  if  by  an  endomorphism  9  we  now  mean  an 
operator -homomorphism  of  G  into  G  .  Actually,  the  ring  of  endomor- 
phisms  in  this  sense  is  a  "subring"  of  the  ring  E  obtained  when  we 
forget  about  the  operators.  (Cf.  the  Appendix  for  the  definition  of  an 
operator  group. ) 

3.  Suppose  that  G  is  a  simple  abelian  group,  i.  e. ,  that  (0)  and 

G  itself  are  the  only  subgroups  of  G  .  Since  any  0  £  E  maps  G  on  a 
subgroup  G0  of  G  ,  we  have  either  g0  =  (0)  or  G9  =  G  .  In  the  first 
case,  0  =  0  •  Thus,  if  0  ^  D.  0  maps  G  onto  G  .  Again,  the 
kernel  N  of  the  homomorphism  0  is  a  subgroup  of  G  and  hence  either 
N  =  G  or  N  =  (0)  .  In  the  former  case,  0=0  ;  in  the  latter  case,  0 
is  an  isomorphism.  Hence  any  0  ^  O  in  E  is  an  automorphism  of  G  . 
The  Remark  1  then  shows  that  E  is  a  skew  field,  since  any  has 

a  reciprocal  0  *  . 

If  we  consider  groups  without  operators,  the  significance  of  this 
remark  is  very  limited,  since  the  only  simple  abelian  groups  are  the 
cyclic  groups  of  prime  order  (discussed  in  the  following  section).  How¬ 
ever,  our  remark  applies  also  to  operator  groups  G  .  Here,  simplicity 
means  that  (0)  and  G  are  the  only  admissible  subgroups.  Since  there 
exist  many  simple  operator -groups,  we  can  obtain  many  skew  fields  in 
this  manner. 

4.  If  we  use  the  "functional"  notation  0(g)  instead  of  g0  for  the 
image  of  g  ,  it  is  customary  to  write  0_  o  0  (with  this  order  of  the 

u  ii 

factors)  for  our  *  ^en  t*ie  formula  (4)  takes  the  form 

(4*)  <e2»  SjHg)  =  e2(ej(g)  >  • 


3.  Special  cases. 


We  discuss  briefly  some  special  cases  of  rings  of  endomorphisms. 
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Take  first  the  case  of  a  cyclic  group  G  An  endomorphism  9 

of  G  maps  the  generating  element  of  G  on  some  element  n <T  of  G  , 
n  a  rational  integer.  If  9  maps  (T  — >  ntf*  ,  it  follows  that  rtf'  — >  rn(^ 
for  any  rational  integer  r  .  Hence,  9  is  completely  determined  by  the 
number  n  and  we  denote  now  9  by  the  symbol  [n]  .  Conversely,  for 
any  fixed  n  ,  the  mapping  rtf'  —>  ratf*  ,  (r=0,  ±1»  +  2,  ...)  is  an 
endomorphism  of  G  .  Thus,  E  consists  of  the  elements  [n], 

(n=0,  +1,  ±2,  ...)•,  [n]  :  rtf' — >  rntf  for  r  =  0,  +1,  +2,  ....  The 

mappings  [n]  need  not  all  be  distinct.  Indeed,  we  have  [n]  =  [n1]  iff 
ntf*  =  n’tf-  .  If  G  is  cyclic  of  finite  order  m  ,  then  this  is  so,  iff 
ns  n1  (mod  m).  On  the  other  hand,  if  G  has  infinite  order,  then  ntf'  =  n'tf"' 
means  n  =  n1  .  If  we  set  m  =  0  in  this  case,  we  have 

[n]  =  fn'l  \  n  *  n‘  (mod  m)  . 

For  two  integers  n^  and  n^,  we  see  at  once  from  (1)  that  [n^]  + 
maps  tf*  — >  (n^+n^Jtf'  and  from  (4)  that  [n^]  [n^]  maps  <T*  ■—>  n^n^tf*. 
Hence 

[nx]  +  [n2]  =  [i^+n^  ,  [nxJ  [n2]  =  [n^]  . 

Thus,  in  the  case  of  an  infinite  cyclic  group,  the  ring  E  is  isomorphic 

with  the  ring  Z  of  rational  integers.  In  the  case  of  a  cyclic  group  of 

finite  order  m  ,  the  ring  E  is  the  ring  of  integers  (mod  m).  In  particular, 
prime 

if  m  is  a^number  p  ,  then  E  is  a  skew  field  ^2,  remark^)  and  since  it 
is  commutative,  it  is  a  field. 

As  our  next  example,  let  K  be  a  given  field  and  let  G  be  a  vector 
space  over  K  ,  Then  G  is  an  additive  abelian  group  with  K  as  domain  of 
operators.  If  we  consider  G  as  a  K-group,  (^2,  remark^),  the  endomor- 
phisms  are  exactly  the  linear  transformations  of  G  into  G  .  Thus,  E  is 
the  ring  of  linear  transformations  9  of  G  .  Each  9  can  be  described  by 
a  matrix  (see  the  Appendix)  and  E  is  isomorphic  with  a  ring  of  matrices. 


-8- 


4.  Rings  of  functions. 

We  discuss  another  type  of  ring  which  arises  in  a  natural  manner. 
Let  S  be  an  arbitrary  set  of  elements  and  let  R  be  a  given  ring.  The 
set  F  of  all  functions  defined  in  S  with  values  in  R  forms  a  ring,  if 
the  sum  and  the  product  of  functions  both  are  defined  in  the  usual 
manner.  Thus,  if  f,  g  (  F,  then  f+g  and  fg  are  the  functions  defined 
by  (f+g)  (x)  =  f(x)  +  g(x),  (fg)  (x)  =  f(x)  g(x)  for  x  €  S  . 

Consider  the  case  that  R  is  the  ring  of  integers  (mod  2).  This 
ring  which  is  obtained  by  taking  m  =  2  in  J|  3  consists  of  two  elements 
0  and  1  ,  and 

0+0  =  0,  0  +  1  =  1  +  0  =  1,  1  +  1=  0 
0  0  =  0  1=1  0  =  0,  1  1=1. 

Each  function  f  £  F  is  completely  determined  by  the  subset  T^  of  S 
on  which  f  has  the  value  1.  Conversely,  to  every  subset  T  of  S  ,  we 
can  form  the  characteristic  function  f  of  T  which  has  the  value  1  on 
T  and  the  value  0  on  the  complement  of  T  .  Then  T  =  T^.  In  this 
manner,  we  obtain  a  one-to-one  correspondence  between  the  set  F  of 
all  functions  f  and  the  set  X  of  all  subsets  T  of  S  (including  S  and 
the  empty  set  J#).  Since  F  is  a  ring,  we  can  use  this  one-to-one 
correspondence  to  turn  X  into  a  ring  by  adding  and  multiplying  sets  T 
in  such  a  manner  that  the  correspondence  becomes  an  isomorphism. 

In  terms  of  unions,  intersections,  and  differences  of  sets,  we  have  then 

T  +  T?  =  (T  UT  )  -  (T^  T2);  ^T  =  T  fl  T2 

for  T  ,  T  €X  .  This  ring  X  is  called  the  Boolean  ring  of  the  subsets 
1  2 

of  the  given  set  S. 
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5 .  The  notion  of  an  algebra. 

An  important  type  of  ring  is  given  by  the  algebras  over  a  field  K  . 
First,  we  consider  more  generally  non-associative  algebras  (or,  rather, 
"not  necessarily  associative"  algebras). 

DEFINITION  4.  A  non  associative  algebra  A  over  a  given  field 
K  is  a  system  of  elements  such  that 

(I)  A  is  a  vector  space  over  K  . 

(II)  The  product  aft  of  two  elements  a,  (3  of  A  is  defined  as  an 
element  of  A  and  both  distributive  laws  hold. 

(III)  The  equation  c(q,[3)  =  (c<*)[3  =  a(c(3)  holds  for  all  a,  (3  ^A  and 
all  c  €K  . 

If  the  associative  law  of  multiplication  holds,  then  A  is  an 
associative  algebra.  In  this  case,  A  is  of  course  a  ring. 

As  a  vector  space  over  K  ,  the  algebra  A  possesses  a  basis  {  7?  ^  ) 
where  the  subscript  i  ranges  over  a  certain  set  J  of  indices.  The 
cardinal  number  of  J  ,  which  is  uniquely  determined  by  A  ,  is  called  the 
dimension  of  A  and  denoted  by  dim  A  =  [A:K]  .  For  us,  the  most 
important  case  is  that  dim  A  is  finite,  dim  A  =  n  . 

An  arbitrary  element  or  of  A  has  a  representation 


with  a^  £  K  , 


i  €j 


where  only  a  finite  number  of  a.  are  different  from  0  .  These  coordinates 

i  - 

a.  of  a  are  uniquely  determined  by  a  . 


l 


(7),  say 


(8) 


kej 
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where  for  given  i  ,  j  €  J  ,  only  a  finite  number  of  c  are  different 

ijk 

from  0  .  These  c.  are  termed  the  scalars  of  multiplication  of  A  . 
They  depend  not  only  on  A  but  also  on  the  basis  1 77 .  j  . 

If  (3  =  b ^  is  a  further  element  of  A  with  the  coordinates 
lb.}  ,  it  follows  from  (II)  and  (III)  in  Definition  4  that 


(9) 


ap  =  I  ai*»i  I  Vj  =  1  (1  aibjCijJ  \  • 


i  j  k  i,  j 

where  all  subscripts  range  over  J  .  Thus,  the  multiplication  in  A 
is  uniquely  determined  by  the  system  (c^^)  • 

Conversely,  we  can  start  from  an  arbitrary  vector  space  A  over 

the  given  field  K  with  a  basis  llj.  }  ,  i  €  J  ,  and  choose  an  arbitrary 

system  (c  }  ,  i,  j,  k  £  J  ,  of  elements  of  K  such  that  for  given 
ljk 

i  ,  j  only  a  finite  number  of  c..,  are  different  from  0  .  Then 

ijk 

multiplication  in  A  can  be  defined  by  (9)  .  It  is  obvious  that  A  is  an 

algebra  over  K  .  Since  (8)  is  a  special  case  of  (9),  (obtained  by  taking 

a.  =  1  ,  b.  =  1  and  all  other  a's  and  b's  as  zero),  the  c...  are  the 
1  j  ijk 

scalars  of  multiplication  of  A  . 

It  is  easy  to  see  how  the  c„^  change,  if  another  basis 

(C.)  ,  i  €  J*  is  taken.  We  then  have  formulas 
1 


(10) 


ci  =  IpyV  =  I qij  cj  * 


where  the  two  matrices  (p  )  and  (q  .)  have  coefficients  in  K  ,  are 

ij 

row  finite  (i.e.  ,  for  given  i  ,  only  a  finite  number  of  p_  and  q_  are 
different  from  0),  and  are  inverse  to  each  other.  Then,  it  follows  from 
(10)  and  (9)  that 

{rCs  =I(Z  PriPsjCijk)  ’’k  =  1(1  PriPsjCijk^kt  )  ' 

k  i,  j  t  i,j,k 
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Thus  the  new  scalars  of  multiplication  are 


PriPsj%:tCijk  * 


i, 

(The  tensor  specialist  may  notice  that  c— ^  behaves  as  a  tensor  under 
basis  transformation  (10)  with  i  and  j  as  cogredient  indices  and  k 
as  contragtedient  index.  ) 


In  general,  the  algebra  A  defined  by  choosing  a  vector  space 
with  a  basis  CUl 

scalars  of  multiplication  will  be  non-associative.  In  order  that  A 
be  associative,  it  will  be  necessary  that  we  have 

(11)  =  ^i  for  all  i,j,k€j. 


3  and  picking  a  system  {cy^3 


of  elements  of  K  as 


Conversely,  if  we  multiply  4U)  with  the  coordinates  a.,  b.,  c  of  three 

i  J  k 

elements  o,  (3,  y  of  A  and  add  over  all  i,  j,  k,  we  obtain  (of3)y  =  a(f3y). 
Hence  (-11)  is  necessary  and  sufficient  for  the  associativity  of  A  . 

If  we  express  the  products  in  (11)  by  using  (8),  (9),  we  see  easily 
that  each  equation  (11)  is  equivalent  with  a  quadratic  equation  for  the 
scalars  of  multiplication 


I 


CijrCrk^ 


=y, 

L  l 


for  all  i,  j,  k, 


^  *i/ejkr  IOr  aU  j! 

r  x 

From  now  on,  the  word  algebra  will  be  reserved  for  associative 
algebras. 


By  an  isomorphism  9  of  an  algebra  A  onto  an  algebra  A*,  we 
mean  an  isomorphism  a  ->  a*  of  the  ring  A  onto  the  ring  A*  such 
that  ecu  — >  co*  for  all  c^K  and  all  oi  A  . 
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6.  Examples  of  algebras. 

(a)  If  L  is  an  extension  field  of  the  given  field,  then  L  is  an  alge¬ 
bra  over  K  .  Here,  the  dimension  [L  :  K]  is  usually  called  the  degree 
of  L  over  K  . 

(b)  Let  G  be  a  given  group  written  in  multiplicative  notation.  Take 
a  vector  space  A  over  the  given  field  K  whose  dimension  is  equal  to 
the  cardinal  number  (G  :  1)  of  elements  in  G  .  Then  the  set  J  of 
indices  i  for  a  basis  {T?  )  of  A  can  be  chosen  as  the  set  G  itself. 
Define  the  multiplication  of  the  basis  elements  by  the  formulas 


Vh  =  V  (g>  h  €  G) 


These  are  formulas  of  the  form  (8);  c  ,  ,  =  6  ,  ,  =  0  for  gh  =|=  k 

g,h,k  gh,k  &  ^ 

and  =  1  for  gh  =  k  ,  (g,  h,  k  €  G)  .  Then,  the  T]  form  a  group  under 

§ 

multiplication  isomorphic  to  the  group  G  .  Hence  the  associativity  condi¬ 
tion  (11)  holds.  The  (associative)  algebra  A  is  called  the  group  algebra 
of  G  over  the  field  K  . 

(c)  Consider  an  arbitrary  set  S  of  elements  and  let  J  denote 
the  set  of  ordered  pairs  (r,  s)  of  elements  r,  s  of  S  .  Choose  a 
vector  space  whose  basis  elements  are  indexed  by  these  elements  (r,  s) 
of  J  and  define  the  multiplication  by 


V 


T) 

r ,  s  t, u 


s  =  t 

S  7^  t 


(r ,  s ,  t,  u  £  S)  .  It  is  s  een  at  once  that  the  associativity  condition  (11)  is  satis¬ 
fied.  The  corresponding  algebra  A  consists  of  all  elements 
r~> 

a  -  )  a.  .77.  .  with  coefficients  a.  .€k  such  that,  for  each  a  ,  only  a 
L  i,j'i,j  i,J 

finite  number  of  a.  .  are  different  from  0  . 

LJ 
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In  particular,  if  S  is  a  finite  set,  say,  S  =  {l,2,...,n},  then 

the  element  a  is  called  the  matrix  (a..)  and  A  is  the  algebra  of  all 

-  ij 

matrices  of  degree  n  over  K  .  For  an  infinite  set  S  ,  we  get  the 
algebra  A  of  all  matrices  which  have  only  a  finite  set  of  coefficients 
different  from  0  (iinite-type  matrices). 


7 .  An  extension  of  §  5. 

The  discussion  in  §  5  is  extended  to  the  case  that  K  is  an 
arbitrary  ring  (instead  of  a  field).  We  discuss  here  formal  elements 
*  I  ai^  of  the  form  (7)  where  i  ranges  over  a  set  of  indices,  the 
?7^  are  symbols,  and  only  a  finite  number  of  the  elements  a.  of  K 
are  different  from  0  for  each  a  .  Two  such  a  are  to  be  considered 
as  equal,  if  they  have  the  same  "coordinates"  a^  .  Addition  and  sub¬ 
traction  are  defined  in  the  obvious  manner,  also  the  product  ca  for 
c  €  K  .  We  don't  usually  speak  of  the  set  A  of  these  a  as  a  vector 
space  over  K  ;  we  have  here  a  free  K-(left)  -module  with  the  basis 
{77^}  .  Again,  a  multiplication  can  be  defined  by  the  formulas  (9)  where 
the  c  ^  are  elements  of  K  subject  to  the  old  conditions.  Again,  if  the 
conditions  (11)  hold,  the  multiplication  is  associative  and  we  have  a  ring. 
Note  that  c(o'P)  =  (co')(3  for  a,  (3  €  A,  c  £  K  while  c(q'P)  need  not  to 
be  equal  to  Q'(cp)  when  K  is  not  commutative. 

In  particular,  we  can  form  the  group  ring  of  a  group  G  over  an 
arbitrary  ring  K  and  the  ring  of  matrices  (say  of  a  fixed  finite  degree 
n  )  with  coefficients  in  an  arbitrary  ring  K  . 


Problems  to  Chapter  I 


1_.  A  commutator  element  of  a  ring  R  is  an  element  of  the  form 
ab  -  ba  with  a,  b  €r  .  Show  that  if  x  and  y  are  elements  of  R  and 
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p  P  P 

if  p  is  a  prime  number,  an  equation  holds  (x+y)  =  x+y  +  z+pt  > 

where  z  is  the  sum  of  commutator  elements  and  where  t  is  an 
element  of  R  . 

2.  Show  that  the  result  in  JL_  is  not  correct,  if  p  is  not  a 
prime  number. 

2 

3_.  A  Boolean  ring  is  a  ring  R  such  that  a  =  a  for  every 
a  €  R  .  Deduce  that  a+a  =  0  for  every  a  €  R  and  that  R  is 
commutative.  Show  that  the  following  two  conditions  are  necessary 
and  sufficient  in  order  that  a  commutative  ring  be  Boolean.  [In  the 
sufficiency  part  (I)  is  only  needed  for  n  =  4  and  (II)  only  for  b  =  a 
and  b  =  a^.  ] 

(I)  If  a  =  0  for  some  a  €  R  and  some  natural  integer  n  , 
then  a  -  0  . 

(II)  (a+b)ab  =  0  for  all  a,  b  €R  . 

4.  A  nOn -associative  algebra  L  i$  called  a  Lie  algebra,  if 

ab  =  -ba,  a(bc)  +  b(ca)  +  c(ab)  =  0 

for  all  a,  b,  c  €  L  .  Show  that  if  A  is  an  associative  algebra  and  if 
a  new  product  •  a  X  b  of  elements  a,  b  of  A  is  defined  by  setting 
a  X  b  ~  ab  --  ba  (where  ab  and  ba  are  the  given  products  in  A)  then  A 
is  a  Lie  algebra  With  respect  to  this  new  multiplication. 

5.  Consider  the  set  A  of  all  matrices  of  the  form 


where  a  and  b  are  complex  numbers  and  where  a,  b  denote  the 
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conjugate  complex  numbers.  Show  that  A  is  a  skew  field.  Show 
further  that  A  is  an  algebra  of  dimension  4  over  the  field  of  reals. 
A  is  called  the  algebra  of  quaternions. 


h.  Let  G  denote  the  additive  group  of  infinite -dimensional 
vectors  v  =  (x^,  x^,  x^,  .  .  .)  with  coefficients  in  a  given  field. 

(It  does  not  matter  whether  or  not  the  restriction  is  imposed  that  for 
each  v  only  a  finite  number  of  x.  are  different  from  0  . )  Define 
four  mappings  of  G  into  G  as  follows: 


g:  (x  ,  x2>  x3,  ...)  — >  (Xj,  x^,  x&,  ...)* 

h:  (Xj ,  x2,  x3,  .  .  . )  >  (x2,  x4,  x6,  .  .  . )  , 

q:  (x^  x2>  x3,  ...)  — >  lxlt  0,  0,  x^  0, 

r.  (Xj  i  x2 ,  x3>  •  •  • )  ^  (0»  Xj »  x2>  0,  x^» 


Show  that  g,  h,  q,  r  belong  to  the  ring  E  of  endomorphisms  of  G 
and  that  the  following  equations  hold: 


qg  =  rh  =  I,  qh  =  rg  =Q,  gq  +  hr  =  I  . 

2_.  Let  G  be  a  non -abelian  group.  Find  two  endomorphisms 
whose  sum  is  not  an  endomorphism. 

8..  Let  n  be  a  natural  integer.  With  each  subset  T  (including 
the  empty  set  0)  of  the  set  (1,  2,  .  .  .  ,  n}  ,  associate  a  basis  element 
e(T)  of  an  algebra  A  of  dimension  2n  over  a  given  field.  Define  the 
product  e(S)e(T)  of  two  such  basis  elements  bv  the  formula 
e(S)e(T)  =  fi(S,  T)e(SUT)  where  6(S,  T)  =  sign  SB-'*, 
is  a  real  number,  we  set  sign  r  =  0  for  r  =  0,  sign  r  =  1  for  r  >  0  , 
and  sign  r  =  -1  for  r  <  0  .  .For  S  =  0  or  T  =  0  the  product  is  to  be 
taken  as  1',  i.  e.  ,  6(S,  T)  =  1  .)  Show  that  A  is  an  associative  algebra 
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with  a  unit  element.  (A  is  called  a  Grassmann  algebra.  ) 

_9.  Let  V  be  an  n-dimensional  vector  space  over  a  field  K  . 

Denote  a  basis  of  V  by  e ({ 1 } )  ,  .  .  .  ,  e({n})  and  identify  these 
elements  with  the  corresponding  elements  of  the  algebra  A  in  8_.  Then 

V  becomes  a  subset  of  A  and  the  product  of  two  vectors  is  defined  in 

2  , 

A  .  Show  first  that  v  =0  and  that  vw  =  -wv  for  v,  w  .  Then, 

without  using  determinants,  prove  that  if  v.  ,  v  ,  .  .  .  ,  v  are  n 

1  2  n 

elements  of  V  ,  there  exists  an  element  D  of  K  such  that  v,v_...v  = 

12  n 

De  ({ 1 ,  2,  .  .  .  ,  n})  and  show  that  D  =  0  ,  iff  v_  ,  v  ,  .  .  .  ,  v  are 

12  n 

linearly  independent.  Finally,  check  that  D  is  the  determinant  of  the 
n  vectors. 

10.  Let  S  be  a  non-empty  set  and  let  F  be  the  ring  of  functions 
defined  in  S  with  values  in  the  field  of  integers  (mod  3).  With  each 

f  €f  ,  associate  the  ordered  pair  (A,  B)  of  disjoint  subsets  A,  B  of 
S  such  that  f(x)  =  1  (mod  3)  for  x  €  A  and  f(x)  =  -1  (mod  3)  for  x  €  B  . 
Using  the  ring  F  ,  define  a  ring  P  whose  elements  are  the  ordered 
pairs  (A,  B)  of  disjoint  subsets  A,  B  of  S  and  express  sum  and 
product  of  two  elements  of  P  by  means  of  unions,  intersections,  and 
differences  of  sets. 

11.  If  the  vector  space  in  §  5  is  infinite  dimensional,  one  can  try 
to  extend  the  algebra  A  introduced  there  by  admitting  elements  a  in 

(7)  for  which  infinitely  many  coordinates  are  different  from  0  .  However, 
it  is  necessary  to  consider  only  elements  a,  (3  for  which  the  sums 


)  .  a  b  c  ,  contain  only  a  finite  number  of  terms  different  from  0  . 
Li.j  i  J  ijk 

Discuss  the  following  three  cases  from  this  point  of  view: 


(a)  The  set  A  of  all  formal  Laurent  series 


oo 


n 


n 


n=  -oo 
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with  coefficients  a  in  a  given  field  K  such  that,  for  each  a  ,  only  a 

n 

finite  number  of  a  with  n  <  1  are  different  from  0  .  The  multipli- 

n 

cation  of  the  basis  elements  T)  ,  (n  =0,  +1,  +  2,  .  .  .)  ,  is  defined  by 
T?mTjn  =  T?m+  n  .  Show  that  A  is  a  field.  How  does  A  compare  with 
the  group  algebra  of  the  infinite  cyclic  group  ? 


(b)  The  set  of  all  formal  series  of  the  form 


with  coefficients  a^  in  a  given  field  K  such  that  {r^}  is  a  sequence 

of  positive  real  numbers,  not  necessarily  the  same  for  different  a  , 

with  lim  r  =  oo  .  Again,  C  s  is  to  be  taken  as  £ 

n— >oo  n 

(c)  The  set  of  all  row-finite  matrices,  that  is,  matrices  with  an 
infinite  set  S  of  indices  (§6,  (c)  )  such  that  only  a  finite  number  of 
coefficients  4  ®  appear  in  each  row. 


12.  The  ring  TL  of  integers  can  be  constructed  as  the  ring  of 
endomorphisms  of  an  infinite  cyclic  group  Z  .  Give  a  somewhat 
similar  construction  which  leads  at  once  to  the  field  Q  of  rational  num¬ 
bers. 

Hint:  Consider  the  set  T  of  all  homomorphisms  of  subgroups 
^  (0)  of  Z  into  Z  .  For  each  9  €  T  ,  show  first  that  there  exists  a 
unique  maximal  extension  [9]  €  T  .  Let  D  be  the  set  of  all  maximal 
elements  of  T  and  define  a  suitable  addition  and  multiplication  in  Q; 
the  rational  number  a/b  is  to  correspond  to  the  mapping  x  — >  ax/b 
of  a  suitable  subgroup  of  Z  . 

13.  Let  R  be  a  Boolean  ring  as  defined  in  3_.  Show  that  R  is 
isomorphic  with  a  subring  of  a  Boolean  ring  of  subsets  of  a  given  set 
S,  §4. 
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Hints:  Let  S  denote  the  set  of  all  maximal  families  P  =  {x  } 

-  a 

of  elements  x  of  R  such  that  every  finite  number  of  elements  of 
a 

P  has  a  product  /  0  in  R  .  Use  Zorn’s  lemma  to  show  that  every 
x  ^  0  in  R  appears  in  some  such  P  .  Let  <x  >  denote  the  subset 
of  S  consisting  of  all  P  with  x  £  P  and  study  the  mapping 
x  — >  <  x  >  . 

r 

14.  Using  the  ring  of  endomorphisms  of  a  suitable  group*  show 

that  if  R  is  a  ring  with  unit  element,  there  exist  elements  £  with 

the  following  properties:  (I)  £  is  an  element  of  a  ring  S  which 

contains  R  as  a  subring  and  has  the  same  unit  element.  {II)  a£=  £a. 

for  all  a  €  R  .  (Ill)  If  c  +  c  .  .  +c  £n=  0  with  c,  €  R  ,  then  all 

o  1  n  i 

c.  are  0  . 

l 

15.  Let  p  be  a  prime  number.  The  rational  numbers  of  the 

form  a/pn  with  integral  a  and  n=0,  1,  Z3  . .  *  form  a  group  A 

under  addition  which  contains  the  additive  group  of  integers  as  a 

subgroup.  Take  G  =  A/2£+  and  show  that  the  ring  E  of  endomorphisms 
of  G  is  isomorphic  with  the  ring  of  p-adic  integers. 

Hints:  Construct  a  subgroup  of  order  pn  for  n  =  0,  1*  2,  ...» 

and  show  that  this  yields  all  subgroups  H  /  G  of  G  .  If  0  €  E  is  not 

O  ,  set  |  0  [  =  l/pn  ,  if  0  has  the  kernel  ,  and  set  jOl  =  ^  * 

Show  that  this  defines  a  nonarcJ  amide  an  valuation  on  E  :  |  -  l®j] 

and  10^4-  0^  1  s=Max(|01|,  |02J)  for  *  identify  the  ring  7L 

of  integers  with  a  suitable  subring  of  E  and  show  that  for  every  Q  €  E 

and  n  =  0,  1,  2,  .  .  there  exists  an  a  €  2£  such  that  [0  -  a  ts£l/pn. 

Show  that  the  sequence  {a  }  defines  a  p-adic  integer  1)  and  study  the 

n 

mapping  0  — >  7} . 
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Chapter  II 


PROPERTIES  OF  RINGS.  REPRESENTATIONS. 

Some  of  the  elementary  theorems  on  groups  have  analogues 
in  the  theory  of  rings.  In  particular,  we  examine  the  homomor  - 
phisms  of  rings. 

1 .  Additive  subgroups. 

Let  R  be  a  ring.  Then  R  is,  in  particular,  an  abelian  group 
under  addition.  We  shall  use  the  notation  R+  for  this  group,  if  we 
wish  to  emphasize  that  the  set  R  is  to  be  looked  upon  as  a  group  and 
not  as  a  ring.  If  R  is  an  algebra  over  a  field  K  ,  we  always  consider 
R+  as  an  operator  group  with  K  as  domain  of  operators.  With  this 
understanding,  everything  we  do  applies  to  algebras.  The  case  of 
algebras  will  be  discussed  in  detail  in  a  later  chapter. 

By  an  additive  subgroup  A  of  R  ,  we  simply  mean  a  subgroup 
of  R+  .  Thus,  A  is  to  be  a  non -vacuous  subset  of  R  which  is 
closed  under  subtraction  and  hence  under  addition. 

If  A  is  an  additive  subgroup  of  R  ,  two  elements  X  and  li  of 
R  are  congruent  (mod  A),  X  =  fJL  (mod  A),  if  X  -  U  £  A  .  The  set  of 
elements  (1  of  R  congruent  to  a  fixed  X  is  the  residue  class  of  X 
which  will  be  denoted  by  L*J  or  by  iaJa  ■  The  addition  of  residue 
classes  is  given  by 
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(i)  LU  +  I_Xj  =  |X+  X'l  , 

for  X,  X'  €  R  .  All  this  is  a  special  case  of  group  theoretical 
considerations . 

If  {A.}  is  a  family  of  additive  subgroups  of  R  with  j  rang- 
J 

ing  over  a  set  J  of  indices,  the  sum  S  =  )  .A.  is  defined  in 

£-0  J 

group  theory  as  the  set  of  all  elements  O  which  can  be  written 
in  the  form 


(2) 


■Iv 


J 


where  a.  €  A.  for  each  j  €  J  and  where  all  but  a  finite  number 
J  J 

of  a.  vanish.  Clearly,  S  is  the  smallest  additive  subgroup  of 
J 

R  which  contains  all  A.  .  If  for  each  O  €  S  ,  the  representation 

J 

r-1 

(2)  of  the  element  O’  is  unique,  the  sum  2jj^j  *s  saa<*  to  direct 

and  we  write  S  =  «^\a  .  We  also  may  write  +  signs  with  a  dot 
on  top  to  indicate  that  a  sum  is  direct. 


It  is  clear  that  the  addition  of  additive  subgroups  is  associa¬ 
tive  and  commutative. 


We  now  define  the  product  A,A^  ...  A  of  a  finite  number  of 

1  2  n 

additive  subgroups.  This  will  be  the  smallest  additive  subgroup 
which  contains  all  products 


a\  az 


a 

n 


with  a.  €  A.  .  Stated  explicitly,  A  A  ...  A  consists  of  all 
li  1  2  n 
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elements  which  can  be  written  as  finite  sums 


I 


a , 


(i) 


y 


i 

with  a  ^  €  A  .  It  is  clear  that  the  multiplication  of  additive  sub- 
j  J 

groups  is  associative  so  that  no  parentheses  are  needed  in  pro- 

n 

ducts.  Of  course,  A  will  denote  the  product  of  n  equal  factors 
A  .  The  two  distributive  laws 


(A1  +  A2)A3  =  A:A3  +  A2A3;  A3(A1  +  A^  =  A^  +  A^ 

are  verified  easily. 

If  P  is  a  fixed  element  of  R  and  if  A  is  an  additive  sub¬ 
group,  then  pA  is  the  additive  subgroup  consisting  of  all  elements 
Oca  with  cx  €  A  .  The  definition  of  Ap  is  analogous. 


2.  Subrings . 

DEFINITION  1.  A  subring  S  of  a  ring  R  is  a  subset  which 
itself  forms  a  ri-ng>  if  the  same  addition  and  multiplication  as  in 
R  are  used. 

Thus,  a  non-empty  subset  S  of  R  is  a  subring,  if  S  is 

closed  under  subtraction  and  multiplication.  In  other  words,  S 

2 

must  be  an  additive  subgroup  of  R  and  S-  ^  S  . 
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3.  Ideals.  Residue  class  rings. 

DEFINITION  2.  An  ideal  H  of  a  ring  R  is  an  additive  sub¬ 
group  of  R  which  satisfies  the  conditions 

(3)  RHCH,  HR«  H. 


Since  H  is  here  an  additive  subgroup,  the  quotient  group 
R+/H  is  defined.  The  conditions  (3)  guarantee  that  we  can  define 
a  multiplication  of  residue  classes  (mod  H)  in  a  natural  manner  such 
that  we  have  a  ring  R/H  .  In  analogy  to  (1),  we  wish  to  have 


(4) 


for  X,  X'  €  R  .  We  have  to  show  that  the  residue  class  on  the  right 
depends  only  on  the  residue  classes  |XJ,|XJ  and  not  on  the  elements 
X,  X'  which  we  used  as  representatives.  If  tl  is  another  element 


of  IAJ  and  fi'  another  element  of  f  X'  f  ,  we  have  fi=  X+  V  , 
p'  =  X'  +  V'  with  V,  V'  €H  .  Hence 


HH'  =  XX'  +  Xl/'  +  v  (X1  +  v'  ) 


and  since  \V'  6  RH^H  ,  I^(X'  +  V')  €HR^H  ,  we  have  jl/i'  5  XX'(modH), 
that  is,  I  \i\l  'I  =  I  XX1 1  . 


Thus,  the  product  of  two  residue  classes  is  well  defined.  It  is 
now  easy  to  see  that  the  set  of  all  residue  classes  (mod  H)  forms  a  ring 
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R/H  with  the  addition  (1)  and  the  multiplication  (4).  The  residue 
class  group  R+/H  is  the  additive  group  of  R/H;  the  associative 
law  of  multiplication  and  the  distributive  laws  are  immediate  conse¬ 
quences  of  the  corresponding  laws  in  R  .  Thus,  we  have  shown 


(A)  If  H  is  an  ideal  of  R  ,  the  residue  classes  (mod  H)  form 
a  ring,  the  residue  class  ring  R/H  ,  if  addition  and  multiplication 
of  residue  classes  are  defined  by 


4.  Homomorphisms  of  rings. 

DEFINITION  3.  A  homomorphism  9  of  a  ring  R  onto  a  ring 
R^  is  a  mapping  0  of  R  onto  R^  such  that 


(5) 

(a+p)9  = 

aQ  +  |30 

(6) 

<oP)9  = 

(<*0)  (P©)  , 

for  all  a  ,  (3  €  R  . 

If  9  is  a  one-to-one  mapping,  we  have  an  isomorphism, 
Chapter  I,  §  1 . 

The  meaning  of  (5)  in  the  definition  of  homorphism  is  that  0 
is  a  homomorphism  of  the  group  R+  onto  R^  +  •  Of  course,  not 
every  such  homorphism  of  R+  will  satisfy  the  condition  (6).  If  we 
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wish  to  stress  the  distinction  between  a  homomorphism  of  the  group 
R+  and  a  homomorphism  of  the  ring  R  ,  we  will  refer  to  the  former 
as  group -homomor phisms  or  additive  homomorphisms  and  to  the 
latter  as  ring  homomorphisms.  The  additive  homomorphisms  satisfy 
(5),  while  the  ring  homomorphisms  satisfy  (5)  and  (6)  . 

The  kernel  N  of  a  ring  homomorphism  0  is  defined  as  the 
set  of  all  elements  of  R  which  are  mapped  on  the  zero -element  of 

Ri  • 

(B) If  H  is  an  ideal  of  the  ring  R  ,  the  mapping  X  ->  IX/  of 

'  H 

R  onto  R/H  is  a  homomorphism  it  the  natural  homomorphism  of 
R  onto  R/H  .  The  kernel  is  H  . 

Proof.  The  fact  that  ff  is  a  homomorphism  is  expressed  by  the 
equations  (1)  and  (4)  .  Since  the  zero-element  of  R/H  is  the  residue 
class  |0f  containing  the  zero  element  0  of  R  ,  an  element  X 
belongs  to  the  kernel  of  ff  ,  iff  X  =  0  ,  that  is,  iff  X^H  . 

We  now  prove 

(C)  First  Theorem  on  homomorphic  rings.  Let  G  be  a  homo¬ 
morphism  of  a  ring  R  onto  a  ring  R^  .  The  kernel  N  is  an  ideal 
of  R  .  Two  elements  of  R  have  the  same  image  in  R^  ,  iff  they 
are  congruent  mod  N  .  The  mapping  0*  of  R/N  — >  R^  defined  by 
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(7)  1>J  e-  =  x  9  , 

(for  all  X)  is  an  isomorphism  of  R/N  onto  and  hence 

(8)  R/N«*R  . 

Proof.  Since  a  ring  homomorphism  is  an  additive  homomorphism, 
the  first  theorem  on  homomorphic  groups  shows  that  N  is  an  additive 
subgroup,  that  two  elements  of  R  have  the  same  image  in  R^  iff 
they  are  congruent  mod  N  ,  and  that  9*  is  a  well-defined  additive 
isomorphism  of  R^N  onto  R^+  . 

If  or  €  N  or  |3  €  N  ,  then  (or©)  ((39)  =  0  and  (6)  shows  that  (a(3)9  =  0, 
that  is,  that  <2(3  £  N  .  This  implies  that  N  is  an  ideal  of  R  .  Finally, 
for  X,  (l  €r  ,  we  have 

LXjjJQ*  =  (Xii)Q  =  (X9)(*i0)  =  (  LAJ  e*>  (Ld9*)  . 

and  hence  9*  is  a  ring -isomorphism  of  R/N  onto  R^  • 

The  theorems  (B)  and  (C)  imply  that  the  kernels  of  ring -homomorphism 
phisms  are  ideals  and  that  every  ideal  appears  as  such  a  kernel.  Hence 
we  could  have  defined  ideals  as  the  kernels  of  ring-homomorphisms . 

This  remark  shows  that  ideals  in  ring  theory  are  the  analogues  of 
normal  subgroups  in  group  theory. 

The  following  developments  are  quite  analogous  to  those  in  group 


theory. 
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(D)  Second  Theorem  on  homomorphic  rings.  Let  9  be  a  homo¬ 
morphism  of  a  ring  R  onto  a  ring  S  and  let  N  be  the  kernel. 

1)  We  have  a  one-to-one  correspondence  between  the  set  of 
additive  subgroups  AjfcN  of  R  and  the  set  of  additive  subgroups  B 
of  S  such  that  if  A  < — >  B  ,  then  B  is  the  image  A9  of  A  under  9 
and  A  is  the  reciprocal  image  B9  *  of  B  in  R  , 

(9)  A9  =  B  ,  A  =  B9_1  . 

2)  The  additive  subgroup  A2  N  of  R  is  a  subring  of  R  ,  iff 
B  is  a  subring  of  S  . 

3)  The  additive  subgroup  A2N  of  R  is  an  ideal  of  R  ,  iff 

B  is  an  ideal  of  S  and  in  this  case,  A/N  and  B  are  ring  isomor¬ 
phic;  moreover, 

(10)  R/A**S/B. 

Proof.  The  statement  1)  is  an  immediate  consequence  of  the 
"Second  Theorem  on  homomorphic  groups,  "  since  the  ring  homomor¬ 
phism  0  is  an  additive  homomorphism.  Since  it  is  clear  that  A  is 
closed  under  multiplication  in  (9),  iff  B  is,  we  have  the  statement  2). 
Similarly,  we  obtain  the  first  part  of  3)  .  If  B  is  an  ideal  of  S  ,  con¬ 
sider  the  product  9  of  9  with  the  natural  homomorphism  IT  of  S 

o 

onto  S/B  .  Then  9^  maps 
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for  a  €  R  .  Of  course,  9^  is  a  homomorphism  of  R  onto  S/B  . 

The  element  a  €  R  belongs  to  the  kernel  N  of  9  ,  iff 

o  o 

|q9  |  =  LoJ„  ,  that  is,  iff  a  9  €  B  .  This  is  so,  iff  a  €  B9  ^  =  A  . 

1  ~  B  B 

Hence  Nq  =  A  .  Applying  (C)  ,  (8),  to  R  and  9^,  we  obtain  (10). 

There  is  no  difficulty  in  giving  analogues  of  the  "  Third  Theorem 
on  homomorphic  groups,  "  the  theorem  of  Jordan  H"older  -Schreier , 
etc.  ,  but  we  don't  have  to  go  into  this.  The  proofs  are  quite  analogous. 
As  a  matter  of  fact,  one  may  consider  the  group  case  and  the  ring  case 
as  special  cases  of  the  same  more  general  theorems. 

5.  Representation  of  rings. 

The  aim  of  representation  theory  is  to  study  arbitrary  rings  by 
means  of  rings  of  endomorphisms  of  abelian  groups.  In  the  following 
section,  the  basic  definitions  are  given. 

DEFINITION  4.  A  representation  of  a  ring  R  is  a  homomor¬ 
phism  of  R  into  the  ring  of  endomorphisms  of  an  abelian  group. 

Let  V  be  the  abelian  group.  As  before,  we  use  additive  nota¬ 
tion  in  V  .  With  every  a  €  R  ,  there  is  to  be  associated  an  endomor¬ 
phism  of  V  .  The  following  equations  will  hold: 
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(11)  (v1+v2)X/^or)  =  v1^/* (a)  +  v^Afia)  , 


(12) 


y(oH-p)  =  vWa)  +  wA/\$)  , 


(13) 


v^/* (ttp)  =  [ylf  [a))Af($)  , 


for  all  v,  Vj ,  v^  €  V  and  all  or.  (3  €  R  .  Here,  (11)  expresses  the 
fact  that  the  mapping  TS* (a):  v  wAf [a)  is  an  endomorphism  of  V; 
(12)  states  that  ^*(a+P)  =  AT  (a)  +  AT(P)  ,  and  (1  3)  that  AfiaP)  = 

,  that  is,  that  Afis  a  ring  homomorphism. 

In  working  with  a  fixed  representation  AT,  we  often  agree  to 
write  wot  for  wAf\a)  .  Then  V  becomes  what  we  call  an  R-right 
module  as  defined  in 

DEFINITION  5.  Let  R  be  a  ring.  An  R-right  module  V  is  an 
(additive)  abelian  group  V  such  that  a  product  wa  €  V  is  defined  for 
all  v  €  V  and  all  a  €  R  for  which  the  relations  hold: 


(I) 


(Vj  +  v^)  a  =  , 


(II) 


v(cH-p)  =  wa  +  v(3  , 


(HI) 


v(a-(3)  =  (var)|3  , 


for  all  v,  v  ,  v  €  V  and  all  ot ,  (3  €  R  . 

1  w 


Thus,  every  representation  AT  of  R  leads  to  a  R-right  module  V 
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which  we  call  the  representation  module  of  At  certain  occasions, 

it  will  be  convenient  to  express  by  our  notation  whether  we  look  upon  the 
set  V  as  an  abelian  group  or  as  a  R-right  module.  If  we  wish  to 
stress  that  we  take  the  latter  point  of  view,  we  shall  use  the  notation 
V*  instead  of  V  .  In  dealing  with  R-right  modules,  it  is  to  be 
remembered  throughout  that  they  are  abelian  groups  with  R  as  set  of 
operators  which  satisfy  the  additional  conditions  (II)  and  (III)  .  The 
general  results  on  operator  groups  apply.  These  will  be  used  freely 
without  reference;  they  can  be  found  in  the  appendix. 

Let  us  start  now  from  an  arbitrary  R-right  module  V*  .  For 
fixed  a  £  R  ,  the  multiplication  of  an  element  v  £  V'  with  a  defines 
a  mapping  v  —>  va  of  V’  into  V*  .  If  we  call  this  mapping  JTm. 

(14)  »yi«)  =  va  , 

it  follows  from  (I),  (II),  (III)  that  (11),  (1Z),  (13)  hold.  Thus,  is  a 
representation  of  R  by  endomorphisms  of  V  considered  as  an 
abelian  group.  We  call  the  representation  in  V*  . 

It  is  now  clear  that  the  study  of  the  representations  of  R  is 
equivalent  with  that  of  the  R-right  modules. 

If  V  is  an  arbitrary  abelian  group,  we  can  always  turn  it  into 
an  R-right  module  by  defining  va  =  0  for  all  v  £  V  and  a  €  R  . 
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The  corresponding  representation  is  called  a  zero  -representation; 
we  have  Xfw  -  a  for  all  a  €  R  . 

If  V'  is  an  R -right  module  and  a  an  element  of  R  ,  then 
V*  a  will  denote  the  set  of  all  vo  with  v  €  V*  .  Similarly,  if  v  is 
an  element  of  V*  ,  we  denote  by  vR  the  set  of  all  vp  with  p  €  R  . 


6.  Equivalent  representations.  Subrepresentations  and  quotient 

representations . 

As  already  remarked,  the  basic  concepts  of  group  theory  apply 
to  modules,  if  these  are  considered  as  R-groups.  We  discuss  this 
briefly  and  give  the  terminology  used  for  representations. 

Two  representations  J/* and  Pl/1  of  a  ring  R  are  said  to  be 
similar  or  equivalent  ,  if  their  representation  modules  V*  and  W* 
are  operator  isomorphic;  we  write  in  this  case.  If  a  fixed 

operator  isomorphism  of  V*  onto  W°  is  chosen  and  the  same  sym¬ 
bol  is  used  for  an  element  of  V*  and  its  image  in  W"  ,  both  mappings 
are  described  by  the  same  relations  v  —>  va  .  This  will  explain  why 
similar  representations  are  considered  as  "not  essentially  different". 

Let  XT  be  a  representation  with  the  representation  module  V 
A  submodule  V"  q  of  V'  is  of  course  an  R-subgroup  of  V'  .  The 
representation  XT  in  the  module  V*  q  is  called  a  subrepr  esentation 
of  XT-  For  a  £  R  ,  the  mapping  'AT  (a)  is  simply  the  restriction  of 
Tf  \a)  to  V  *  . 
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We  can  also  form  the  quotient  "  =  V’/V0*  •  This  is  an 
R-group  whose  elements  are  the  residue  classes  LvJ  of  elements 
v  of  V'  mod  V  *  .  We  recall  that  the  product  Ly]a  with  an 
operator  a  €R  is  defined  by  f  v?g  =[voJ  .  It  is  checked  at  once 
that  for  V^'  the  conditions  (II)  and  (III)  of  Definition  4  are  valid 
and  hence  that  V  ‘  is  a  module,  the  quotient  module.  The  repre¬ 
sentation  in  V^‘  is  called  the  quotient  representation.  The 

following  simple  proposition  is  used  frequently. 

(E)  If  is  the  quotient  representation  in  V”/V"o  ,  then 

#>>  =  a  for  a  given  g  €  R  ,  iff  V’ftC  V^'  . 

Indeed,  maps  UJ  bJ  a  -  j  va  j  .  Hence 

-  o  ,  iff  | vql I  is  the  zero  element  L2J  of  V'/Vq*  for  all 

v  €  V*  ,  that  is,  iff  va  €  V  ‘  for  all  v  . 

o 

7.  Left  modules  and  skew  representations. 

Looking  at  Definition  4,  we  will  find  it  natural  to  define  an 
R-left  module  °  W  as  an  additive  abelian  group  such  that  the  product 
gw  of  an  element  a  of  the  ring  R  and  the  element  w  of  ’  W  is 
defined  as  an  element  of  *  W  and  that  the  equations  hold: 

(I*)  g(w^  +  W^)  =  GW]  +  GW 

(II*)  (g+  (3)w  =  GW  +  Pw 


(III*) 


(gP)w  =  g(Pw)  , 
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for  all  w,  ,  *w,}  €W  and  a,  p  €R  „ 

Let  '  W  be  an  R-left  module.  For  a  £  R  ,  let  <$/(Cl)  be  the 
mapping  of  *  W  defined  by  w  ow  .  the  left  multiplication  with  a  , 

w  -— >  w7/f(a)  =  aw  . 

Condition  (I*)  states  that  $7  [a)  is  an  endomorphism  of  W  ,  that  is, 
of  the  set  *W  considered  only  as  an  additive  group,  not  as  an 
operator  group.  It  follows  from  (II*)  that 

p)  =  ?r{\a)  \P?f (P)  . 

In  working  with  (III*)  we  find  the  situation  different  frurn  that  in 
right  modules.  We  have  here 

w^/ioP)  =  (op)w  =  o(pw)  =  a{w,P)i[$))  =  (w^/fp ))3rf{a)  -  w///(p )?H{a)  . 
Since  this  holds  for  all  w  s  we  have 

Prf  {a$)  -prf{^)^ri{a)  . 

This  leads  to  the  following  definitions: 

DEFINITION  6.  An  anti -homomorphism  9  of  a  ring  R  onto 
a  ring  R^  is  a  mapping  of  R  onto  R^  such  that 


(oM-p)  9  -  a  9  +  P  9  , 


(op)  0  =  (p9)  .  (orO)  , 
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for  all  a,  (3  6  R  .  If  8  is  one -to  one.  it  is  an  anti -isomorphism  ,  and 
if  such  anti -isomorphisms  exist,  the  rings  R  and  R,  are  said  to  be 
anti  -isomorphic  or  re  ciprocal.  A  skew  representation  ^/*>f  a  ring  R 
is  an  anti -homomorphism  of  R  into  the  ring  of  endomorphisms  of  an 
abelian  group  W  . 


:ew 


We  may  now  say  that  the  mapping  a  3/[at)  above  is  a  sk« 
repr  es  entation  &Toi  R  .  Conversely,  if  we  start  from  a  skew  repre¬ 
sentation  &Tof  R  by  endomorphisms  J/ia)  of  an  abelian  group  W  and 
if  we  write  a w  for  w we  turn  W  into  a  left  module  W  ,  the 
repr  es  entation  module  of  the  skew  representation  2>T. 


For  every  ring  R  ,  there  exist  reciprocal  rings  R!  .  Let  ' 
denote  an  arbitrary  fixed  element  and  consider  the  set  of  all  ordered 
pairs  <  a,  !>  of  elements  a  -  R  and  the  element  1  .  For  simplicity, 
we  write  n'  for  <a,  '>  .  Define  an  addition  and  a  multiplication  in 
R'  by  setting 


a'  +  (31  =  (n+p)1;  or'j3'  =  (Par) ' 

for  all  a,  p  €  R  .  Obviously,  R'  then  is  a  ring  and  the  mapping 
a  —>  a'  is  an  anti -isomorphism  of  R  onto  R'  . 


Clearly,  any  two  reciprocal  rings  R'  and  R,  '  of  R  are  isomor¬ 
phic.  The  reciprocal  ring  of  R1  is  isomorphic  to  R  . 

or 

Essentially,  the  skew  representations  url oi  R  are  the  represen- 
More  precisely,  if  Trfi  s  a  skew  representation  of  R  , 


tations  of  R' 
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set 

(«')  =  IQ')  , 

for  q-1  €  R',  i.  e.  ,  for  a  €  R  .  Then  ^  is  a  representation  of  R'  and 
all  representations  of  R'  are  obtained  in  this  form.  This  remark 
shows  that  it  will  suffice  to  center  our  attention  on  right  modules  and 
ordinary  representations. 

Remarks:  1)  One  may  wonder  why  "right"  and  "left"  should  play 
a  different  role.  The  reason  is  that  in  writing  9t?  for  the  result  of 
performing  9  first  and  then  T\  ,  we  made  a  distinction  between  the 
left  and  right  factor.  If  we  had  used  9  •  T\  =  Tj  9  to  define  the  product 
in  the  ring  of  endomorphisms ,  that  is,  if  we  had  taken  the  reciprocal 
ring  asaring  of  endomorphisms,  it  would  be  the  left  modules  which  belong 
to  representations  while  the  right  modules  would  belong  to  skew-repre¬ 
sentations  . 

2)  If  V”  is  an  R-right  module,  we  cannot  simply  change  it  into 
an  R-left  module  by  defining  av  to  be  va  .  Of  course,  for  commutative 
rings  R  ,  this  will  work. 

8.  The  regular  representations. 

The  ring  R  itself  may  be  considered  as  an  R-right  module  V  , 
if  the  sum  v  +v  of  two  elements  v  ,  v  €  V  =  R  is  the  ordinary  sum 
in  R  and  the  product  va  of  v  €  V  =  R  with  a  €  R  is  the  ordinary 
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product  in  R  .  If  we  wish  to  emphasize  that  we  look  upon  the  set  R 
as  a  module  in  this  sense,  we  shall  use  the  notation  R’  for  this 
module.  Similarly,  the  notation  ‘R  will  be  used  for  R  considered 
as  an  R-left  module . 

Of  course,  the  right  module  R*  defines  a  representation ^  of 
R  ,  called  the  regular  representation  of  R  .  Similarly,  the  left 
module  *R  defines  a  skew  representation  ,  the  regular  skew 
representation.  Thus,  for  a  variable  £  €  R  and  ce  €  R  , 

Am  :  i  iAM  =  ?  <» 

jCm-. 

In  other  words ,  A  [a)  stands  for  "right  multiplication  with  a"  and 
<£{a)  ,  for  "left  multiplication  with  a"  . 

The  submodules  of  R’  are  what  we  call  right  ideals  of  R  and 
the  submodules  of  *R  are  the  left  ideals. 

DEFINITION  7.  A  right  ideal  (abbreviated  r -ideal)  A  of  R  is 
an  additive  subgroup  A  of  R  such  that  ARC  A  .  A  left  ideal  -ideal) 
A  of  R  is  an  additive  subgroup  of  R  such  that  RA  9  A  • 

If  A  is  both  r -ideal  and  ^ -ideal  of  R  ,  then  it  is  an  ideal 
(Definition  2). 

It  may  be  noted  that,  in  the  second  theorem  on  homomorphic 
rings,  further  statements  referring  to  r-ideals  and  ^-ideals  can  be 


added. 
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)  Imbedding  of  rings  in  rings  with  unit  element, 

# 

(F)  If  R  is  a  given  ring,  there  exists  a  ring  R  with  a  unit 
element  X  such  that  R  is  an  ideal  of  and  that  every  element 

M. 

O  of  R  *  has  a  unique  representation 


(15) 


O  =  p  4  n  1  , 


with  p  R  and  n  a  rational  integer. 

rM 

First  proof.  Let  R  be  the  set  of  all  ordered  pairs  <p,  n>  , 
P^R  ,  i  an  element  of  rhe  ring  1L  of  rational  integers.  Define 

-r 

addition  and  multiplication  in  R7r  by 


<p,  n >  4  <  p n’>  =  <p4  p*  ,  n  4  n'  >  , 

<  A  n  >  <  p ' ,  n‘>  =  <  op  *  4  n  ps4  n '  p  ,  nn :  >  . 


One  has 
Since  p 

identify 


# 

to  check  that  R  is  a  ring  with  the  unit  element  1  =  <09  1  >  , 

—>  <pt  C  >  is  an  isomorphism  of  R  into  f  we  may 

r  ' 

q  v.  R  with  <  p,  0  >  in  R  and  then  (15)  holds  for 


q  .  n  > 


Second  proof.  Let  V  be  the 

direct 

sum  of 

the  groups 

and 

2Z  ,  the  additive  groups  of  R  and 

of  the  . 

ring  EL 

ol  integers. 

Thus , 

racists  of  the  ordered  pairs  < 

A 

C! 

AVT 

wi  th 

£  €  R ..  n  €  TL  , 

For 

A  define 


up, 
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It  is  seen  at  once  that  V  then  becomes  an  R-module  V  and  the 
corresponding  representation  Vi  s  a  ring  homomorphism  of  R  into 
the  ring  E  of  endomorphisms  of  V  ,  If  1  is  the  identical  mapping 
of  V  ,  the  elements  <J  =  Zfip)  +  nJ  with  R  ,  n  £  Z  form  a  sub- 
ring  R  of  E  .  Here,  a  maps  the  element  <0,JL  >  of  V  on 
<0,  0  >+  <0,  n>  =  <  0,  n  >  . 

This  shows  that  p  and  n  are  uniquely  determined  by  O’.  In 
particular,  for  n  =  0  ,  p  is  uniquely  determined  by  Mp)  .  that  is, 
Vis  an  isomorphism  of  R  into  R  ^  .  If  we  identify  p  with  , 

J  has  the  form  p+  nl  and  p  and  n  are  uniquely  determined.  This 
yields  (F) . 

The  proposition  (F)  often  permits  us  to  work  with  rings  which 
have  a  unit  clement. 

'■'lie  nng  R  is  determined  by  R  up  to  an  isomorphism.  We 

•jV: 

shall  use  R^  as  standard  notation  for  this  ring. 

Perhaps,  it  is  not  superfluous  to  remark  that  if  R  itself  has  a 
unit  element  <•  .  e  no  longer  remains  the  unit  element  in  R^  .  In 
fact,  1  ^  R  , 

We  say  that  a  representation  A/ of  a  ring  R  is  faithful,  it  it  is 


an  isomorphism,  i.  e.  ,  if  &{Pl )  =  Z/\  P^)  implies  p 


Pz  .  The 


second  proof  of  (F)  shows  that  an  arbitrary  ring  R  possesses  faith¬ 
ful  repr.  nP: dions  We  prove  this  again  in  a  slightly  different 
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form.  We  show  first 


(G)  If  a  ring  R  has  a  unit  element,  the  regular  represen¬ 
tation  of  R  is  faithful. 

Indeed,  if  p  belongs  to  the  kernel  of  ,  then  /*?(p)  =  o . 
Since  • 3?(p>  maps  4  4  P  »  we  have  4  P  -  0  for  all  4  €  R  .  For 

4  =  X  ,  this  yields  p  =  0  . 


We  see  that  it  suffices  to  assume  that  R  has  a  "left"  unit 
element  (or,  still  more  weakly,  that  0  is  the  only  right  annihilator 
of  R  ,  i.  e.  ,  the  only  element  with  R  p=  (0))  . 


The  proposition  (G)  applied  to  R*  shows  that  the  regular  repre- 
sentation  <rt  of  R^  is  faithful.  This  implies  that  its  restriction  to  a 
subring  R  of  R^  is  a  faithful  representation  of  R  .  Thus 


(H)  Every  ring  R  possesses  faithful  representations. 

If  R  is  a  ring  with  unit  element  1  ,  an  R -right  module  V*  is 
often  called  unitary  ,  if  vl  =  v  for  all  v  .  For  the  representa¬ 

tion  7f  in  V  ,  this  means  that  A/[l)  is  the  identity  map  I  of  V*  , 

(16)  A/{l)  =  l. 

The  following  proposition  shows  that,  in  dealing  with  represen¬ 
tations,  it  is  not  a  very  serious  restriction  to  assume  (16). 

(I)  Let  R  be  a  ring  with  unit  element  J  .  Every  R -right  module 
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V”  is  a  direct  sum  V*  =  V  '  I  V.  '  of  submodules  such  that  V.  *  is 

o  1  1 

unitary  and  that  v  R  =  (0)  for  all  v  €  V  *  . 

J  o  o  o 

Proof.  The  set  Vq'  consisting  of  all  elements  v^^V*  with 

v  R  =  (0)  is  a  submodule  of  V*  .  Likewise,  the  set  of  v  €V  with 
o  1 

v,  J  =  v,  is  a  submodule  V,  *  as  is  seen  easily.  If  v  €  V  *  fly  *  , 
11  1  o  1 

then  on  one  hand,  vl  =  0  ,  and  on  the  other,  vl  =  v  ,  that  is  , 

v  =  0.  V  flV  *  =  (0)  .  An  arbitrary  element  x  €  V*  can  be  written 
o  i 

in  the  form  x=(x-xl)+xl.  For  any  a  €  R  ,  then  (x  -  xl)a=  Xcx  -  x<l  =  0  ,  and 

hence  x-xl  €V  *  .  Since  xl  •  1  =  xl  ,  we  have  xl  €  V  *  .  Thus, 

o  1 

V*  =  V  +  V  *  ,  and  as  V  H  V  *  =  (0)  ,  the  sum  is  direct, 
o  1  o  1 

The  representation  K  in  V^*  is  the  zero -representation. 

Since  we  have  a  direct  sjum  of  modules,  the  representation  XAn  V 
is  completely  determined  by  the  representation  K  in  V  •  .  For  the 
latter,  we  have 


10.  Irreducible  representations. 


DEFINITION  8.  An  R-right  module  V*  ^  (0)  is  simple  ,  if  it  has 
only  the  trivial  submodules  (0)  and  V*  .  A  representation  Vo  t  R 
is  irreducible  if  it  is  not  a  zero -representation  and  if  its  representation 


module  V'  is  simple. 
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(J)  If  Y"  is  the  repr esentation  module  of  an  m  ,  >iu  iMc 
representation  ^/d,nd  if  v  0  is  an  element  of  V  ,  ib.-u  r  \r 

Proof.  The  elements  v  £  V’  with  v  R  =  (0)  form  a  submodule 
- —  o  o 

V  .  Since  V’  is  simple,  either  V  -  (0)  or  V  V  .  In  the 
o  o  o 

latter  case,  we  would  have  V‘  a-  0  for  every  a  £  R  and  *V  would  be 

a  zero-representation  which  was  excluded.  Hence  V  (.’)  This 

^  o 

means  that  if  v  £  Y"  and  v  £  0  ,  then  vR^  (0)  .  Since  vR  is  a  sub- 

module  of  the  simple  module  V’  ,  we  have  vR  =  V*  ,  4.  e  . 

We  shall- need  the  following  definitions: 

DEFINITION  9.  A  right  ideal  M  of  R  is  maximal,  u  .V  ?  R  and 
if  there  does  not  exist  a  right  ideal  with  M  CK 

DEFINITION  10.  A  right  ideal  T  of  R  is  regular,  if  there  exists 
an  element  R  such  that  ^0  =  or{mod  T)  for  all  ct  ^  R 

If  R  has  a  unit  element  1  ,  every  r -ideal  T  is  regular  since 

we  can  take  £  =  1  . 

(K)  If  V”  is  the  representation  module  of  an  irreducible  repre¬ 
sentation  and  if  v^  0  is  an  element  of  V’  ,  the  set  ti  of  all 
elements  ju  of  R  with  vfd  -  0  is  a  regular  maximal  r  -ideal  M.  of 

R  and  V’^R’/M*  ,  Conversely,  if  M  is  a  regular  maximal  r -ideal 
of  R  ,  then  R’/kF  is  the  representation  module  of  an  irreducible 


representation. 
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Proof.  Let  3  be  the  mapping  of  R  defined  bv 


p  J*  v  p  . 


■  *  _  * 

Clearly,  this  is  an  operator  -homomorphism  of  PC  onto  vPv  =  V  , 
cf.  (J)  .  The  kernel  M  consists  of  all  U  £  R  with  vjU  =  0  ,  Then 
R'/M’**  V'  and  since  f  is  simple,  the  theorem  on  homomorphic 
groups  shows  that  M  is  a  maximal  submodule  RR’  ,  that  is,  a 
maximal  r -ideal  of  R  ,  Since  v  €  V"  =  vR  there  exists  an  elemen 
£.  £  R  with  v  ~  v£  .  For  all  o  £  R  then  va  -  v  £  O'  .  Hence 
v(or-  £a)  =  0  which  shows  that  a  -  £  a  &  b/L  and  hence  a*  =  ^afmod  M: 
for  all  a  .  Consequently,  M  is  regular. 


Conversely,  let  M  be  a  maximal  right  ideal  of  R  that  is. a. 
maximal  submodule  ciR*  .  It  follows  from  the  theory  of  horn  ora  or  oh ; 
groups  that  W  '  =  R ’  / M  is  a  simple  module.  We  have  to  show  that 
if  M  is  regular,  the  representation  in  W  is  not  a  zero-reprr  • 
s entation.  Let  £  satisfy  the  congruence  a  ==  £  ar(rnod  M  -  for  aw 
O'  £  R  .  If  we  had  =  O  for  all  o  ,  then,  by  (E),  RsyM  for  al 

o  .  In  particular,  £  a.  £  M  and,  since  or  -{TaCM  ,  this  would  meat;  a  £  v 
for  ail  &£R  .  Because  of  M  ^  R,  this  is  a  contradiction  and  (L  •  vs  p.  ove 


The  meaning  of  (K)  is  that  every  irreducible  representation, 


H?  of  R  is  similar  to  a  representation  with  soace  R  /M’  M 


£&  i.  tJ  y.L 


lar  maximal  r -ideal  of  R.  . 
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From  now  on,  we  snail  assume  that  R  has  a  unit  element.  We 
have  already  remarked  that  then  every  r -ideal  is  trivially  regular. 

(L)  If  R  has  a  unit  element  1  ,  every  irreducible  represen¬ 
tation  /^represents  1  by  the  identity. 

Indeed,  if  we  write  the  representation  module  V'  of  A i/' as  a 

direct  sum  Y*  =  V  *  +  V  ’  of  submodules  as  in  (I)  ,  it  follows  from 

o  1  — 

the  simplicity  of  V*  that  either  V*  =  Vq*  or  V*  =  V^’  .  The  former 
case  is  impossible,  since  Vis  not  a  zero-representation.  Hence 
V  *  =  Y  ’  is  unitary  and  then  7/"  (  1  )  =  7/^  ( 1 )  =  I  . 

The  result  is  also  a  consequence  of  (J)  . 

So  far,  we  have  not  shown  that  R  has  irreducible  represen¬ 
tations.  For  rings  without  unit  elements,  this  would  not  even  be  true 
(see  the  Problems)  .  For  rings  with  unit  elements,  it  is  a  conse¬ 
quence  of  the  proposition: 

(M)  Let  R  be  a  ring  with  unit  element  1  and  let  T  be  a  right 
ideal  T^  R  .  There  exist  maximal  right  ideals  M  with  TcMcR  . 

The  proof  is  obtained  by  a  standard  type  application  of  Zorn’s 
lemma.  Let  X  be  the  family  of  all  right  ideals  X  of  R  with 
T  cX  cR  .  Since  T  £  X ,  ^  is  not  empty.  Order  partially  by  inclu¬ 
sion.  If  Lu  a  linearly  ordered  subfamily  of  if  ,  the  union  C  =  | _ j  X 

X^JC 
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of  the  members  X  of  ^  is  seen  to  be  a  right  ideal  of  R  .  Clearly, 
T  CC  .  However,  1  %  C  since  otherwise  1  would  belong  to  some 
X  and  then  R  =  1R  £XR  =  X  which  is  not  true.  Hence  C  €  . 
This  shows  that  the  assumptions  of  Zorn's  lemma  hold  for  jfcf  ,  and, 
consequently,  there  exist  maximal  members  M  of  .  This  proves 
(M). 

In  particular,  if  we  take  T  =  (0)  ,  we  see  that  there  exist 
maximal  right  ideals  of  R  .  Since  M  is  automatically  regular,  it 
follows  from  (K)  that  R  possesses  irreducible  representations. 

(N)  Every  ring  R  with  a  unit  element  possesses  irreducible 
representations . 

Incidentally,  if  R  is  a  ring  with  a  unit  element  1  we  have 
T  R  =  T  for  every  right  ideal  T  and  RT  =  T  for  every  left 

XX  X  fat  b 

ideal  T^  .  Indeed,  by  the  definition  of  right  ideals,  T^RcT^  .  On 
the  other  hand,  T^l  c.T^R  .  Hence  T^R  =  T^  .  The  second  part  is 
proved  in  the  same  manner. 

Problems  to  Chapter  II 

1.  Show  that  if  K  is  a  ring  with  unit  element  1  and  if  A  is 
an  additive  K-group  such  that  v(cH-(3)  =  va  +  v(3  and  vl  =  v  for  all 
v  ^  A;  a,  (3  €  K  ,  then  A  must  be  abelian. 
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2.  (Jacobson)  Show  that  if  a  ring  R  has  only  one  left  unit  ele¬ 
ment  e  j  then  e  is  a  unit  element* 

3b  Ret  A  and  B  be  two  additive  subgroups  of  a  ring  R  .  Ret 
X  be  the  set  of  all  elements  x  fc  R  such  that  Ajc£B  . 

(a)  Shew  that  if  B  Is  an  r -ideal,  sc  is  X  . 

(b)  Show  that  if  A  is  an  r -ideal,  then  X  is  an  t  -ideal. 

■4,  Ret  R  be  a  ring  with  a  unit  element.  Show  that  if  R  is  the 
sum  of  an  r -ideal  A  and  an  additive  subgroup  B  which  consists  of 
nilpotent  elements,  then  R  =  A  . 

_5.  Ret  X  be  a  field,  x  an  indeterminate.  The  ring  of  residue 

_  2 

classes  of  polynomials  f(x)  €  K[x]  mod  (x-I)~  is  an  algebra  R  of 
dimension  2  over  K  „  Choose  a  suitable  basis  and  give  the  regular 
representation  ^  (p)  for  an  arbitrary  p€R  in  matrix  form. 

_6.  If  R  is  a  given  ring,  V  an  R-right  module  and  V,  a  sub- 
module?  there  does  not  in  general  exist  a.  submodule  V  41  "V  such 
that  V  =  V,  +  V  .  Discuss  this  using  the  example  in  5. 

7 .  Let  R  be  the  group  algebra  of  the  non -commutative  group  G 

of  order  6  over  the  field  K  of  complex  numbers,  let  <7  be  an  element 

***&&£* 

of  order  3  of  G  and  L  an  element  oi  order  2  .  Ret  V  be  a  two- 
dimensional  vector  space  ever  K  with  the  basis  e  ,  e  ,  Show  that 
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there  exists  a  unique  representation  hfot  R  such  that  r(o  maps 
el  e  - ,  e?  -  ^  -e.  -  e?  and  that  maps  e]  e,,  e£  ~el  - 

Similarly,  show  that  there  exists  a  unique  representation  of  R  such 
that  ^/l*7)  mips  e ^  Pe\>  e2  P  e  ,  where  p  is  a  primitive 
third  root  of' unity  and  that  TV "CO  maps  e,  e ^  .  Finally, 

show  that  U  and  are  similar. 


£h  Let  R  be  a  ring  and  let  X  be  a  regular  r -ideal  V  R  .  Show 
that  there  exist  regular  maximal  r -ideals  M  2X  of  R  . 


_9.  Let  R  be  the  Boolean  ring  of  the  subsets  of  a  given  set  S  . 
Show  that  a  subset  X  of  R  is  an  ideal  V  R  of  R  ,  iff  the  comple¬ 
ments  S  -  x  of  the  members  x  of  X  form  a  filter  T~' in  the  sense 
of  Bourbaki,  1.  e.  ,  a  family  -V  ^  0  of  subsets  of  S  such  that  (1)  If 
M  and  M^M  ,  then  .  (2)  If  M  ,  M?  £  J~  ,  then 

M1  0  M?  €  '/  (3)  0  0  7'. 

10,  The  center  C  of  a  ring  R  is  the  set  of  all  elements  c 
of  R  which  commute  with  every  element  of  R  .  Show  that  if  R  is 
simple  in  the  sense  that  R  and  (0)  are  the  only  ideals  of  R  ,  we 
must  have  one  of  the  three  cases  (I)  C  is  a  field  and  R  is  an  algebra 
over  C,  (hi)  '  (0)',  (III)  R  consists  of  a  prime  number  of 

elements  and  every  product  of  two  elements  vanishes. 
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11.  Let  R  be  the  ring  of  all  matrices  with  the  same  infinite 
number  of  rows  and  columns  such  that  in  each  matrix  only  a  finite 
number  of  rows  and  columns  is  different  from  0  .  Show  that  R  is 
simple  in  the  sense  of  Problem  1_0  and  that  the  center  C  is  (0). 

12.  (Kaplansky,  see  Jacobson,  Abstract  Algebra  I,  p.  55) 

Prove  that  if  an  element  a  of  a  ring  with  a  unit  element  e  has  more 
than  one  right  inverse,  then  it  has  infinitely  many. 

13.  Let  R  be  a  commutative  ring  in  which  not  every  element  is 
a  zero  divisor.  (An  element  x  €R  is  a  zero  divisor  of  R  ,  if  there 
exists  a  y^O  in  R  such  that  xy  =  0. )  Using  a  procedure  somewhat 
similar  to  that  suggested  in  Problem  12_  of  Chapter  I  ,  show  that  there 
exists  a  commutative  ring  S  such  that  (I)  R  is  a  subring;  (2)  S 
has  a  unit  element;  (3)  Every  element  of  S  which  is  not  a  zero 
divisor  has  a  reciprocal  in  S;  (4)  If  x  is  an  element  of  S  there 
exist  two  elements  a,  b  in  R  such  that  a,  is  not  a  zero  divisor  in 

S  and  that  ax  =  b  .  (5)  If  a  €r  is  not  a  zero  divisor  in  R  ,  then 

it  is  not  a  zero  divisor  in  S  . 

14.  Let  H  be  an  ideal  of  R  . 

(a)  Show  that  R/H  has  a  unit  element,  if  H  is  regular  as  an 
r-ideal  and  regular  as  an  jf-ideal  (i.  e.  ,  there  exists  e.,  e_  €R  such 
that  -  a  ,  cxe^=cx  mod  H  for  all  a  £H).  In  this  case,  we  call  H 


a  regular  ideal 
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(b)  Show  that  the  intersection  of  a  regular  ideal  and  a  regular 
r -ideal  is  a  regular  r -ideal. 

(c)  The  intersection  of  two  regular  r -ideals  is  regular,  if  one 
of  them  is  maximal. 

M 

15.  Let  R  and  have  the  same  significance  as  in  g  9. 

(a)  Show  that  a  right  ideal  A  of  R  is  regular,  iff  there 

exists  an  r -ideal  of  R^  such  that  A^flR  =  A,  R  +  A^  =  R^  . 

(b)  Without  using  the  results  of  Chapter  III,  show  that  the 
intersection  of  all  maximal  r-ideals  of  R  equals  the  intersection 
of  all  regular  maximal  r-ideals  of  R  . 

16.  Let  R  be  a  ring  and  H  an  ideal  of  R  . 

(a)  Show  that  if  H  has  a  unit  element,  then  R  is  the  direct 
sum  of  H  and  another  ideal. 

(b)  Show  conversely  that  if  a  ring  H  has  the  property  that 
every  ring  R  containing  H  as  an  ideal  is  the  direct  sum  of  H  and 
another  ideal,  then  H  has  a  unit  element. 

17.  Let  H  be  an  ideal  of  the  ring  R  .  Consider  H  as  a  ring. 

(a)  Show  that  an  r -ideal  A  of  H  need  not  be  an  r -ideal  of  R  . 

(b) ,  Show  that  every  regular  (two-sided)  ideal  of  H  is  an  ideal 


of  R  . 
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(c)  Show  that  if  A  is  a  regular  maximal  r -ideal  of  H  ,  then 
there  exists  a  unique  regular  maximal  r -ideal  M  of  R  such  that 
MflH  =  A. 


18_.  Let  R  be  the  commutative  ring  discussed  in  Problem  11  (b) 
of  Chapter  I  .  Show  that  there  do  not  exist  maximal  ideals  in  R  . 
(Hints.  Imbed  R  into  a  larger  ring  S  consisting  of  all  formal  series 


ot  -  )  a  ^  £l  with  a  €  K  ,  r  =  0  <r  <r  <  ...  ,  lim  r  - 
Li  n  n  o  12  «  n 


“  CO 


zi=o 


Using  coefficients  0  t  we  may  assume  that  the  set  of  exponents  {r^} 

in  each  a  is  closed  under  addition.  Show  that  a  has  an  inverse  in 

S  „  iff  a  4=  0  .  Now  show  that  if  an  ideal  M  of  R  contains  an 
o  ' 

3  3 

1  ? 

element  y-  c.f  +  c  4  “  +  .  .  .  with  c  ,  c  ^  0  and 

*  w  j  A 

0  <  s ,  <  s_  <  .  .  .  .  s  =— >  65  then  M  contains  all  £  *  with  m  >  s,  )  . 
12  n  1 

19.  Let  n  be  a  natural  integer  and  let  ^  be  the  set  of  all 
finite  sequences  S  =  {i]  ,  i?i  ....  of  numbers  i  =  1 ,  2,  ...»  n 

the  empty  sequence  0  =  {  }  is  also  to  be  considered  as  an  element  of 
^ for  r  =  0  .  If  S  ajtid  T  are  two  elements  of  T,  then  SIT  is 
to  be  the  sequence  obtained  by  taking  first  the  elements  of  S  and  then 
those  of  T  .  Let.  K  be  a  field  and  associate  a  basis  element  e(S) 
of  a  vector  space  R  over  K  with  each  S  £  3  .  An  associative 
multiplication  in  R  can  be  defined  by  setting  e(S}e(T)  =  e(S+T)  for 
s,  T  €3r;  see  Chapter  I,  §  5.  This  R  is  the  tensor  algebra 
belonging  to  an  zx-dimensional  vector  space  over  K  . 
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Let  c. ,  .  .  .  ,  c  be  a  system  of  n  elements  of  K  and  let 

1  '  n 

H  be  the  ideal  of  E  generated  by  all  the  elements  e(ij)  +  e(ji)  with 
i  ^  j  and  all  the  elements  e(ii)  -c,e(0)  (i„  e.  ,  H  is  the  smallest 
ideal  containing  these  elements.)  The  residue  class  algebra  R/H 
is  called  a  Clifford  algebra  A  . 

(a)  Show  that  the  residue  classes  mod  H  of  the  2U  elements 
e(l  ,  i  ,  .  .  ,  ,  i  )  with  1  ~  i,  <  !<...<!  =nj  O^rln  form 

12  v  i  T 

a  basis  of  A  , 

(h.)  Obtain  the  scalars  of  multiplication  of  A  for  this  basis, 
{Suggested  procedure;  Assuming  (a)  as  true,  answer  {b).  Use  your 
result  to  define  an  algebra  A,(  of  dimension  £n  and  prove  AI(  to 
be  associative.  Define  a  homomorphism  of  R  onto  with  the 

kernel  H  .  ) 

20,  Let  R  be  an  algebra  over  a  field  K  and  let  W  be  a 
representation  of  R  by  linear  transformations  of  a  vector  space  Y  . 
Let  V*  be  dual  space  of  V  (consisting  of  all  linear  transformations 
f  of  V  into  K  )  ax  i  let  denote  the  dual  transformation  of 

/V^(a)  (i.  e,  ,  #i(a)  map©  f  ^Y*  on  g  €V#  such  that  g(v)  - 
f(v  //{a)  }  for  v  £  V\  Show  that  the  with  a  €R  form  a  skew 

representation  A/  *  of  R  .  Give  examples  to  show  that  may  be 
irreducible  and  J)/*  reducible,  but  show  that  this  is  impossible,  if 
Y  has  finite  dimension.  What  can  you  say  about  the  relation 
between  A^axid  the  dual  (A^)*  of  /j/*  ? 


-50- 


Chapter  III 

THE  RADICAL  OF  A  RING 

In  a  given  ring  R  ,  we  have  a  characteristic  ideal  N  ,  the 
radical  of  R  .  The  properties  of  the  radical  are  studied  in  this 
chapter. 

For  the  sake  of  brevity,  we  shall  say  MR-module"  for 
"R-right  module"  .  We  shall  usually  denote  these  modules  by  letters 
such  as  V  instead  of  using  V'  . 

1 .  Definition  of  the  radical. 

DEFINITION  1.  The  radical  Rad  (R)  of  a  ring  R  is  the  sub¬ 
set  consisting  of  those  elements  V^R  which  are  represented  by  d 
in  every  irreducible  representation  of  R  . 

If  no  irreducible  representation  of  R  exists,  this  means  that 
Rad  (R)  =  R  .  Then  R  is  called  a  radical  ring  .  If  irreducible  repre¬ 
sentations  exist.  Rad  (R)^R  . 

Obviously,  equivalent  representations  have  the  same  kernel. 

By  Chapter  II,  (K)  ,  every  irreducible  representation  of  R  is  equi¬ 
valent  with  a  representation  ^ whose  representation  module  has  the 
form  R/M  where  M  is  a  regular  maximal  r -ideal  of  R  .  Thus, 
v€Rad  (R),  iff  =  D  for  all  such  T. 
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Incidentally,  this  formulation  may  be  more  comfortable  to  a 
reader  who  worries  about  getting  entangled  in  set  theoretical  paradoxes. 
We  cannot  speak  of  the  "set"  of  all  irreducible  representations  of  R 
while  the  representations  of  the  type  r  certainly  form  a  "set”  and 
the  condition  [V)  =  Q  for  all  defines  a  subset  of  R  .  Actually, 
Definition  1  is  all  right  as  it  stands. 

The  kernel  of  the  representation  7* with  the  representation 
module  R/M  consists  of  the  elements  V  such  that  RVCM  (Chapter 
II,  (E) )  .  Hence,  Definition  1  can  be  stated  as  follows: 

(A)  An  element  V  of  the  ring  R  belongs  to  the  radical  Rad  (R), 
iff  RVCM  for  every  regular  maximal  r -ideal  M  of  R  . 

Actually,  we  may  drop  the  word  "regular". 

(A#)  We  have  V  €  Rad  (R),  iff  RVCM  for  every  maximal 
r -ideal  M  of  R  . 

Indeed,  for  any  maximal  r -ideal  M  ,  the  module  R/M  is 
simple  and  the  corresponding  representation  is  either  irreducible  or 
the  zero  representation.  In  either  case,  an  element  V  of  the  radical 
is  represented  by  a  ,  i.  e.  ,  RVCM  . 

Since  a  representation  is  a  ring  homomorphism,  its  kernel 
is  an  ideal.  Since  Rad  (R)  is  the  intersection  of  the  kernels  of  the 


irreducible  representations,  we  have 
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(B)  THEOREM  1,  The  radical  of  a  ring  R  i  an  idee  l 


2 .  Remarks  about  representations  of  a  residue  claa £■  ring. 

Let  H  be  an  ideal  of  the  ring  R  and  let  R*  -  R/H  denote  the 
residue  class  ring.  If  7\T*  is  a  representation  of  R*  ,  set 

(1)  ?/{a)  =■?/*(  i«J)» 

where  |  a  |  again  is  the  residue  clafes  (mod  H)  of  the  element  a  c  E. 
Clearly,  7/\s  a  representation  of  R  whose  kernel  includes  K  . 
Conversely,  if  7/^is  a  representation  of  R  whose  kernel  include r 
H  and  if  we  define  [a  J )  by  (1),  then  4/*  is  well  defined  and  it 

/% 

is  a  representation  of  R#  .  If  Y  is  the  representation  modulo  -d  7  , 
we  may  define  an  R* -module  V*  consisting  of  the  same  elements  as 

Y  and  using  the  same  addition  by  setting  v  I  a  I  -  vcr  ,  Thur  V  *  is 
the  representation  module  of  7/*  .  The  elements  ox  each  submodule 
W  of  V  form  a  submodule  W*  of  V*  and  vice  versa.  In  particular, 

V  and  V*  are  simple  at  the  same  time.  Of  course  Tv  and  2.A"  are 
zero -representations  at  the  same  time.  Hence 


(C)  If  H  is  an  ideal  of  R  ,  we  have  a  one -to -.me  correspondence 
between  the  representations  7/*  of  R*  =  R/H  and  tor  rap  resented  rmi- 
/  of  R  whose  kernel  includes  H  ,  ^/\a)  -  7\/*{  (j?  ’  >  Tiu-  :  ©pxe 
s  ©ntations  and  &  are  irreducible  at  the  sam 


‘  s  — 


3,  Some  properties  of  the  radical. 

(D)  If  H  is  an  ideal  of  the  ring  R  and  if  N  =  Rad  (R),  then 

(2)  (H  +  N)/H  CRad  (R/H)  . 

Proof.  Let  \  V j  be  an  element  of  (H  +  N)/H  .  Clearly ,  the 
representative  V  can  be  chosen  as  an  element  of  N  .  Hence 
j/{V)  ~  CL  ^or  ©very  irreducible  representation  of  R  .  It 
follows  from  (C)  that  then  *(  mj)  =  d  for  every  irreducible  J/* 
of  R/H  and  this  means  that  f  V  j  €  Rad  (R/H)  . 

(E)  If  H  is  an  ideal  of  R  and  H£N  =  Rad  (R),  then 

(3)  Rad  (R/N)  =  N/H  . 

Proof.  If  J/' is  an  irreducible  representation  of  R  ,  its 
kernel  includes  N  and  hence  H  ,  on  account  of  the  assumption. 
Thus,  j^/^is  obtained  from  an  irreducible  representation  P\/*  of 
R/H  .  If  [  a  j  fcRad  (R/H)  ,  then  [  a  j )  -  Q  and  it  follows 

that  -  f_J  for  all  irreducible  representations  //  of  R  .  Hence 

a  £  N  .  This  shows  that  Rad  (R/H)  cn/H  .  The  opposite  inclusion 
is  obtained  from  (2),  since  here  H  +  N  =  N  . 

DEFINITION  2.  A  ring  R  is  semisimple,  if  its  radical 
consists  only  of  the  zero-element. 
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(F)  THEOREM  2.  If  Rad  (R)  =  N  ,  then  R/N  is  semisimple. 

If  H  is  an  ideal  with  R/H  semisimple,  then  N^H:  The  radical  is 
the  smallest  ideal  with  semisimple  residue  class  ring. 

Indeed,  (E)  shows  for  H  =  N  that  R/N  is  semisimple.  On 
the  other  hand,  if  R/H  is  semisimple  for  some  ideal  H  ,  then 
H+NCH  by  (D),  that  is,  NCH  . 

In  general,  the  equality  sign  does  not  hold  in  (2)  and,  in 
particular,  R/H  need  not  be  semisimple  for  H  ,  see  Problem  2. 

(G)  THEOREM  3.  The  radical  of  a  ring  R  is  the  intersection 
of  the  regular  maximal  r  -ideals  of  R  . 

Proof.  Let  M  be  a  regular  maximal  r -ideal  of  R  and  let  £ 
be  an  element  of  R  such  that  £ot  -  a  £M  for  all  a  .  This  implies 
that  a  and  £a  will  belong  to  M  at  the  same  time. 

If  v€Rad(R)  ,  then  R  t'cM  by  (A).  In  particular, 
and  hence  .  Thus,  Rad  (R)  CM  . 

On  the  other  hand,  if  vf-  Rad  (R)  ,  there  exists  an  irreducible 
representation  7/* oi  R  such  that  7/\  V)  ^  O  .  then  v  V ^  6  for  some 
v  in  the  representation  module  of  By  Chapter  II  (K),  there 

exists  a  regular  maximal  r -ideal  M  with  vfc  M  . 


If  R  has  a  unit  element,  every  ideal  is  regular. 
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(G*)  If  R  has  a  unit  element,  the  radical  of  R  is  the  inter¬ 
section  of  the  maximal  r -ideals. 

As  an  example,  consider  the  ring  Z  of  rational  integers.  If 
p  is  a  prime  number,  then  pZ  is  a  maximal  r -ideal.  Hence  if 
n  ^Rad  (Z),  then  n  must  be  divisible  by  every  prime  p  and  this 
implies  n  =  0.  Thus 

(H)  The  ring  Z  of  rational  integers  is  semisimple. 

4.  The  radical  of  a  subring  which  is  an  ideal  of  R  . 


In  general,  there  is  not  much  one  can  say  about  the  relation¬ 
ship  between  the  radical  of  a  subring  H  of  R  and  the  radical  of  R  . 
The  situation  is  different,  however,  if  H  is  an  ideal  of  R  .  (Of 
course,  ideals  are  subrings.) 


We  first  prove  a  result  on  representations.  If  is  a  repres 


en- 


tation  of  R  and  if  H  is  a  subring  of  R  ,  the  restriction  of 

to  H  is  a  representation  of  H  .  The  representation  module  of 
consists  of  the  same  elements  as  the  representation  module  V 
of  the  operations  are  the  same ,  but  only  operators  in  H  are 


taken  instead  of  operators  in  R  .  We  show 


(I)  Let  H  be  an  ideal  of  the  ring  R  .  If  is  an  irreducible 
representation  of  R  whose  kernel  does  not  include  H  ,  then  the 

restriction  7/*  of  7J to  H  is  an  irreducible  representation  of  H  . 
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Every  irreducible  representation  of  H  can  be  obtained  in  this  manner 
from  an  irreducible  representation  AT of  R  . 

Proof.  Let  V  be  the  representation  module  of  the  irreducible 
representation  A/  of  R  .  Let  Z  be  the  set  of  all  z  £V  such  that 
zH  =  (0)  .  Then  Z  is  an  additive  subgroup  of  V  ,  Since  RH  CH  , 
we  have  zR  HCzH  =  (0)  for  z  €Z  .  Hence  zRCZ  ,  that  is,  Z  is 
a  submodule  of  V  .  But  V  is  simple;  we  have  either  Z  =  V  or 
Z  =  (0)  .  In  the  former  case,  vH  =  (0)  for  every  v  £V  .  Then  the 
restriction  of  Af  to  H  is  the  zero  representation;  the  kernel 

of  ^/"’includes  H  .  If  this  is  not  so,  then.  vH  ^  (0)  for  every  0  , 
v  £  V  .  Since  HR  ch  ,  the  set  vH  is  a  submodule  of  V  and  as  V 
is  simple,  vH  =  Y  for  v^0  .  But  this  means  that  V  remains 
simple,  if  it  is  considered  as  an  H “module  V^_  .  The  restriction 
A\/  of  3/to  H  then  is  irreducible,  since  it  is  not  a  zero-represen¬ 
tation. 

Conversely,  let  AZ  be  an.  irreducible  representation  of  H  . 

After  replacing  it  by  an  equivalent  representation,  we  may  assume  that 

its  representation  module  is  ~  H/ Z  where  Z  is  a  regular  maximal 

r -ideal  of  the  ring  H  ,  cf.  Chapter  II,  (K).  Set  X  =  Z  +  ZR  .  Clearly, 

X  is  an  r -ideal  of  R  .  Since  ZcH  and  ZR  £HR  £H  ,  we  have 

X  CH  and  then  X  is  also  an  r -ideal  of  H,  Now,  X  cz  and  as  Z 
wag  a  maximal  r  -ideal  of  H  ,  either  X  =  H  or  X  ~  Z  . 


-57- 


In  the  former  case,  H  =  Z  +  ZR  and 


H  .  K  -  ZH  +  ZRH  CZH  +  ZHcZ  . 

Bat  then  the  representation  with  the  module  H/Z  would  be 

o 

a.  zero-representation  (cf.  Chapter  II,  (E) )  .  Hence  we  must  have 
X  =  Z  and  Z  is  an  r -ideal  of  R  „  The  quotient  H/ Z  of  the 
R -modules  H  and  Z  can  then  be  considered  as  an  R -module  V  . 
The  H-module  V  is  obtained  from  V  by  taking  operators  only 

from  H  .  Since  Y  is  simple,  clearly  V  is  simple.  If  the 

• ) 

representation  in  Y  ,  then  A/  is  irreducible  and  the  given  represen¬ 
tation  N  is  the  restriction  of  T/' to  H  , 

o 

As  an  application*  we  have 


(j)  If  the  sub  ring  H  of  R  is  an  ideal  of  R  ,  then 


Rad  (H)  =  H  flRad  (R)  . 


Proof.  If  Ut  Rad  (H)  ,  then  jU)  =  Li  for  every  irreducible 

representation  A/  of  H  and,  by  (I),  ((A)  =  O  for  every 

o  “ 

Irreducible  representation  of  R  and  hence  Rad  (R)  ,  Thus, 

M  £  H  H  Rad  (R)  Conversely*  if  ^€h  HR&d  (R)  ,  then  h/\  V)  -  £J 
.01  every  :•  r .  educib  e  representation  A/" of  R  .  By  (_y,  P)  =  [^j 

(■:-r  -:v £;/-•:  ' r reducible  representation  U  of  H  and  this  yields 


V  €  Rad  (H) 
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Oar  result  can  be  applied  to  the  ring  of  Chapter  II  ,  §  9 

taking  for  H  the  ideal  R  of  R  .  This  yields 

(4)  Rad  (R)  =  R  HRad  (R#)  . 

Now  clearly,  the  residue  class  ring  R^/R  is  isomorphic  with  the 
ring  Z  of  integers  which  is  semisimple  (cf.  (H) ).  By  (F) ,  the  ideal 
R  of  R^  then  includes  the  radical  of  R^  ,  and  (4)  becomes 
Rad  (R)  =  Rad  (R^). 

(K)  If  R  is  a  ring  and  R^  the  corresponding  extented  ring 
with  a  unit  element  (Chapter  II,  g  0),  then 

(5)  Rad  (R)  =  Rad  (R^)  . 

Because  of  this  result,  it  is  often  enough  to  deal  with  rings  with 
unit  elements. 

Remark;  If  H  is  an  ideal  of  R  ,  sometimes  the  term  "the 
radical  of  H"  is  used  for  the  ideal  of  R  which  corresponds  to 
Rad  (R/H)  under  the  natural  homomorphism  of  R  -»R/H  .  Of  course. 


this  is  not  Rad  (H)  . 
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5.  The  Perils -Jacobson  condition  for  the  radical. 

DEFINITION  3.  An  element  a  of  a  ring  R  is  said  to  be 
quasi -right -regular  (abbreviated  q.  r.r. ),  if  there  exists  an  a'  €R 
with  a  +  aa '  +  o'  -  0  and  then  a '  is  called  a  quasi-right-inverse 
(q.  r.i. )  of  a.  Similarly,  a  is  quasi-left -regular  (q.jf.r.),  if 
there  exists  an  a"  €R  with  Q+ana+on  =  0  and  then  a"  is  a  quasi¬ 
left -inverse  (q.  jf.i. )  of  a  . 

Note  that  if  R  has  a  unit  element  1  ,  then  a  has  the  q.  r.i. 
a1  iff  (l+o)  (l+o1)  =  1  .  Similarly,  a"  is  a  q.  ^.i.  of  a  ,  iff 
(l+oM)  (l  +  o)  =  1  . 

If  cex  is  a  q.  r.  i.  of  a  in  R  ,  the  same  is  true  in  any  ring  R^ 

containing  R  as  subring.  In  particular,  we  may  take  R^  as  the 

ring  R  &  (Chapter  II,  g  9).  Conversely,  if  a  €r  has  a  q.  r.i. 
p  +  nl  in  R^;  p  €r  ,  n  ,  then  o+op+no+p+nl  =  0  which  implies 

n  =  0  and  then  p  is  a  q.  r.i.  of  oc  in  R  . 

If  a  has  both  a  q.  r.i.  a'  and  a  q.^.i.  or"  in  R  and  if  we 
s§t  (3  =  l  +  o,  p,  =  l  +  Q'',  pn=l+a"  in  R^,  then  (3(3'  =  1,  p"p=l  and  hence 
(3"  =  p'^pp1)  =  (p"p)p'  =  p*  .  Thus,  a"  -  a1  .  In  this  case,  we  say  that 
a  is  quasi -regular  and  that  o'  is  a  quasi-inverse  of  a  . 
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(L)  THEOREM  4,  The  radical  of  R  consists  entirely  of 
q,  r.r,  elements  and  it  includes  every  r  “ideal  of  R  consisting  of 
q,x„  r,  elements. 

Proof,  Assume  first  that  R  has  a  unit  element  1  .  If 
V  £  Rad{R.)j>  form  the  right  ideal  (1  +  V)R  .  If  we  had  (1  +  P)R^R, 
there  vgould  exist  a  maximal  r -ideal  M  of  R  with  (1+  */)Rc  M 
(Chapter  XI*  (M))„  Then  1  +  ,  and  since  V  £ M  by  (G*),  we 

would  have  1  €M  and  then  R  =  IRcM  which  is  not  true.  Hence 
(1  +  P)R  =  R  .  In  particular  -V  €(1+  E/)R  and  this  means  that  there 
exist  elements  v  £R  with  v'  =  (1  +  V)  Pl  .  But  then  V'  is  a 
q.  r.i.  of  V  and  V  is  q.r.r.  Thus,  Rad  (R)  consists  entirely 
of  q.r.r,  elements. 

Suppose  next  that  the  r-ideal  T  of  R  consists  of  q.r.r. 
elements.  If  M  is  a  maximal  r -ideal  of  R  and  i  T  ,  then 
M  c  M  +  T  .  Hence  the  r -ideal  M  4-  T  must  be  R  .  It  follows 
that  there  exist  elements  fl  €m  ,  T  €  T  with  fj,  -  r  ~  1  .  Since 
T  €  T  is  q.r.r.,  it  has  a  q.  r.  i.  T®  and  then  (1-K  j  (1  +  T  * )  =  1  . 

But  1  +  r  =  fl  and  ^(1  +  f*)  -  1  implies  that  1  €M  vhich  again 
leads  to  M  =  R  ,  a  contradiction.  Hence  T  S~M  for  every  maximal 
r -ideal  M  of  R  .  By  (G*),  T  cRad  (R). 

Hence  (L.)  holds  for  rings  with  unit  element,  f  R  has  no 
unit  element,  employ  again  the  ring  R  ^  (Chapter  II,  §  9).  Then 
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JL£ 

(L)  holds  for  R  ^  .  Since  we  have  seen  that  an  element  a  of  R 
is  q.  r.r.  in  R  ,  iff  a  is  q.  r=r,  in  Rr  t  and  since  Rad  (R)  - 
Rad  {K^ )  by  (K),  it  follows  that  Rad  (R)  consists  of  q.r.r* 
elements  of  R  .  If  T  is  an  r -ideal  of  R  ,  it  is  an  r -ideal  of  R^  .  . 

If  T  consists  of  q„  r*  r.  elements  of  R  ,  then  T  cRad  (R  ^  )  -  Rad(R). 
Hence  (L)  holds  for  R  , 

6.  The  radical  of  the  reciprocal  rings. 

In  our  previous  work,  r -ideals  were  given  a  preferred 
treatment  over  ^-ideals.  However,  we  could  have  worked  just  as 
well  with  ^-ideals.  This  fact  can  be  expressed  in  the  form 

(M)  THEOREM  5.  Let  p— be  an  anti-isomorphism  of  R 
onto  a  reciprocal  ring  R1  (Chapter  II,  g  7).  The  radical  N  of  R 
is  mapped  on  the  radical  N*  of  R*  . 

Proof 6  If  ,  then,  by  (L),  V  has  a  q3r0i,  V,  with 

V+  VV^+  -  0  .  Since  VV ^  also  belongs  to  the  ideal  N  ,  so  does 
=  ~v~  VV^  .  Hence  P,  again  has  aq.r.i,  V  .  If  we  work  again 
in  R  ^  and  set  p  =  1  +  V  ,  p,  =  1  +  ,  p.,  =  1  +  V  ,  then 

pp^  =  1  ,  P^P^  -  1  and  hence  p  -  PM^P^  =  p?  ,  Thus  p,p=  1  and 
this  means  that  V  is  a  q.  l'.i.  of  V  „  This  proves  that  every 
v€N  is  qj.r. 
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RoughJLy  speaking,  the  anti -isomorphism  of  R  onto  R’ 
interchanges  "right"  and  "left"  .  Right  ideals  of  R  are  mapped 
on  left  ideals  of  R1  ,  left  ideals  of  R  on  right  ideals  of  R1  .  If 
p  is  q.  r.r.  in  R  ,  then  p*  is  q.X.r.  in  R1  ,  etc.  If  N'  is 
the  image  of  the  radical  Rad  (R)  =  N  ,  then  N*  is  an  ideal  of  Rr  » 
Since  N  consists  of  q.  X.r.  elements  of  R  ,  every  element  of 
N1  is  q. r.r.  in  R1  .  Hence  N*  £Rad  (R1),  by  (L),  applied  to  R*  . 

But  if  we  now  interchange  R  and  R'  and  use  the  inverse  anti¬ 
isomorphism  p*  -»-p  of  R‘  onto  R  ,  our  result  shows  Rad(R') 
then  is  mapped  on  a  subset  of  N  =  Rad  (R)  and  this  means  that 
Rad  (R‘)  CN'  .  Hence  N'  =  Rad  (R‘)  and  this  yields  (M). 

If  we  apply  any  of  the  previous  results  to  R1  and  use  the 
anti -isomorphism  p'  — >p,  we  obtain  a  result  for  R  .  For 
instance.  Rad  (R)  is  the  intersection  of  the  kernels  of  the  irreducible 
skew  representations  of  R  .  If  we  call  an  j -ideal  L  of  R  "regular", 
if  there  exists  an  7}  €R  such  that  a  =at  T)  (mod  L),  then  an  element  V 
belongs  to  Rad  (R),  iff  I^R£L  for  all  regular  maximal  ^-ideals  L 
of  R  .  Furthermore,  Rad  (R)  is  the  intersection  of  all  regular 
maximal  t  -ideals  of  R  ,  etc. 


7.  Some  remarks. 


We  prove  a  few  more  special  results  which  are  useful. 
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(N)  An  element  V  of  R  belongs  to  N  =  Rad  (R)  if  V  p  is 
q.  r.r.  for  all  p€R  . 

Proof.  If  V  p  is  q.  r.r.  for  all  p,  then  the  r -ideal  t'R 
consists  of  q.r.r.  elements  and  I'RcN  by  (L)  .  The  remarks 
at  the  end  of  §  6  shows  that  l^RCL  for  every  regular  maximal 
-ideal  L  of  R  and  this  implies  .  Conversely,  if  l/€N  , 

then  vp^N  for  every  p  and  (L)  shows  that  vp  is  q.r.r. 

It  is  not  difficult  to  prove  (N)  without  using  g  6. 

DEFINITION  4.  An  element  7)^  0  of  R  is  an  idempotent,  if 
2  n 

7]  =77  and  hence  77  =77  for  every  natural  integer  n  . 

(O)  The  radical  Rad  (R)  does  not  contain  an  idempotent . 

Proof.  If  77  €  Rad  (R)  ,  then  -77  €Rad  (R)  is  q.r.r.  Hence 

there  exists  an  77  ^  such  that  -7]  -7777^  +  77^  =  0  .  Multiply  on  the 

2 

left  with  77.  If  77  =77,  this  yields  -77-  7777 1  +  TJTJj  =  0  ,  that  is, 

77  =  0  . 

DEFINITION  5.  An  element  V  of  R  is  said  to  be  nilpotent 
if  vn  =  0  for  some  natural  integer  n  .  Similarly,  an  additive 
subgroup  A  of  R  is  nilpotent  ,  if  An  =  (0)  for  some  n  . 

Finally,  A  is  a  nllsubgroup  ,  if  A  consists  of  nilpotent  elements. 


-64  - 


In  particular,  we  speak  of  nilideals,  nil-r -ideals,  nil -X -ideals. 

If  A  is  nilpotent,  it  is  a  nilsubgroup,  but  the  converse  is  not  true. 
Indeed,  An  =  (0)  requires  that  the  product  of  any  n  elements  of 
A  vanishes  and  even  if  the  n-th  power  of  all  elements  of  A  vanishes, 

this  need  not  be  true.  If  V  is  nilpotent,  then  V  is  q.  r.r.  Indeed,  if 

n  23  n-l 

v n  =  0  ,  then  v  =  -v+  V  -  V  +  .  .  .  1  V  is  a  q.  r .  i.  of  V ,  as 

shown  by  a  simple  computation.  Combining  this  remark  with  (L),  we 

have 

(P)  Every  nil-r -ideal  and  nil -ideal  is  included  in  the  radical. 

However,  it  is  not  true  that  the  radical  is  nilpotent  or  even  a 
a  nilideal.  A  commutative  ring  with  0  as  its  only  zero  divisor  may 
be  its  own  radical,  see  Problem  3. 

8.  Rings  with  minimum  condition. 

DEFINITION  6.  We  say  that  a  ring  R  satisfies  the  minimum 
condition  (m -condition)  for  r- ideals  ,  if  every  non-empty  family  T' 
of  r -ideals  contains  minimal  members,  i.  e.  ,  r -ideals  which  do  not 
properly  include  any  member  of  T .  If  the  m -condition  holds  for 
r -ideals  of  R  ,  we  say  that  R  is  an  m -ring. 


As  in  all  similar  cases,  the  m -condition  is  equivalent  with  the 
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descending  chain  condition:  If  {X^}  is  a  descending  chain  of 

r -ideals  X,  n >X „  =>X„  :=>...  ,  only  a  finite  number  of  X  are 
1  —  2  "  3  —  n 

distinct. 


W'e  first  show: 


LEMMA:  If  (0)  is  an  additive  subgroup  of  the  radical 

2  , 

N  of  an  m  -ring,  then  A  7  A  . 


2 

Proof.  If  RA  =  (0)  ,  then  A  =  (0)  ^  A  .  Hence  we  may 
assume  that  RA  ^  (0)  .  Let  7  be  the  family  of  all  r -ideals  X  of 
R  such  that  XA^  (0)  .  Since  R  f  7  is  not  empty.  The 


m -condition  implies  that  there  exists  a  minimal  member  X^  of  . 

Then  if  Y  is  an  r-ideal  with  Y  <=X  ,  YA  =  (0)  .  Let  Y*  be  the 

o 

sum  of  all  r-iaeals  Y  c: Xq  ,  that  is,.  Y*  is  the  r-ideal  consisting 

of  ail  sums  ^y^  of  finitely  many  terms  y^  each  of  which  belongs 

to  some  r-ideal  Ya  cx  .  Then  y.A  =  (  and  hence  Y*A  =  (0)  . 

i  o  i 

Since  X  A  ^  (0)  ,  we  must  have  Y^cX  .  It  is  now  clear  that  Y * 
o  o 

is  a  maximal  submodule  of  X  .  This  means  that  X  /Y*  is  a 

o  o 

simple  module  and  the  corresponding  representation  is  either 

irreducible  or  a  zero-representation.  If  ,  we  have  3£{V)  =  C 1 

and,  by  Chapter  II,  (E),  X^t'CY*  .  Since  ACN  ,  it  follows  that 

X  Ac=Y*  ,  and  hence  that  X  A^Y^A  =  (0)  .  But  we  had  X  A  ^  (0) 
o  “  o  o 

2  , 

and  it  is  now  clear  that  A  ?=  A  . 
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(Q)  THEOREM  6.  The  radical  N  of  an  m-ring  R  is 
nilpotent. 


Proof.  Let  A  =  N*  be  a  minimal  member  of  the  family  7- 

consisting  of  all  powers  N1*,  r  =  1 , 2, .  .  .  .  If  N^1  ^  (0)  ,  by  the 

Z  2h  Z 

lemma,  A  =  N  ^  A  .  But  since  A  is  an  ideal,  A  c:  AR  ^A 


and  hence  N 


2h  CN*1  .  Since  N*1 


was  minimal,  this  is  a  contra¬ 


diction.  Hence  N  =  (0)  ,  q.  e.  d. 


(R)  COROLLA_RY  1.  In  an  m-ring,  every  nil-r -ideal  T 
(and  every  nil  -ideal)  is  nilpotent. 

Proof.  By  (P)  ,  TcN  and  hence  Th  CN11  =  (0)  . 

(SJ  COROLLARY  2.  In  an  m-ring  R  ,  an  element  V  belongs 
to  the  radical  N  ,  iff  vp  is  nilpotent  for  every  p€  R  . 

Proof.  If  Vp  is  nilpotent  for  every  pG  R  ,  then  vp  is  q.  r.r. 

for  all  p  and  (N)  can  be  applied  to  show  that  V  €  N  .  Conversely, 

h  h. 

if  V  €  N  ,  then  I^p€N  and  hence  [vp)  €N  =  (0)  for.  suitable  h  . 


(T)  COROLLARY  3.  If  S  is  a  subring  of  an  m-ring  R  ,  then 


S  PI  Rad  (R)  c  Rad  (S)  . 
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This  is  an  immediate  consequence  of  (S_).  As  the  examples 
given  in  the  problems  show,  (T)  does  not  hold  for  all  rings. 

Problems  to  Chapter  III. 

1_.  If  R  is  a  ring,  show  that  Rad  (Rad  (R))  =  Rad  (R). 

2.  Let  R  be  a  commutative  principal  ideal  domain. 

(a)  What  is  Rad  (R)  ?  When  is  R  semisimple  ? 

(b)  If  H  =  hR  is  an  ideal  of  R  (h  6R),  find  Rad  (R/H) 
and  show  that  R/H  need  not  be  semisimple  when  R 
is  semisimple. 

_3.  (a)  Let  p  be  a  fixed  prime  number  and  let  R  denote  the 

ring  of  all  rational  numbers  which  can  be  written  in  the  form  a/b 
with  integral  a,b  and  b  ^  0  (mod  p).  Show  that  Rad  (R)  =  pR  and 
that  pR  is  a  radical  ring. 

(b)  The  ring  R  in  (a)  is  the  intersection  of  the  ring  P 
of  p-adic  integers  with  the  field  ©  of  rational  numbers.  Show  also 
that  Rad  (P)  =  pP  . 

4.  Let  R  be  the  ring  of  all  n-rowed  matrices  M  with 
coefficients  in  a  given  field  such  that  each  M  has  coefficients  zero 
above  the  main  diagonal.  Find  N  =  Rad  (R)  and  determine  the 
smallest  natural  integer  h  such  that  N^1  =  (0)  . 


-68- 


5_.  Find  the  radical  of  a  Boolean  ring  R  .  (Chapter  I,  Problem  3) 

6..  (a)  Find  an  example  of  a  semisimple  m-ring  R  and  an 
r -ideal  S  £  (0)  such  that  Rad  (S)  £  (0)  .  [This  shows  that  the 
relation  S  flRad  (R)  DRad  (S)  does  not  hold  in  general.  It  also  shows 
that  there  may  exist  nilpotent  elements  <7  which  do  not  lie  in  the 
radical  of  R  .  Simply  take  &  6 Rad  (S)  ,  (7  £  Rad  (R)  .  ] 

(b)  Find  an  example  of  a  ring  R  and  a  subring  S  such  that 
the  relation  Rad  (S)j^S  H  Rad  (R)  is  not  true.  (According  to  (T), 
here  R  cannot  be  an  m-ring. ) 

(Hints:  in  (a)*  take  R  as  a  full  matrix  ring.  In  (b),  take  the 
ring  in  Problem  3.  ) 

Let  R  be  an  algebra  over  a  field  K  .  Consider  R  just 
as  a  ring  and  set  then  N  =  Rad  (R)  .  Show  that  N  is  closed  under 
multiplication  with  elements  of  K  .  [This  implies  that  N  is  also 
the  radical  of  R  if  considered  as  an  algebra.  ] 

8_.  Let  A  be  an  algebra  with  a  unit  element  1  over  a  field  K  . 
An  element  ff  of  A  is  said  to  be  algebraic  over  K  ,  if  there 

rx  —  1 

exists  an  equation  a  '  +  c,  a  +  .  .  .  +  c  1=0  with  coefficients 

1  n 

ci  * 

(a)  Prove  that  if  a  is  algebraic  over  K  and  not  nilpotent,  it 


does  not  lie  in  Rad  (A)  . 
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(b)  Prove  that  if  the  equation  above  can  be  chosen  such  that 
1  -c  +  c  -  c  +  .  .  .  7^  0  ,  then  a  has  a  quasi-inverse. 

1  u  J 

9.  Let  A  be  an  algebra  of  finite  dimension  over  a  field  K 
of  characteristic  y  . 

(a)  Let  denote  the  regular  representation  and  let  lp(a) 
denote  the  trace  of  the  linear  transformation  <£Z(a)  for  a  £  A  . 

Show  that  if  O'  is  nilpotent,  then  l})(a)  =  0  . 

(b_)  Let  A  be  the  group  algebra  of  a  group  G  of  finite 
order  n  .  Use  part  (a)  to  show  that  if  y  =  0  or  if  y  is  a  prime 
not  dividing  n  ,  then  A  is  semisimple. 

(c_)  Show  that  if  in  (b)  ,  y  divides  n  t  then  A  is  not  semi- 

simple,  by  showing  that  V  -  ^  CJ  €  Rad  (A)  . 

CTGG 

10.  (a)  Let  R  be  an  m -ring.  Show  that  if  D  is  the  inter¬ 
section  of  an  infinite  number  of  r-ideals  X;  ,  D  is  the  intersection 
of  a  finite  set  of  . 

(b)  Prove  that  a  semisimple  m-ring  R  has  a  unit  element. 

(Hint:  Combine  part  (a)  with  Problem  14  of  Chapter  II  to  show 
that  R  has  a  left  unit  element  e  and  prove  that  e  is  a  unit  element.  ) 

1 1 .  Let  V  be  an  R-module,  V  ^  (0)  ,  and  let  X  be  an  r-ideal  . 
Show  that  if  V  contains  an  element  v  with  vX  =  Y  ,  then  X 
contains  elements  which  are  not  quasi-right  regular.  Use  this  for 
an  alternate  proof  of  the  statement  that  if  an  r-ideal  X  consists  of 
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quasi-right  regular  elements,  then  X  c Rad  (R)  . 

12.  Let  H  be  an  r -ideal  of  a  ring  R  .  Show  that  if  Rad  (R)  =  N, 
Rad  (H)  =  T  ,  then  T  consists  of  the  elements  x  €H  with  xH£N  . 

13.  (a)  Show  that  if  a  right  ideal  X  of  a  ring  R  is  not  included 

in  Rad  (R)  =  N  ,  then  there  exists  an  r -ideal  Y  with  Y  CX  and  an 

2 

element  p  of  X  with  p  =  p^  0  (mod  Y)  ,  p^  0  (mod  N)  . 

(b)  Deduce  that  if  X  is  an  r -ideal  of  R  with  X  EN  for  some 
integer  h  ^  1  ,  then  X  CN  . 

(c)  Deduce  further  that  if  X  is  a  nilideal,  then  X  CN  . 

( d )  Show  that  if  X  and  Y  are  two  r -ideals,  with  Y  CX  ,  and 

2 

if  p  is  an  element  of  X  with  p  =  p  ^  0  (mod  Y)  ,  then  p^  0 
(mod  N). 

14.  A  representation  of  a  ring  R  is  said  to  be  a  constituent 

of  a  representation  V  ,  if  there  exist  two  submodules  and 

of  the  representation  module  V  of  such  that  V  cdV  and  that 

X  Li 

is  equivalent  with  the  representation  in  V^/V^  (i.  e.  ,  ^ is  a 
quotient  representation  of  a  subrepresentation). 

Let  S  be  a  subring  of  a  ring  R  and  assume  that  every  irre¬ 
ducible  representation  of  S  is  a  constituent  of  the  restriction  to 
S  of  an  irreducible  representation  of  R  .  Show  that  Rad  (S)^S  HRad(R). 
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15.  A  representation  of  a  ring  R  is  said  to  be 
completely  reducible  if  its  representation  module  V  is  a  direct 
sum  of  simple  modules.  Assume  that  S  is  a  subring  of  a  ring  R 
such  that  every  irreducible  representation  of  R  has  a  restriction 

to  S  which  is  completely  reducible.  Show  that  Rad  (S)  cs  Pi  Rad  (R)  . 

16.  Let  R  be  the  group  algebra  of  a  group  G  over  a  field  K 
of  characteristic  p  and  let  S  be  the  group  algebra  of  a  normal 
subgroup  H  of  G  .  We  may  consider  S  as  a  subalgebra  of  R  . 

Show  that  S  H  Rad  (R)  =  Rad  (S)  . 

17.  An  ideal  P  of  a  commutative  ring  R  is  said  to  be  a 
prime  ideal  if  R/P  has  no  zero  divisors  except  0  .  (Note  that 

(0)  may  be  a  prime  ideal.  )  Show  that  the  intersection  D  of  all  prime 
ideals  is  the  set  of  all  nilpotent  elements.  If  no  prime  ideals  exist, 
then  as  usual  in  such  cases,  D  is  to  be  taken  as  R  . 

18.  Let  R  be  a  ring  and  define  N  =  Rad  (R)  as  the  set  of 

— -  o  o 

all  elements  x  of  R  which  belong  to  nilpotent  r -ideals. 

(a)  Show  that  N  is  an  ideal  of  R  and  that  N  cRad  (R)  . 

—  o  o 

(b)  If  S  is  a  subring  of  R  ,  show  that  S  HRadQ  (R)  cPRad  q  (S). 

(c)  Show  that  if  the  m- condition  holds  for  (two-sided)  ideals 
of  R  ,  then  Rad  (R)  is  nilpotent. 
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19.  Let  R  be  a  ring  which  possesses  minimal  r -ideals  X  ^(O) 
and  let  T  be  the  sum  of  all  these  minimal  r -ideals. 

(a)  Show  that  T  is  an  ideal  of  R  . 

(b)  Show  that  T  Rad  (R)  -  (0)  and  deduce  that  T  Rad  (T)  =  (0)  , 
(Rad  (T))2  =  (0)  . 

(c_)  Give  examples  to  show  that  T  need  not  be  semisimple. 

20,  (Kaplansky,  see  Jacobson,  Abstract  Algebra  I,  p.  56.)  Show 
that  a  ring  R  is  a  skew  field,  if  every  element  with  exactly  one 
exception  is  quasi-right  regular. 
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Chap  t  e  r  IV 

THE  STRUCTURE  OF  THE  REGULAR  REPRESENTATION 

If  R  is  a  ring  with  unit  element,  the  regular  represen¬ 
tation  6^?  of  R  is  faithful.  For  this  reason,  *  can  be  used  for 
an  investigation  of  R  .  In  the  present  chapter,  this  work  will  be 
prepared  by  a  study  of  the  structure  of  .  It  will  be  convenient 
to  work  with  the  representation  modules,  that  is  here,  with  right 
ideals  and  quotients  of  right  ideals.  In  the  first  three  sections  some 
useful  but  nearly  trivial  lemmas  are  given.  From  §  4  on,  we  con¬ 
sider  m -rings,  i.  e,  ,  rings  with  minimum  condition  for  r -ideals. 

In  §  4,  we  assume  that  R  has  a  unit  element,  while  §  5  contains  an 
alternate  treatment  which  does  not  use  this  assumption. 

1 .  Preliminaries.  Schur's  Lemma. 

Let  R  be  a  ring  and  let  V  and  W  be  two  R -modules.  We 
recall  that  an  R -homomorphism  9  of  V  into  W  is  a  mapping  @ 
of  V  into  W  such  that 

(1 )  (v  +  v^)  6  =  Vj  e  +  v2  (vor)9  =  (v9)  a 

for  all  v,  v  ,  v  €V  and  all  a  fcR  .  The  set  of  all  such  @  will  be 
1  c* 

denoted  by  Horn  (V,  W)  or  Horn  (V,  W).  If  9,0  are  two 

R.  1  it 
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elements  of  Horn  (V,  W)  ,  the  sum  0  +  0  is  defined  in  the  usual 

manner  by  v(0  +0  )  =  v0  +  v0  for  v  €V  and  then  Horn  (V,  W)  is 

X  Co  X  Cat 

an  abelian  group  under  addition.  In  the  case  V  =  W  ,  the  elements 
of  Horn  (V,  W)  are  the  R-endomorphisms  of  V  .  The  ring  of  the 
R-endomorphisms  of  V  will  be  denoted  by  (V)  or  £  r(v)  • 
Thus,  Horn  (Y,  Y)  is  the  additive  group  (V)+  of  -^(V)  > 


(2) 


Horn  (V,  V)  =  f  (V)+  . 


If  JJ* and  are  the  representations  in  V  and  W  ,  we  may 

write  Horn  for  Horn  (V,  W)  and  AO  for  *^(V)  . 

Then  vor  =  v  2/~(a),  wft  =  w  for  v  tV  ,  w  £W  ,  or  €R  and 

the  equation  (1)  takes  the  form  (v/^0<*)  )0  =  (v0)$y fa)  .  Since  this 
holds  for  all  v  €V  , 


(3) 


7/(a)Q  -  0  (for  ail  O'  €R)  ; 


where  both  sides  of  (3)  are  mappings  of  V  into  W  . 


Thus,  Horn  {Jf,  2rf  )  consists  of  the  additive  homomorphisms 
0  of  V  into  W  for  which  (3)  holds.  If  Tf' -  (3)  states  that  0 

commutes  with  all  W{ct)  and  for  this  reason,  -£(  jf)  is  called  the 
commuting  ring  of  A/? 


If  0  in  (3)  is  an  isomorphism  of  V  onto  W  ,  the  reciprocal 
mapping  0 "" 1  of  W  onto  V  exists  and  (3)  takes  the  form 
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(4)  9  ^  7/\a) 9  (for  all  a  €R)  . 

Thus,  7/^ and  <7>/^ are  equivalent,  iff  there  exists  an  additive 
isomorphism  9  of  V  onto  W  which  satisfies  (4)  . 

(A)LEMMA  (Schur)  .  If  V  and  W  are  R-modules  and  if 
Horn  (V,  W)  ^  (  Q)  ,  there  exists  a  submodule  V q  ^  V  of  V  and 

a  submodule  ^  (0)  of  W  such  that  V/Vq  and  are 

R -isomorphic.  In  particular,  if  V  and  W  are  simple  and  if 
Horn  (V,  W)  4  (  Q  )  ,  then  V  and  W  are  R -isomorphic  and  every 

9  ^  D  in  Horn  (V,  W)  is  an  R-isomorphism  of  V  onto  W  . 

This  is  really  just  the  theorem  on  R -homomorphic  groups. 

If  V  is  the  kernel  of  9  €Hom  (V,  W)  and  if  W,  =  V9  is  the 
o  1 

image,  then  is  a  submodule  of  V,  is  a  submodule  of  W  , 

and  we  have  V/V  «W,  .  For  9^0  ,  here  V  ^  V  ,  W  ^  (0)  . 

o  1  o  1 

If  V  and  W  are  simple,  we  must  have  Vq  =  (0)  ,  =  W  and 

9  is  an  R-isomorphism  of  V  onto  W  . 

In  order  to  be  able  to  state  (A)  conveniently  in  the  language 
of  representations,  we  say  that  a  representation  is  trivial  ,  if 
the  representation  module  consists  only  of  the  zero  element.  Then 
(A)  takes  the  form 
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(A*)If  7\T and  are  two  representations  of  R  and  if 
Horn  (  Tf,  ?bf  )  4  (  O  )  ,  then  a  non-trivial  quotient  representation 
of  7T  is  equivalent  to  a  subrepresentation  of  In  particular, 

if  and  are  irreducible  and  Horn  (  7/^ t  fc/*)  7 ^  [CJ  )  ,  then 
ir  and  are  equivalent. 


If  V  =  W  is  simple,  every  9  ^  G  in  Horn  (V,  V)  has  an 
inverse  9  ^  €  Horn  (V,  V)  .  Thus, 

(B)  The  commuting  ring  -£(  T/')  of  an  irreducible  represen¬ 
tation  a  skew  field. 

Actually,  this  is  really  the  remark  3  in  Chapter  I,  §  2,  which 
states  that  the  ring  of  endomorphisms  of  a  simple  Abelian  operator 
group  is  a  skew  field. 


Occasionally,  a  somewhat  more  special  corollary  will  be 
useful.  We  say  that  an  R -module  has  a  greatest  proper  submodule 
V*  ,  if  there  exists  a  proper  submodule  V*  of  V  which  includes 
all  proper  submodules  of  V  . 

(C)  If  the  R-module  V  has  a  greatest  proper  submodule  V* 
and  if  W  is  a  simple  R-module,  the  additive  groups  Horn  (V,  W) 
and  Horn  (V/V*,  W)  are  isomorphic. 

Indeed,  if  9  €Hom  (V,  W)  has  the  kernel  V  and  if  9  ^  Q , 

o 

then  V/V^ssW  .  As  W  is  simple,  Vq  is  a  maximal  submodule 
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of  V  and  hence  V  =  V*  .  If  9  =  □  ,  V  =  V  .  In  any  case, 

o  u 

y  and  9  indaces  a  mapping  9*  of  V/V*  into  W  . 

o 

Clearly,  the  correspondence  9  — $>  @*  is  an  additive  isomorphism 
of  Horn  (V,  W)  onto  Horn  (V/V*,  W)  . 

We  conclude  this  section  with  another  definition. 


DEFINITION  1.  An  R-module  V  7  (0)  Is  indecomposable, 
if  it  cannot  be  written  as  direct  sum  of  two  proper  submodules.  If 

V  is  a  direct  sum  V  =  V  +  V2  of  submodules  and  V ^  and  if 

Y  ^  (0)  ,  then  Vj  is  called  a  component  of  V  .  (The  case  = 

is  included  here.  )  In  particular,  these  terms  will  be  applied  if  V 
is  an  r -ideal  of  R  . 


Note  that  if  an  R-module  V  has  a  greatest  proper  sub- 

module  V*  ,  then  V  is  indecomposable  since  each  component 

V  ^  V  of  V  is  included  in  V*  .  However,  not  every  indecomposable 
o 

module  has  greatest  proper  submodule. 


In  general,  we  use  the  same  terminology  for  representations 
7/^a.s  for  modules  Y  .  Thus,  if  V  =  is  a  direct  sum  of 

submodules,  the  representation  7/^ in  V  is  called  the  direct  sum 


7f=  7f  +  7T  of  the  subrepresentations  T/'  in  V  and  7/^  in  V  , 

L  11  L, 

In  this  case,  7\/^ is  completely  determined  by  7/^  and  7/^  .  More- 

is  equivalent  with  the  quotient  representation  in  V/V. 

1 


over. 
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(and  with  that  in  V/V^)  .  If  non-trivial,  it  is  a 

component  of  . 


2.  Components  of  R  . 

Assume  now  that  R  is  a  ring  with  a  unit  element  X  .  This 
assumption  will  be  kept  to  the  end  of  §  4.  Suppose  that  R  is 
written  as  a  direct  sum  of  r -ideals 

(5)  R  =  U  +  U  +  .  .  .  +  U  , 

i  Z  n 

where  the  are  not  (0)  .  According  to  Definition  1  ,  the  then 

are  components  of  R  (really,  of  the  R -module  R*  )  .  Since  1  €R  , 

there  exist  unique  elements  e.  ,  e_,  .  .  .  ,  e  such  that  e,  €U,  and 

1  2  n  i  i 

(6)  ±  =  ej  +  e£  +  .  .  .  +  en  . 

We  call  (6)  the  resolution  of  1  associated  with  the  decomposition 
(5)  of  R  .  If  a6R,  then 

(7)  a  =  la  =  e  o  +e 7a  +...+  e  a  . 

i  £  n 

Since  e^o  ,  here  a  is  written  as  the  sum  of  elements  of 

U,  ,  .  .  .  .  ,  U  and  as  the  sum  (5)  is  direct,  this  is  the  only  way 

1  2  n 

in  which  a  can  be  written  as  such  a  sum. 
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If  a  €U  ,  we  obtain  another  such  formula  for  a  by  taking  the 
j-th  term  as  a  and  all  other  terms  as  0  .  This  must  then  be 
the  same  sum  as  in  (7)  and  we  have 


(8) 


a  =  a  ,  e^cn  =  0  for  a  tU  ,  i^  j  . 


It  follows  that  Uj  =  e^U^e^R  and  since  e^R  ,  we  find 


(9) 


uj  =  ejR  • 


In  particular,  0  •  Taking  a  =  e^  in  (8)  ,  we  obtain 


,  e  are 
n 


e^  =  e^,  e^  =  0  for  i4  j  .  Thus,  e^  . 

idempotents.  We  shall  say  that  e  ,  e  ...»  e  is  a  system  of 

i  £,  n 

orthogonal  Idempotents  to  indicate  that  e^e  =  0  for  i  4-  j  . 

J 


Conversely,  let  (6)  be  any  resolution  of  1  into  orthogonal 
idempotents  e^,  e^,  •  •  •  »  en  •  ^  we  se*  =  e^R  ,  then  is 

an  r -ideal  and  e^  =  e^l  .  The  most  general  element  u^  of 
has  the  form  u^  =  e^p  with  p€R  and  then 


!iui  =  ei  p-  eip=  v  ejui =  Vip=  0  for  1 *  j  • 


In  other  words,  e^  acts  as  left  unit  element  of  IT  and  each  e 

J 

with  i  is  a  left  annihilator.  Since  (6)  implies  (7)  for  a  €r  f 
R  is  the  sum  R  =  LeiR  =  Iui  • 


This  sum  is  direct.  Indeed,  if 
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cn  =  )  .  u.  with  u.  £U.  ,  then  e,a  =  )  .e.u.  =  e.u.  =  a.  and  u.  is 

^i  i  11  J  Li  j  i  j  j  j  j 

uniquely  determined  by  a  .  Hence  (5)  holds  and  of  course  (6)  is 
the  corresponding  resolution  of  3-  .  This  yields  the  result 


(D)  There  is  a  one-to-one  correspondence  between  the  decom¬ 
positions  R  U  of  R  into  direct  sums  of  n  r -ideals  IT  ^  (0) 

and  the  resolutions  1  =  Y  into  n  orthogonal  idempotents  e^ 

such  that  the  resolution  1  =  )  .  e.  is  associated  with  the  decom- 

L-i  i  i 

position  R  =  ®)n  .  U.  with  U.  =  e.R  . 

Z_»  i=  1  x  i  i 


If  U  is  a  component  of  R  and  U  /  R  ,  we  may  set  R  =  U  +U 
with  U  =  U  and  a  suitable  r -ideal  U  ^  (0)  .  Hence  there  exists  an 

J.  <£=» 

idempotent  e  with  U  =  eR  .  This  is  still  true  for  U  =  R  .  Here 
e  =  1  .  Conversely,  let  e  ^  1  be  an  idempotent.  If  we  set 
e  =e,  e  =  1  -  e  ,  we  have  a  resolution  1  =  e  +  e  of  1  into  two 

i  U  1  Li 

2  2 

orthogonal  idempotents.  Indeed,  e  e  =  e  -  e  =  0  ,  e  e  =  e  -  e  =  0  , 
2  2 

e  =1  -  e-  e+  e  =  1  -  e  =  e  .  Hence  eR  is  a  component  of  R  . 

Ca 

This  is  still  true  for  e  =  1  .  Thus, 


(E)  Every  component  U  of  R  has  the  form  eR  ,  where  e  is 
an  idempotent.  Conversely,  if  e  is  an  idempotent,  eR  is  a 
component  of  R  . 


We  prove  next 
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(F)  LEMMA  1.  Let  U  be  a  component  of  R  and  let  Y  be  an 
arbitrary  R -module.  Then  Horn  (U,V)  consists  exactly  of  the 
mappings  L(v)  defined  by 

(10)  u  ”>  vu  , 

where  v  is  a  fixed  element  of  V  while  u  ranges  over  all  elements  of 
U  . 

Proof.  It  is  clear  that  L(v)  £Hom  (U,  V)  .  Conversely,  if 
0  €Hom  (U,  V)  and  if  U  =  eR  with  idempotent  e  ,  set  v  =  e8  .  Then 
v  £V  and,  since  0  is  an  R -homomorphism  (eu)0  =  (e  0)u  =  vu.  Now, 
eu  =  u  for  u  €U  =  eR  .  Thus,  uS  =  vu  and  @  is  equal  to  the  mapping 
L(v)  in  (10)  .  This  proves  (F)  . 

Since  eu  =  u  ,  it  follows  from  (10)  that  L(ve)  =  L(v)  .  Thus, 
with  every  element  ve  of  Ve,  we  have  associated  an  element 
L(ve)  £Hom  (U,  V)  .  Since  L(ve)  maps  e  on  vee  =  ve,  ve  is 
determined  uniquely  by  L(ve)  .  Thus,  we  have  a  one-to-one  mapping 
L 

ve  — >  L(ve)  =  L(v) 

of  Ye  into  Hom(U,  V)  .  As  shown  by  (F),  L  maps  Ve  onto 
Horn  (U,-  V)  .  Clearly,  L(v^  +  v^)  =  L(v^)  +  L(v2)  for  v^  . 


Hence 
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L  is  an  additive  isomorphism  and  we  have 


(F^)  COROLLARY  1.  If  U  =  eR  is  a  component  of  R  with 
idempotent  e  and  if  V  is  an  R -module,  the  additive  groups  Ve 
and  Horn  (U,  V)  are  isomorphic. 


Consider  next  the  case  that  V  =  U  =  eR  .  The  elements 
L(ve)  of  Horn  (U,  U)  are  the  elements  of  the  ring  -^(U)  of 
R-endomorphisms  of  U  ,  cf.  (2).  Each  v  £V  =  eR  has  the  form 
v  =  ear  with  a  £R  .  Thus,  (U)  consists  of  the  mappings  L {ecte) 
with  a  £R  .  Here,  eae  is  an  element  of  the  set  eRe  =  {eo'e|o'  ^R} 
Clearly,  eRe  is  a  subring  of  R  .  For  p,  Ct€eRe  and  for  u  €U  , 
we  have 


uL  (p)L((J)  =  (pu)L(CT)  =  apu  =  uL((7p) 


Hence  L(p)L(CT)  =  L((Tp)  and  L  is  an  anti-isomorphism  of  the  ring 
eRe  onto  'jp  (U)  .  This  yields 


(F  )  COROLLARY  2.  If  U  =  eR  is  a  component  of  R  with 

Cat 

idempotent  e  ,  the  ring  eRe  is  anti -isomorphic  with 


In  particular,  we  may  take  e  =  1  ,  U  =  R  .  We  use  again  the 
notation  R’  for  R  in  order  to  indicate  that  R  is  to  be  looked  upon 
as  an  R -module.  Here  eRe  =  R  and  L(p)  is  the  left  multiplication 
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<^(P)  of  the  elements  of  R  with  the  fixed  element  p€R  ,  cf. 


Chapter  II,  §  8  .  We  then  have 


(F^)  COROLLARY  3.  If  R  is  a  ring  with  unit  element, 
then  f(R'  )  consists  of  the  elements  &C  (O’)  of  the  regular  skew 
representation  oC  .  The  rings  R  and  ^  (R‘  )  are  anti-isomorphic 


3.  Projective  modules. 

Let  R  be  a  ring  with  unit  element  i  . 


DEFINITION  2.  An  R -module  U  is  said  to  be  a  projective 
modul  e  ,  if  given  any  two  R -modules 
V  and  W  ,  an  R -homomorphism  0 
of  V  onto  W  and  an  R -homomorphism 
0  of  U  into  W  ,  there  always 

exists  an  R -homomorphism  <p  of  U  into  V  such  that 

(ii)  0  =  <pe . 


u 


* 


/ 


\ 

w 


e 


If  U  ,  V  ,  W  are  any  three  R-modules,  if  <p  €Hom  (U,  V) 
and  0  €Hom  (V,  W)  ,  then  cp@  €Hom  (U,  W)  .  Thus  Horn  (U,  V)0c 
Horn  (U,  W)  .  We  see  now  that  a  necessary  and  sufficient  condition 
for  U  to  be  projective  is  that,  for  any  R-modules  V  and  W  and 
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any  R -homomorphism  0  of  V  onto  W  ,  the  equation  holds 

(11*)  Horn  (U,  V)  0  =  Horn  (U,  W)  . 

(G)  LEMMA  2,  Every  component  U  of  a  ring  R  with  unit 
element  is  a  projective  module. 

Proof.  Let  S  be  an  R -homomorphism  of  the  R -module  V 
onto  the  R -module  W  and  let  0  be  an  R -homomorphism  of  U  into 
W  .  According  to  (F),  0  has  the  form 

0:  u  —>  w^u  (for  all  u,  €U)  , 

where  w  is  a  fixed  element  of  W  .  Since  V©  =  W  ,  there  exists 
o 

a  v^€  Y  with  v^B  =  w^  .  Again,  by  (F),  the  mapping  <p  of  U 
given  by  u  — >  v^u  belongs  to  Horn  (U,  V)  .  Since  ©  is  an 
R -homomorphism,  maps 

u  — ^  (u<p)6  =  (v  u)0  =  (v  6)u  =  w  u  . 

o  o  o 


Thus,  (p9  =  0  as  required  in  (H)  . 

The  name  "projective  module"  was  introduced  by  H.  Cartan- 
Eilenberg,  Homological  Algebra,  Chapter  I.  It  is  quite  obvious 
that  direct  sums  of  projective  modules  are  projective.  Since  a  free 
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module  is  a  direct  sum  of  modules  isomorphic  with  R'  ,  free 
modules  are  projective.  It  is  also  easy  to  see  that  a  direct 
summmand  of  a  projective  module  is  projective. 

We  now  prove  some  properties  of  projective  modules. 

(H)  Let  U  be  a  projective  R -module  ,  V  an  arbitrary 

R -module  and  V  a  submodule  of  V  .  Then 

o 

(12)  Horn  (U,  V)/Hom  (U,  V  )  «Hom  (TJ,  V/V  )  . 

—  o  o 

Proof.  Let  0  be  the  natural  homomorphism  of  V  onto  V/Vq  . 
Define  a  mapping  F  of  Horn  (U,  V)  into  Kom  (U,  V/V  )  by 
mapping  <p^Hom  (U,  V)  on  <pQ  , 

F:  <p  ->  <p 0  . 

By  (11*)  with  W  =  V/V  ,  F  maps  Horn  (U,  V)  onto  Horn  (U,  V/V  ) 

o  o 

Clearly,  F  is  an  additive  homomorphism.  An  element  belongs 

to  the  kernel  of  F  ,  iff  (fiQ  =  Q  and  this  will  be  so,  iff  <p  maps  U 

into  the  kernel  Y  of  0  .  In  that  case,  cp€Hom  (U,  Y  )  which  may 

o  o 

be  considered  as  a  subgroup  of  Horn  (U,  V)  .  Now,  (12)  is  obtained 
from  the  theorem  on  homomorphic  groups. 
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(I)  LEMMA  3.  If  U  is  a  projective  R-module  and  if  0  is 

an  R -homomorphism  of  an  R-module  V  onto  U  ,  then  V  is  the 

direct  sum  of  the  kernel  V  of  0  and  a  submodule  X  of  V  which 

o 

is  R-isomorphic  to  U  . 

Proof.  Take  W  =  U  in  Definition  2, 
and  take  $  as  the  identity  map  of  U  in 
(11)  .  It  follows  that  there  exists  a 
<p  €Hom  (U,  V)  such  that 

(13)  <p0  =  I  . 

Let  X  be  the  image  of  <p.  Then  X0  is  a  submodule  of  U 

and  it  follows  from  (13)  that  X0  =  U  .  If  v  is  an  element  of  V  , 

then  v0  €U  =  X0  and  hence  there  exists  an  x  €X  with  v0  =  x0  . 

Then  v  -  x  belongs  to  the  kernel  Vq  of  0  .  This  shows  that 

V  =  V  +  X  . 
o 

In  order  to  show  that  this  sum  is  direct,  let  t  €V  Hx  .  Since 

o 

t  €x  =  U <p  ,  there  exists  a  u  €U  with  t  =  u<p  .  Now  (13)  yields 

t0  =  u<p0  =  u  .  Since  t  belongs  to  the  kernel  Vq  of  0  ,  we  have 

u  =  0  and  hence  t  =  u<p  =  0  .  Thus,  V  fi  X  =  (0);  the  sum  V  =  Y  +X 

o  o 

is  direct.  Since  0  maps  X  onto  U  and  since  X  intersects  the 
kernel  V  of  0  in  (0)  ,  the  restriction  of  0  to  X  is  an  R-isomorphism 


U 


of  X  onto  U  . 
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(I*)  COROLLARY.  If  V  is  an  indecomposable  module,  any 
R -homomorphism  0  of  V  onto  a  projective  module  U  ^  (0)  is  an 
isomorphism. 

Indeed,  V  is  the  direct  sum  of  the  kernel  V  of  0  and  some 
'  o 

module  X  and  since  V  ^  V  ,  we  have  V  =  (0)  . 

o  o 

(J)  Let  U  be  a  projective  module.  Assume  that  U  is  the 

sum  U  =  B+C  of  two  submodules,  but  that  for  every  proper  sub- 

module  Bq  of  B  and  every  proper  submodule  Cq  of  C  ,  we  have 

B  +  C^U,B+C  ^  U  .  Then  the  sum  U  =  B  +  C  is  direct, 
o  o 

Proof.  If  D  =  B  PIC  ,  we  have  to  show  that  D  =  (0)  .  It  will  be 
sufficient  to  construct  a  <p€Hom  (U,  B)  such  that: 

(a)  u  <p  =u  (mod  C)  for  all  u  £U;  (J3)  B  <p=  B; 

(£)  c  <p  =  0  for  all  c  €  C  . 

Indeed,  if  we  have  such  a  <P  and  if  d  €B  ^  C  ,  then  by  (J3)  there 
exists  b  ^B  with  b<p  =  d  .  Since  d  €C  ,  then  b<p  -0  (mod  C)  and, 
by  (£)  ,  b  =  0  (mod  C)  .  It  now  follows  from  (%)  that  .b <p  =  0  ,  that  is,, 
d  =  0  .  Thus,  D  =  (0)  . 

We  now  construct  a  <P  with  the  required  properties.  If  u  €U=B+C  , 


*  If  the  alternate  method  of  §  5  is  used,  this  proposition  is  not  needed. 
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we  may  set  u  =  b+c  with  b^B  ,  c€C  .  If  also  u  =  b+c  with 
b  ^  €  B  ,  Cj€C,  then  b-b^=c^-c  and  hence  b  -b  ^  €  B  H  C  =  D  . 

Thus,  the  residue  class  IkJ  of  b  (mod  D)  is  uniquely  determined 
by  u  and  we  can  define  a  mapping  $  of  U  into  B/D  be  setting 

(14)  0  :  u  — >  |  b  \  , 

Clearly,  $6  Horn  (U,  B/D)  4  Let  9  be  the  natural  homomorphism 
of  B  onto  B/D  .  Since  U  is  projective,  there  ecists  a  cp^Hom  (U,B) 
with  <p0  =  if).  We  claim  that  <P  has  the  required  properties  (a),  (J3),  (y)  . 

Since  cp 0  maps  u  on  (u <P)Q  =  1  uff  | ,  comparison  with  (14) 

yields  j  u <P \  =  lb  j  ,  that  is,  u<p  =  b  (mod  D)  .  Since  u  -  b+c  =  b  (mod  C) 

and  since  DcC  ,  we  have  u<P-b  =  u  (mod  C)  .  This  is  (a).  In 

particular,  if  u  =  b  ^B  ,  we  have  b  =b<p(mod  C)  and  hence  BCBc/>f  C  . 

Since  <P  mapped  U  into  B  ,  the  image  B  <p  of  B  is  a  submodule 

B  of  B  and  U  =  B+C  =  B  +C  .  It  now  follows  from  the  assumption 
o  o 

of  (J)  that  B^  =  B  ,  that  is,  B<p  =  B  as  required  by  (|3).  Finally, 

let  C  be  the  kernel  of  <p .  If  c  €  C  ,  then  (a)  for  u  =  c  yields 
O  O  O  o 

c  =c  p(mod  C)  .  Since  c  <p  =  0  ,  c  €C  .  Hence  C  SC  .  For  an 
o  o  o  o  o 

arbitrary  u  €U  ,  we  have  u <p  €B  and,  by  (j3),  there  exists  an  element 

b  €B  with  u<p  =  b<p  .  Then  u  -  b  £  C  .  Hence  U  =  B+C  .  Since 

o  '  o 

C  is  a  submodule  of  C  ,  the  assumptions  of  (J)  imply  that  C  =  C  . 
o  —  o 
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Bat  then  C*P=  (0)  ;  (y)  holds  and  the  proof  is  complete. 

4.  Indecomposable  components  of  an  m-ring  with  unit  element. 

Let  R  be  an  m-ring  with  unit  element  1  (Chapter  III,  §  8)  . 

For  some  of  our  results,  weaker  assumptions  suffice,  but  rather  than 
change  our  basic  assumptions  repeatedly,  we  prefer  to  indicate  the 
modified  results  in  "Remarks"  following  the  theorems. 

A  standard  argument  yields 

(K  )  Every  r -ideal  A  ■£■  (0)  of  an  m-ring  R  can  be  written  as 
o 

a  direct  sum  of  a  finite  number  of  idecomposable  r -ideals. 

Indeed,  if  (KQ)is  false,  let  a  be  the  family  of  all  r -ideals 

A  of  R  for  which  (K  )  does  not  hold  and  choose  A  ,  as  a  minimal 

—  o 

member  of  a  .  Then  (K^)  does  not  hold  for  A  and,  in  particular, 

A  cannot  be  idecomposable.  Hence  there  exist  r -ideals  B  and  C 
with  A=B+C,  Bca  ,  C^A.  Then  B,  C  &  .  But  this  means 
that  B  and  C  are  direct  sums  of  a  finite  number  of  idecomposable 

9 

r -ideals  and  if  we  substitute  this  in  A  =  B  +  C  ,  we  see  that  A  also 
is  a  direct  sum  of  a  finite  number  of  idecomposable  r -ideals,  a 
contradiction. 

Remark.  The  existence  of  a  unit  element  is  not  needed  for  the 
proof  of  (Kq)  . 
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The  proposition  (K^)  holds  in  particular  for  A  =  R: 

(K)  Each  m-ring  R  is  a  direct  sum 

n 

(15)  R  =  U. 

i=  1 

of  indecomposable  components. 

A  decomposition  (15)  of  R  of  this  kind  will  be  termed  a 
full  decomposition  of  R  . 

As  shown  by  (D)  the  decomposition  (15)  corresponds  to  a 
resolution 

(16)  X  =  e  +  e  +  .  .  .  +  e 

1  c  n 

of  of  the  unit  element  1  of  R  into  orthogonal  idempotents . 

We  call  an  idempotent  e  indecomposable  ,  if  e  cannot  be 
written  as  a  sum  of  two  orthogonal  idempotents.  It  is  clear  that  e 
is  indecomposable,  iff  the  r -ideal  eR  is  indecomposable. 

In  working  with  the  representations  of  R  ,  the  irreducible 
representations  of  R  are  of  prime  importance.  A  second 
important  class  are  the  indecomposable  components  of  the  regular 


representation  <n,  i.e.  ,  the  representations  whose  representation 
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modules  are  the  indecomposable  components  J  of  R  .  We  now 
investigate  the  properties  of  these  representations  and  their  modules. 

(_L)  THEOREM  1.  Let  R  be  an  m-ring  with  1  .  Every  inde¬ 
composable  component  U  of  R  has  a  greatest  proper  submodule 
W  =  U  H  Rad  (R)  . 

Proof  1 )  If  e  is  an  idempotent  in  U  ,  then  e  Rad  (R)  , 
(Chapter  III,  (0)  )  .  Hence  e  £  W  and  W  is  a  proper  submodule  of  U 

2)  We  show  next  that  if  B  and  C  are  proper  submodules 
of  U  ,  the  equation 

(17)  U  =  B  +  C 

is  impossible.  Since  U  is  indecomposable,  the  sum  here  can 
certainly  not  be  direct.  We  claim  that  in  an  equation  (11)  one  of  the 
modules  B,  C  can  be  replaced  by  a  proper  submodule  in  (17)  .  Indeed, 
if  this  could  not  be  done,  (J)  would  apply  (as  U  is  projective  by  (G)  ) 
and  the  sum  (17)  would  be  direct.  Hence,  we  have  an  equation 
U  =  Bj  +  0^  where  B^  and  are  submodules,  B^  cb  ,  cC 

and  at  least  one  inequality  holds.  Apply  the  same  argument  to 
U  =  Bj  +  C  ,  etc.  We  find  two  sequences  of  submodules 

B  ^B2  2.  .  . 


;  CDC}  2C2H.  ..  , 
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such  that  for  each  m  ,  U  =  B  +  C  and  either  B  ^>B  .or 

mm  m  m+ 1 

C  ,  .  Now  submodules  of  U  cR  are  r -ideals.  Because  of 

m  m+ 1 

the  m -condition,  both  families  {B  }  and  {C  }  have  minimal 

m  m 

members  and  we  obtain  a  contradiction.  Tnus,  equations  (17)  are 
impossible. 

3)  Let  B  be  any  proper  submodule  of  U  .  We  have  to  show 
B  CRad  (R)  ,  that  is,  we  have  to  prove  that,  if  b  €B  ,  then^"(b)  =  D 
for  every  irreducible  representation  f  of  R  . 

Suppose  this  was  not  true.  If  F  is  the  representation  module 
of  then  Fb  4  (0)  .  Then  there  exist  f  €F  with  f b  4  0  .  Since 

fB  is  a  submodule  of  the  simple  module  F  and  fB  4  (0)  »  we  have 
fB  =  F  .  Set 


C  =  {  c  |  fc  =  0  ,  c  €  U  }  . 

Clearly,  C  is  a  submodule  of  U  and  as  b  4  C  ,  C  is  proper. 

For  any  u  €U  ,  fu  £  F  =  fB  .  This  means  that  there  exist  b  €B 

with  fu  =  fb  .  Then  u  -  b  €C  and  hence  u  €B  +  C  ,  U  =  B+C. 
o  o 

Since  we  have  shown  in  2)  that  U  is  not  the  sum  of  two  proper 
submodules  B  and  C  ,  this  is  impossible. 

This  proves  that  if  B  is  a  proper  submodule  of  U  ,  then 
B  <=Rad  (R)  ,  Hence,  BcU  PI  Rad  (R)  =  W  and  W  is  the  greatest 


proper  submodule  of  U  . 
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Remark  .  Instead  of  assuming  the  m -condition  for  r -ideals,  the 
proof  of  (L)  shows  that  it  is  sufficient  to  assume  the  m-condition  for 
submodules  of  the  given  module  U  . 


(M)  THEOREM  2.  Let  R  be  an  m-ring  with  1.  .  Let  U  be 
an  indecomposible  r -ideal  such  that  U  Rad  (R)  .  Then  U  is  a 
component  of  R  .  If  R  =  ^  U\  is  a  full  decomposition  of  R  ,  then 

U  is  R-isomorphic  with  some  U  . 


Proof.  Let  1  =  ^  ^  e^  be  the  resolution  of  1  belonging  to 
R  =  *y  U. ;  U.  =  e.R  .  Since  U  = 1U  =  Y.  e.  U  and  U  £  Rad  (R)  , 

Z_J  111  1  1 

some  e^  U  ^  Rad  (R)  .  Define  a  mapping  8  of  U  into  U.  by- 
letting 


(18) 


9:  u  — >  e.  u  . 

l 


Clearly,  0£Hom  (U,  IL)  .  The  image  U@  =  e^  U  is  not  included 
in  the  greatest  proper  submodule  U.  H  Rad  (R)  of  U.  and  hence 
U0  =  U  .  By  (I*)  0  then  is  an  R-isomorphism;  U  .  Moreover, 

there  exists  an  e  £U  with  e0  =  e^  .  By  (18)  ,  e.e  =  e.  .  Then 

2  2 
e.e  =  e.e  =  e.  and  since  the  isomorphism  9  maps  both  e  and  e- 

ill 

2 

on  e^  ,  e  =  e  .  Since  e  cannot  be  0  ,  e  is  an  idempotent. 


(eR)9  =  (e0)R  =  e.R  =  U.  =  U0  . 

i  i 


F  urthermore, 
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Hence  eR  =  U  and  now  (E)  shows  that  U  is  a  component  of  R  as 
we  had  to  show. 

If  U  is  an  indecomposable  component  of  R  and  W  its 
greatest  proper  submodule,  then  F  =  U/W  is  a  simple  unitary 
module,  that  is,  the  module  of  an  irreducible  representation  r. 

We  shall  now  construct  a  full  system  of  non-isomorphic  such  modules. 


(N)  THEOREM  3.  Let  R  be  an  m-ring  with  1.  .  Let  U  and 
U*  be  two  indecomposable  components  of  R  and  let  W  and  W* 
be  their  greatest  proper  submodules.  Then  the  modules  U  and  U* 
are  R-isomorphic,  if  and  only  if  the  simple  modules  F  =  U/W  and 
F*  =  U*/W*  are  R-isomorphic. 

Proof.  If  y  is  an  R -isomorphism  of  U  onto  U*  ,  then  ~X 
maps  the  greatest  proper  submodule  W  of  U  onto  the  greatest 
proper  submodule  W*  of  U*  .  This  implies  U/W  ;=sU*/W*  . 


Conversely,  let  to  be  an  R-isomorphism  of  F  onto  F*  . 


Let  0  be  the  natural  homomorphism 


U— - —  -*U* 


U 


»  U/W  =  F  and  let  be  the 


6 


0* 


natural  homomorphism  F  - — - ^  F* 

U*  — >>  U*/W*  =  F*  .  Then  0  to€Hom  (U,  F*)  .  Since  U  is 


projective  and  since  0*  maps  U*  onto  F*  ,  there  exists  a 
<p€Hom  (U,  U*)  with 
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p0 *  ~  0oj. 

Since  0  tt)  maps  U  onto  F*  ,  we  have  <p9*  £  Cl  .  Hence  p  does 
not  map  U  into  the  kernel  W*  of  0*  .  Thus,  the  submodule  Up 
of  U*  is  not  included  in  the  greatest  proper  submodule  of  U*  and 
we  must  have  Up  =  U*  .  Now,  (I*)  shows  that  p  is  an  R -isomorphism 
of  U  onto  U*  . 

Remark  .  The  proof  of  (N)  works,  when  R  is  a  ring  with  unit 
element  and  U  and  U*  are  projective  modules  which  have  greatest 
proper  submodules  W  and  W*  . 

Let  X  ,  X  ,  .  .  .  ,  X  be  a  set  of  indecomposable  components 

L  Lt  K 

of  R  such  that  X.  4*  X.  for  i  £  j  .  If  R  =  ,  U.  is  a  full 

i  J  Li=l  i 

decomposition  of  R  ,  it  follows  from  (M)  that  each  X  is  R-isomorphic 

with  some  U.  and,  of  course,  different  are  R-isomorphic  with 
^  J 

different  U.  .  Hence  k  <  n  . 
i 

DEFINITION  3.  Let  R  be  an  m-ring  with  ±  and  suppose  that 
there  exist  k  but  not  more  than  k  indecomposable  components 
X  ,  X  ,  ...»  X  such  that  X.  and  X.  are  not  R-isomorphic.  Then 

1  4  k  l  j 

k  is  called  the  height  of  R  . 

The  preceding  remark  shows  that  we  may  assume  that  X  , 

X_,  .  .  .  ,  X  occur  as  summands  in  a  given  full  decomposition  of  R  . 

Li  i\ 
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(O)  THEOREM  4.  Let  R  be  an  m-ring  with  'l  of  height  k 
and  let  X  ,  X  ,  .  .  .  ,  X  be  a  system  of  k  indecomposable  components 

1  L*  K 

of  R  such  that  each  indecomposable  component  U  of  R  is  R-isomor- 
phic  to  exactly  one  X^  .  Each  simple  unitary  module  F  is  R -isomor¬ 
phic  to  exactly  one  of  the  k  modules  F.  =  X./Y.  with  Y.  =  X.  fl  Rad  (R). 

ill  ii 

Proof.  Let  R  =  1L  be  a  full  decomposition  of  R  .  If 

f  tF  ,  f  ^  0  ,  then  f  R  ^  (0)  and  hence  f  U,  £  (0)  for  some  j  . 
o  o  o  °  j 

Since  F  is  a  simple  module  and  f  U,  CF  ,  this  implies  f  U.  =  F  . 

o  j  -  °  J 

In  other  words,  the  mapping 

9:  u  — >  f  u 

o 


of  U.  maps  U,  onto  F  .  Clearly,  9  €  Horn  (U.,  F)  .  If  T  is  the 
J  J  I 

kernel  of  0,  U./T  % F  .  As  F  was  simple,  T  is  a  maximal  submodule 

of  U.  and  hence  T  is  the  greatest  proper  submodule  T  =  W  .  =  U  .  fl  Rad  (R) , 
J  J  J 

Thus  F«U./W.  .  Now,  U.  is  R-i  somorphic  with  exactly  one  of  the 
J  J  J 

modules  X,  ,  X_,  .  .  .  ,  X.  .  It  follows  from  (N)  that  U./W.  and  then 
12k  ~  J  J 

F  is  R-isomorphic  to  exactly  one  of  the  modules  X  /Y  ,  X  /Y  ,  .  .  .  , 

1  1  C*  C* 


VYk 


It  is  a  simple  matter  of  rephrasing  to  state  our  results  in  the 
language  of  representations.  We  shall  say  that  representations  are 
"distinct"  in  quotation  marks  if  they  are  not  equivalent.  Then  our 
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results  are  summarized  in  the  following  theorem. 


(P)  Let  R  be  an  m-ring  with  1.  ,  of  height  k  .  There  exist 
exactly  k  "distinct"  indecomposable  components  ,  .... 

^e  regular  representation  ^  of  R  .  Each  ^  possesses  a 
unique  irreducible  quotient  representation  p'  .  The  k  irreducible 
representations  .  ..,  are  "distinct".  Each  irreducible 

representation  ^ of  R  is  equivalent  to  one  of  the  . 


In  the  notation  of  ( C [)  ,  we  may  choose 

tation  in  X.  and  J  .  as  that  in  F.  . 

1  J  1  1 


as  the  represen- 


5.  Arbitrary  m -rings. 

If  we  now  consider  an  m-ring  R  without  assuming  that  R  has 
a  unit  element,  some  modifications  in  the  results  of  the  preceding 
section  become  necessary.  Of  course,  R  can  be  imbedded  in  the 
extended  ring  R  with  unit  element  (Chapter  II,  §  9),  but  R  is 
not  an  m-ring.  Still  the  methods  of  §  4  can  be  adapted  to  this  situation 
as  is  indicated  in  Problem  25.  We  prefer  to  use  here  a  different 
approach  which  leads  more  quickly  to  the  desired  results. 

If  X  is  an  r -ideal,  we  shall  say  that  X  is  potent,  if  X  is  not 
nilpotent.  In  the  case  of  an  m-ring  R  ,  X  is  potent,  iff  X  ^Rad  (R), 
cf.  Chapter  III  (P),  (Q).  It  follows  from  the  m- condition  that  every 
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potent  r-ideal  X  includes  a  minimal  potent  r-ideal  U  ,  i.  e.  ,  a 
potent  r-ideal  U  of  R  such  that  every  r-ideal  Y  of  R  with 
Y  CU  is  nilpotent. 

(Q)  Every  minimal  potent  r-ideal  U  of  an  m-ring  R 
contains  idempotents  e  .  For  each  such  e  ,  U  =  eR  . 

Proof.  1)  There  exist  elements  u  €U  such  that  uU  =  U  . 

Indeed,  if  tne  r-ideal  uU  is  properly  included  in  the  minimal 

potent  r-ideal  U  ,  then  uUS=Rad  (R)  •  If  this  was  true  for  all 

2  2 

u  t  U  ,  we  would  have  U  £Rad  (R)  ,  and  U  and  hence  U  would 
be  nilpotent.  This  is  not  true. 

2)  Choose  then  some  u  €U  with  uU  =  U  .  It  follows  that 
there  exist  7}  €U  with 


u  T)  =  u  . 


Hence  uTjU  =  uU  =  U  £  Rad  (R)  .  This  implies  u^Rad  (R)  , 

2 

T)  $  Rad  (R)  .  In  particular,  u  ^  0  ,  7?  ^  0  .  Furthermore,  uTj  =  uTj  , 


(19) 


The  set  Y  consisting  of  the  elements  y  €u  with  uy  =  0  is 
an  r-ideal  Y  .  As  u  7]  =  u  /  0  ,  we  have  T)  £  Y  .  It  follows  that 
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2 

Y  CU  and  this  implies  Y  c^Rad  (R)  .  By  (19),  V~V  ^Y  ,  and 
we  obtain 

(20)  rj2  =7?  £  0  (mod  Rad  (R)  )  . 

Moreover,  since  Y  is  nilpotent,  there  exist  positive  integers  h 
with  Y  =  (0)  .  It  follows  that 

(21)  (TJ  -  TJ  2)h  =  0  . 

3)  If  R  is  semisimple,  (20)  shows  tnat  T)  is  an  idempotent. 

In  order  to  be  able  to  deal  with  tne  general  case  we  interrupt  the 

proof  by  some  auxiliary  considerations.  Let  Z  [t]  denote  the  ring 

of  polynomials  of  an  indeterminate  t  with  coefficients  in  the  ring 

Z  of  rational  integers.  If  f  €t  Z  [t]  ,  i.  e.  ,  if  f  has  the  form 

f  =  a  t  +  a„t  +  .  .  .  +  a  tn  with  a.  £  Z;  ,  and  if  T)  is  an  element  of 
12  n  l 

a  ring  S  ,  we  set 

f(t,)  =  a1»)+a/+  ...  +ay. 

Clearly,  the  mapping  f  — >  f (T7)  is  a  ring  homomorphism  of 
t  Zj  [t]  into  S  .  This  means  that  every  integral  rational  relation 
between  elements  of  t  I  [t]  remains  correct,  if  t  is  replaced 


by  7?  . 
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4)  Determine  now  f  £  TL  [t]  such  that,  in  2£  [t]  , 


(22)  f  =  0  (mod  t^+  ^ ) ;  f  =1  (mod  (1  -t)^)  . 


2h  2h 

In  order  to  see  that  such  f  exist,  we  expand  1  =  1  =  (t+  (1  -t)) 

by  means  of  the  binomial  theorem.  This  gives  the  identity 


1  =  t2h  +  2htZh"1  (1  -t)  +  .  .  .  +  (1  -t)2h 


in  which  every  term  on  the  right  is  either  divisible  by  t 

or  by  (1-t)  .  If  f  is  the  sum  of  the  terms  of  the  first  kind,  f 

satisfies  (22). 

It  follows  from  (22)  that  both  f(f-l)  and  t^+^(f-l)  are 

]L.  i  ]  U 

divisible  by  t  (1  -t)  =  t(t-t  )  .  Hence,  we  may  set 


(23) 


f2-  i  =  (t  -  t2)hg  , 


(24) 


h+ 1  h+ 1 
t  f  -  t 


,  2.h 

(t-t  )  g 


1 


I 


with  g,  g1  etz  [t]  . 

5)  If  T)  is  determined  as  in  2)  and  if  the  polynomial  f  is 
determined  as  in  4)  ,  set  e  =  f(?|)  .  Since  7}  €U  ,  it  follows  that 
e  €U  .  Moreover,  replacing  t  by  T)  in  (23),  (24)  and  using  (21), 
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...  2  h+1  h+1  . 

we  find  e  -  e  =  0  and  7}  e  -  T)  =  0  .  The  former  equation 

shows  that  e  is  an  idempotent,  if  e  /  0  .  If  we  had  e  =  0  ,  the 

h+ 1 

latter  equation  would  yield  7}  =0  while  by  (20), 

?7  =  77^  =  77^  =  .  .  .  =  7] ^  and  hence  7j^+  *  ^  0  (mod  Rad  (R)  )  .  Thus , 


e  ^  0  and  e  £U  is  an  idempotent. 


6)  If  e  is  any  idempotent  in  U  ,  then  e  =  e  belongs  to 
the  r -ideal  eR  CU  .  Since  then  eR  cannot  be  nilpotent,  we  must 
have  eR  =  U  . 


This  completes  the  proof  of  (Q)  . 

(R)  If  U  is  a  minimal  potent  r -ideal  of  R  and  if  X  2U 

M 

is  an  r -ideal  of  R#  ,  then  U  is  a  component  of  X  (i.  e.  ,  X 
is  a  direct  sum  of  U  and  some  other  submodule)  . 

Proof.  By  (Q)  ,  there  exist  idempotents  e  with  eR  =  U  . 

For  x  €  X  ,  we  have  the  "Peirce  decomposition" 

x  =  ex  +  (x  -  ex)  . 

Here,  ex  =  eex  feR  =  U  .  Further,  e(x-ex)  =  ex  -  ex  =  0  .  The 

elements  y  €x  with  ey  =  0  form  an  r -ideal  Y  £X  .  Since 

x  -  ex  €  Y  ,  we  have  X  =  U+Y  .  If  y  €U  HY  ,  then  y  has  the  form 

y  =  ep  with  p  £  R  .  Since  ey  =  eep  -  ep  =  y  ,  it  follows  from 

ey  =  0  that  y  =  0  .  Thus,  U  fi  Y  =  (0)  and  the  sum  X  =  U+Y  is  direct. 
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(S)  If  R  is  an  m-ring  and  if  is  the  corresponding 

extended  ring,  there  exist  minimal  potent  r -ideals  U  ,  U  ,  ...»  U 

1  3*1 

M 

of  R  and  an  r -ideal  U  of  Rf  such  that 

o 


(25) 


R*  =  U  +  U,  +  .  .  .  +  U 


n 


and  that  U  flRCRad  (R)  . 
o 


Proof.  If  Rad  (R)  =  R  ,  set  U  =  R  .  Then  U  HR  =  Rc 
— -  o  o 

Rad  (R)  .  If  R  /  Rad  (R),  let  be  a  minimal  potent  r -ideal  of 

R  .  By  (R)  ,  there  exists  an  r -ideal  of  R^  such  that 

R*  =  .  Suppose  we  have  already  found  minimal  potent 

r-ideals  U.,  U_,  .  .  . ,  U,  of  R  and  r -ideals  Y_  ,  Y_,  ...»  Y 
1  2  h  1  2  h 

of  R^  such  that 


(26) 


R*  =  U.  +  U_  +  ...  +  U.  +  Y, 
12  J  j 


for  j  =  1,  2,  ...»  h  and  that 


(27) 


y,  hr  =5Yn  n r  =>. . .  dy,  nR  . 

12  h 


If  the  r -ideal  Y,  HR  of  R  is  potent,  choose  U,  .  as  a  minimal 

h  h+ 1 

potent  t -ideal  with  U  CY  HR  .  By  (R)  ,  there  exists  an  r -ideal 

h+.l  h  - 

Y,  of  R  with  Y.  =  U.  .  +  Y,  ,  .  .  If  we  substitute  this  in  (26) 
h+ 1  h  h+ 1  h+ 1 

for  j  =  h  ,  we  see  that  (26)  holds  for  j  =  h+1  .  Further,  is 
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included  in  Y,  HR  but  not  in 
h 

have 


Y  H  R  and  as 


Y 


we 


YhnRDYh+inR- 

extending  (27)  .  This  process  can  not  go  on  indefinitely  since  this 

would  give  an  infinite  strictly  descending  sequence  {Y  HR}  of 

m 

r -ideals  of  R  ,  contrary  to  the  m -condition.  It  follows  that,  for 

suitable  j  =  n  ,  a  formula  (26)  holds  with  Y  HR  czRad  (R)  .  We 

n 

obtain  (S)  by  setting  U  =  Y 
—  on 

We  supplement  (S)  by  some  remarks. 


(S*)  If  the  assumptions  and  the  notation  are  as  in  (S),  then 


Uq  is  indecomposable. 


Proof.  Let  "1  =  be  the  resolution  of  i  corresponding 

to  (25);  e.  €1^,  U  =  e.R*  .  If  Uq  was  decomposable,  the 

idempotent  e  could  be  written  as  the  sum  e  =  f,  +  f _  of  two 
o  o  1  u2 

orthogonal  idempotents  £^  ,  6^  €  Uq  .  Set  £^  =  p^  +  m^  “1  , 

£  2  =  P2  +  m  l  with  p  ,  p2  €  R  ;  m  ,  m2  €  Z  .  jt  follows 
from  £  £  =  0  that  m  m  =  0  .  Hence  one  of  the  m,  is  0  ,  say 

L,  1  £  J 

m^  =  0  .  Then  £  =  p^  €R  and  the  idempotent  £^  would  belong 

to  the  nilpotent  r-ideal  U  flRczRad  (R)  .  This  is  impossible. 

o 
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(S**)  If  the  assumptions  and  the  notation  are  the  same  as  in  (S), 


(28) 


r  =  (u  n r)  +  u .  +  u.+  ...  +  u  . 

o  12  n 


Here,  Uq  flR  =  (0)  ,  iff  R  has  the  left  unit  element  e  . 


Proof.  The  equation  (28)  follows  at  once  from  (S)  .  Let 


1  =  )  n  e  be  the  resolution  of  1  belonging  to  (25)  with  e.  €U  . 
I— 1 1—  U  i  i  1 


If  U  flR  =  (0),  it  is  seen  at  once  that  e  =  tL  -  e  is  a  left  unit 
o  o 


element  of  R  .  Conversely,  if  R  has  a  left  unit  element  e  ,  then. 


since  e  e  €e  RcR  ee  e  =  e  e  and  (e  e)  =  (e  e)  .  As 
o  o  o  o  o  o 


e  e  €U  HR  ci Rad  (R)  ,  e  e  cannot  be  an  iaempotent,  we  must  have 
o  o  —  o 


e  e  =  0  .  For  p€U  ,  we  have  p  =  e  p  .  If  p  also  belongs  to  R  , 
o  o  o 


then  ep  =  p  and  hence  p  -  e  p  =  e  ep  -  0  .  Thus,  U  flR  =  (0)  as 

o  o  o 


we  wished  to  show. 


(T)  COROLLARY.  *  A  semisimple  m-ring  R  has  a  unit 
element. 

Proof.  Here,  U  PlRcRad  (R)  =  (0)  and,  by  (S*)  ,  R  has  a 
-  o 

left  unit  element  e  .  If  a,  p6R  ,  then  ( a-ae)P  =  ap  -  ap  =  0  whence 
(a-ae)R  =  (0)  .  Now,  by  Chapter  HI,  (A),  a-ae  €  Rad  (R)  ,  that  is, 
a-ae  =  0  .  Thus,  e  is  a  unit  element. 

*  A  direct  proof  of  (Tj  is  suggested  in  Problem  10  of  Chapter  III  . 
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The  theorems  (Ij),  (M),  (N),  (O)  remain  true  for  indecomposable 
components  U  cR  of  .  It  is  now  clear  that  these  U  are 

exactly  the  minimal  potent  r -ideals  of  R  .  Stated  explicitly,  we  have 


(U)  Let  R  be  an  m -ring.  Each  minimal  potent  r -ideal  U  of 
R  has  the  greatest  proper  submodule  W  =  U  ft  Rad  (R)  .  If  U* 
is  a  second  minimal  potent  r-ideal  and  W*  =  U*  (1  Rad  (R)  ,  then  U 
and  U*  are  R-isomorphic,  iff  U/W  and  U^/W*  are  R-isomorphic. 

Proof.  Since  U  is  minimal  potent*  W  =  U  fl  Rad  (R)  ^  U 
and  every  proper  submodule  Y  of  U  is  included  in  Rad  (R)  and 
hence  in  W  .  The  last  part  is  obtained  by  the  proof  of  (N),  see  the 
Remark  on  p.95. 


(V)  Let  R  be  an  m -ring.  If  X  is  a  minimal 
of  R  and  if  R  =  is  a  full  decomposition  of 

then  X  is  R-isomorphic  to  some  IL  £.R  . 


potent  r-ideal 
R^  as  in  (S), 


(W)  Let  R  be  an  m-ring  and  let  X^ ,  X^,  .  .  .  ,  X^  be  a  system 

of  minimal  potent  r -ideals  of  R  such  that  each  minimal  potent 

r-ideal  U  of  R  is  R-isomorphic  with  exactly  one  X^  .  Then  R 

has  exactly  k  "distinct"  irreducible  representations  j/^> 

and  the  module  of  j.  can  be  taken  as  X./Y,  with  Y.  =  X.  fl  Rad(R)  . 

*■'  i  1  i  li 
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These  statements  are  obtained  by  the  methods  used  in  proving 
(M)  and  (O).  It  will  not  be  necessary  to  give  details.  We  only 
remark  that  the  height  of  an  m-ring  R  will  be  defined  as  the 
number  k  appearing  in  (W)  .  For  rings  with  1  ,  this  coincides 
with  the  old  definition. 

6.  Some  further  results. 

(X)  Let  R  be  an  m-ring  with  \  .  Let  U  and  U*  be  two 
indecomposable  components  of  R  .  Then  U  and  U*  are  R-isomor- 
phic,  iff  UU*^Rad  (R)  . 

Proof.  By  (F),  Horn  (U*,  U)  consists  of  the  mappings 

0:  u*  ->  uqu*  ,  (u*  €U*)  , 

where  u  is  a  fixed  element  of  U  .  If  UU*  SRad  (R)  ,  each 
o 

such  9  maps  U*  into  UU*  SU  H  Rad  (R)  CU  and  we  cannot  even 

have  an  R-homomorphism  of  U*  onto  U  .  If  UU*  ^Rad  (R)  ,  we  may 

choose  u  €U  such  that  u  U:!e^Rad  (R)  .  Then  the  submodule 
o  o 

u  U*  of  U  is  not  included  in  the  greatest  proper  submodule 
o 

U  H  Rad  (R)  and  hence  UqU*  =  U  .  Since  9  maps  U*  onto  uoU*=U  , 
it  follows  from  (I*)  that  9  is  an  R-isomorphism  of  U*  onto  U  . 
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( Y)  THEOREM(Frobenius  -Schur ).  Let  R  be  an  m-ring  with 
1  and  let  fl,  .  ..,  S',  denote  the  "distinct"  irreducible 

X  L  K 

representations  of  R  .  Given  k  elements  a  ,  ct  ,  a  of  R  , 

1  Ld  K 

we  can  find  an  element  £  of  R  such  that 


(29)  f^(?)  =  jjtej),  ff(«)  = 


) . f^i)  =Jrk\) 


Proof.  It  will  be  sufficient  to  find  elements 

such  that  fsi  . )  =  I  and  ni)-  □  for  i  ^  j 

^  ^  J 

£  =  ^\  sat^-s^es  (29)  . 


.  Indeed,  then 


Let  R  =  *2,  iUi  be  a  full  decomposition  of  R  .  Change  now 
the  notation  denoting  R -isomorphic  components  with  the  same 
subscript  and  distinguishing  them  by  superscripts.  Then  our 
decomposition  appears  in  the  form 


(30) 


R  =  *I 


where  each  U.^  is  indecomposable  and  where  U.^  U.^  iff 

1  1  J 

i  =  j  .  It  follows  from  (M)  that  each  indecomposable  component 

U  of  R  is  R-isomorphic  to  exactly  one  of  the  U  (i=l,  2,  ...,  k) 

so  that  k  is  the  height  of  R.  Furthermore,  if  W,^  =  U.^  fl  Rad(R), 

then  the  k  simple  modules  F^  =  belong  to  k 

"distinct"  irreducible  representations,  cf.  (N)  .  Hence  f.  may  be 

i 
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taken  as  the  representation  in  F^  . 


Set  H 


=  *  V  %  U .  ^  ^  so  that  we  have  R  =  *  Y  ^  H . 

j  LA  j  L  j=l  j 


and  let 


k 

i  =)  £  „  be  the  corresponding  resolution  of  \  .  For  i  ■£■  j  , 

J  J 

the  modules  and  are  not  R-isomorphic  and  (X)  shows 

that  U.(1)U.'(X)  Su}1'  0  Rad  (R)  =  w}l)  .  Hence 
l  j  1  l 


U 


(D„  _  Vtt  (Dtt  (A)  (1)  T _ _ _  TT(1)C  ^(D 


U  £W  '  7  .  In  particular,  Ul  £W  v  ;  for 
J  J 


.  H.  =  Yu. 
i  j  L  i 

i  ^  j  and  as  is  the  representation  in  U  ,  J\.(£)  =  Q 

J 

for  i  ^  j  ,  cf.  Chapter  II,  (E)  .  Furthermore 


1  =  £<!>  =  I  *  f&i  • 

j=l 


Thus,  £  ,  £^,  ...»  £^  satisfy  the  required  conditions. 


The  following  proposition  gives  information  about  the  structure 
of  the  additive  group  Horn  (U,  V)  where  U  is  an  indecomposable 
component  of  R  and  V  an  R -module  satisfying  a  "finiteness " 
condition.  We  shall  use  this  in  a  later  chapter. 


(Z)  Let  R  be  a  ring  with  i  .  Let  U  be  a  projective  R -module 
which  has  a  greatest  proper  submodule  W  .  Assume  that  Y  is  an 

t 

R -module  which  has  a  composition  series 


(31) 


V  =  V  ^ V  =>v  ^ 

o  l  2 


3V  =>V  =  (0) 
r  - 1  r 
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If  exactly  m  of  the  quotients  V.  ^/V\  are  R-isomorphic  with  the 
simple  module  F  =  U/W  ,  then  the  group  G  =  Horn  (U,  V)  has  the 
normal  series 


G  =  opG.  =>G_  3.  .  .  IDG  =  (0) 
u  1  2  m 


of  length  m  such  that  all  quotients  G^  ^/G^  are  isomorphic  with 
the  additive  group  (F)  of  the  skew  field  £  (F)  . 

Proof.  Since  F  is  a  simple  module,  ^  (F)  is  a  skew  field, 
cf.  (B)  . 

We  use  induction  on  the  length  r  of  the  composition  series 
(31)  of  V  .  If  r  =  0,  V  =  (0)  and  (Z)  is  trivial. 


If 


r  1  ,  we  may  assume  that  (Z)  holds  for  instead  of 


V  ,  since  V  has  the  composition  series  V  ^ .  .  .  ^  V  =  (0) 

1  1  2  r 

of  length  r  -  1.  If  m'  of  the  quotients  V  /V  with  i  >  1  are 
R-isomorphic  with  F  ,  then  H  =  Horn  (U,  V  )  has  a  normal  series 
of  length  m'  such  that  all  its  quotient  groups  are  isomorphic  with 
£  (F)+  .  By  (H), 


G/H  =  Horn  (U,  V)/Hom  (U.Vj)  %Hom  (U,  V/V  )  . 


Since  V/V^  is  a  simple  module,  (C)  yields  Horn  (U,  V/V  )  ss 
Horn  (U/W,  V/Vj)  and  we  have 
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(32)  G/H  «Hom  (F,  V/V  )  . 

If  V/Vj  is  R-isomorphic  with  F  ,  then  m  =  m'+  1  . 
Replacing  V/V  by  the  isomorphic  module  F  in  (32)  ,  we  see 
that  G/H  «Hom  (F,  F)  =  ^(F)+  . 

On  the  other  hand,  if  V/V^  is  not  R-isomorphic  with  F  , 
then  m  =  m'  .  Here  (A)  implies  Horn  (F,  V/V^)  =  (Q)  and  then 
(32)  shows  that  G  =  H  . 

In  either  case,  the  statement  (Z)  for  G  =  Horn  (U,  V)  is  an 

i 

immediate  consequence  of  the  corresponding  statement  for 
H  =  Horn  (U,  V )  . 
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Problems  to  Chapter  IV 

For  definition  of  the  concepts:  "Completely  reducible  group"; 
"Cartesian  direct  sum  and  product  of  a  system  of  groups";  "Exact 
sequence  of  groups",  consult  the  appendix.  We  consider  there  the 
case  that  we  have  groups  with  a  fixed  system  of  operators.  In 
particular,  we  may  take  R -modules  with  a  fixed  ring  R  . 

The  following  definitions  are  also  used.  In  all  of  them,  R 
denotes  a  ring  with  unit  element  3.  . 

DEFINITIONS. 

1_.  A  free  R-module  T  is  a  module  which  is  a  direct  sum 
of  submodules  R^  which  are  R-isomorphic  with  R*  .  If  a  fixed 
R-isomorphism  of  R*  onto  R^  maps  1  — >  t^  ,  the  set  {  t^ }  is 
called  an  R-basis  of  T  .  The  most  general  element  of  T  can  be 
written  uniquely  in  the  form  ^  ^  such  that  a.  6R  and  that 
only  finitely  many  are  different  from  0  . 

2.  An  R-module  V  is  injective  (H.  Cartan-S.  Eilenberg, 
Homological  Algebra,  p.  8),  if  it  has  the  following  property:  If  A 
is  any  R-module,  B  a  submodule,  0  an  R-homomorphism  of  B 
into  V  ,•  then  0  can  be  extended  to  an  R-homomorphism  of  A  into 
V  . 
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3.  Let  V  be  an  R -module.  A  Loewy  series  is  a  finite  set  of 

submodules  V,  CV.  .  .  CV  such  that  each  quotient  V,  ,/V. 

12  n  ^  i+1  i 

is  completely  reducible  (i  =  1,  2,  . ..,  n-1)  . 

Note.  In  order  to  avoid  repetition,  the  assumptions  concerning 
the  rings  R  are  stated  at  the  beginning  of  each  section.  If  R  is 
a  ring  with  unit  element  X  ,  it  is  assumed  that  all  R-modules 
considered  are  unitary  ,  i.  e.  ,  that  we  have  vX  =  v  for  all  elements 
v  of  modules. 


I.  Problems  for  arbitrary  rings  with  unit  element. 

In  problems  1  -  11,  the  ring  R  is  assumed  to  be  a  ring  with 
unit  element.  All  modules  are  assumed  to  be  unitary. 


1_.  If  R  is  a  direct  sum  R  =  * V  ^  of  components,  the 


number  of  components  IX  is  necessarily  finite. 


Z.  Let  R  =  IX  be  a  decomposition  of  R  into 


components  and  let  X  =  be  the  corresponding  resolution 

of  X  .  Show  that  U,  ,  U_,  ...»  U  are  ideals  of  R  ,  iff 

12  n 

e  ,  e  ,  ...»  e  belong  to  the  center  C  of  R  .  Obtain  a  one-to-one 
12  n 


correspondence  between  decompositions  of  R  and  of  C  into  ideals. 


_3 .  Show  that  every  R-module  V  is  an  R -homomorphic  image 
of  a  free  module  T  .  Show  further  that  if  the  ascending  chain 
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condition  holds  for  submodules  of  V  ,  then  T  may  be  chosen 
as  a  free  module  with  a  finite  basis. 

4.  Let  P  be  a  projective  module  and  let 

9  7J 

A  - — >  B  — »  C 

be  an  exact  sequence  of  R-modules.  Define  mappings  0*,  rj  *, 
depending  on  9,  TJ  in  a  natural  manner  such  that 

Horn  (P,  A)  - >  Horn  (P,  B)  — Horn  (P,  C) 

is  an  exact  sequence  of  groups  . 

5_.  (a)  Let  X  and  Y  be  two  R-modules  and  let  Z  be  a 
common  submodule  of  both.  Construct  an  R -module  G  with  the 
following  properties:  1)  X  is  a  submodule  of  G  .  2)  There  exists 

an  R -isomorphism  CO  of  Y  into  G  which  leaves  every  element 
of  Z  fixed. 

(b)  Use  (a)  for  a  proof  of  the  following  proposition:  Suppose 
a  module  Q  has  the  property  that  whenever  Q  is  a  submodule  of 
a  module  G  ,  then  G  is  the  direct  sum  G  =  Q  +T  of  Q  and 


another  submodule.  Then  Q  is  injective. 
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( c )  Prove  also  the  converse  of  (b):  If  an  injective  module  Q 
is  a  submodule  of  a  module  G  ,  then  G  is  a  direct  sum  of  Q  and 
another  submodule. 

Hint;  It  is  natural  to  take  G  in  (a)  as  a  homomorphic  image 
of  X©Y  . 

6^  Assume  that  an  R-module  P  has  the  property  that 
whenever  6  is  an  R -homomorphism  of  an  R-module  V  onto  P  ,  then 
V  is  the  direct  sum  of  the  kernel  of  9  and  another  submodule. 

Show  that  P  is  projective.  (Converse  of  (I).  ) 

7_.  Let  R  be  the  ring  of  all  matrices 

=  (a^)  ,  (i,  j  =  1, 2, .  .  .  ,  n) 

of  a  fixed  degree  n  with  coefficients  a^  in  a  given  skew  field 

S  .  For  each  h  with  1  £  h  n  ,  let  U,  denote  the  r  -ideal 

~  -  h 

consisting  of  the  a  =  (a..)  with  a  =  0  for  i  ^  h  .  Find  all 

y  I 

idempotents  in  .  Show  further  that  R  =  is  a  full 

decomposition  of  R  and  give  the  corresponding  resolution  of  1  . 

8^.  Let  R  be  the  ring  of  all  triangular  matrices 
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a  = 


an  0  0 


a21  a22  ° 


a31  a32  a33  ... 


with  a  countable  infinite  number  of  rows  and  columns  and  with 
coefficients  in  a  given  skew  fields  a  =  0  for  i  <  j  .  Let 
be  the  r -ideal  consisting  of  all  a  €R  with  a„  =  0  for  i  ^  h  . 

(a)  Show  that  each  U,  is  an  indecomposable  component  of  R  , 

—  h 

00 

but  that  is  a  proper  subring  of  R  . 

(b)  Show  that  the  m -condition  holds  for  submodules  of  U,  . 

h 

What  is  the  greatest  proper  submodule  of  U,  ? 

h 

( c )  Show  that  R  is  not  an  m-ring  in  each  of  the  following 
ways  1)  by  constructing  a  strictly  descending  infinite  chain  of 
r -ideals;  2)  by  showing  that  Rad  (R)  is  not  nilpotent;  3)  by 
showing  that  R  cannot  be  written  as  a  direct  sum  of  indecomposable 
components . 


9.  Let  R  =  Z  be  the  ring  of  rational  integers.  Give  an 
example  of  an  indecomposable  R-module  which  does  not  have 


maximal  submodules. 
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10.  (a)  Let  R  be  the  additive  group  of  all  characters  X  of 
the  additive  group  R+  of  R  ,  i.e.,  of  all  additive  homomorphisms 
X  of  R  into  the  additive  group  of  real  numbers  modulo  1.  The 
image  of  a  €R  under  X  will  here  be  denoted  by  X(^)  •  For 
Xe  R  ,  p  €  R  ,  define  Xp  by  (Xf)  M  =  X<P«>  for  a  €R  .  Show 

A 

that  R  is  an  injective  module. 

(b)  Show  that  each  R -module  A  is  R-isomorphic  with 
a  submodule  of  a  Cartesian  direct  product  Q  of  "sufficiently  many" 

A 

A 

equal  factors  R  .  Note  that  Q  is  an  injective  module.  Hence 

A 

A  is  a  submodule  of  an  injective  module. 

A 

Remark.  More  generally,  R  can  be  taken  as  any  group  of  the 
form  Horn  (R+,  T)  where  T  is  an  abelian  group  with  the 
following  properties:  1)  T  is  divisible,  i.e.,  for  every  natural 
integer  n  and  every  t  €  T  ,  there  exist  elements  s  €  T  with 
ns  =  t  .  2)  For  every  natural  integer  n  ,  there  exist  elements  of 

order  n  in  T  . 

Hints .  Full  use  should  be  made  of  Zorn's  lemma  or  of 
equivalent  principles.  Observe  the  following  properties  of  abelian 
groups  G  .  A  character  of  a  subgroup  H  of  G  can  be  extended  to 
a  character  of  G  .  It  follows  that  if  g  €G  ,  g  ^  0  ,  there  exist 
characters  2C  of  G  with  3f(g)  ^  0  (mod  1)  .  This  implies  that  if 
H  is  a  subgroup  of  G  and  g  €G  ,  g  £  H  ,  there  exist  characters 
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Zof  G  with  /V^g)  ^  0  (mod  1),  X  (h)  *  0  (mod  1)  for  all  h  €H  . 

^  + 

Analogous  statements  can  be  made,  if  R  =  Horn  (R  ,  T)  as  in  the 

"Remark"  .  In  answering  (b),  it  may  be  helpful  to  think  first  of  the 

case  that  A  =  aR  with  a  €A  «  Find  an  element  q  €Q.  for 

A 

suitable  choice  of  Q  such  that  the  mapping  a p  — ■>  qp  for  p  £ R 

A 

is  a  well-defined  R-isomorphism  of  A  . 

In  the  general  case,  it  is  sufficient  to  take  the  set  of  indices 
in  the  Cartesian  product  as  A  x  R  . 

1 1 .  There  is  a  kind  of  duality  between  projective  and 
injective  modules.  Explore  this. 

11.  Problems  for  m -rings  with  unit  elements. 

In  problems  12-22,  R  is  assumed  to  be  an  m-ring  with  unit 
element.  All  modules  are  assumed  to  be  unitary. 

12.  Let  V  be  an  R-module  which  has  a  greatest  proper  sub- 
module.  Show  that  V  is  an  R-homomorphic  image  of  an  indecom¬ 
posable  component  of  R  . 

13.  Let  V  ^  (0)  be  an  R-module.  Show  that  V  has  both 


maximal  and  minimal  submodules. 
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Hints .  In  proving  the  existence  of  minimal  submodules,  we 
may  replace  V  by  a  submodule  of  the  form  vR  ^  (0)  generated  by 
one  element  v  . 

In  order  to  prove  the  existence  of  maximal  submodules,  set 
N  =  Rad  (R)  and  show  first  that  VN  ^  V  .  Let  3.  =  ^  e^  be  a 
full  resolution  of  \  .  Choose  v  €V  ,  v  ^  VN  such  that  v  =  ve. 

J 

for  some  j  .  Use  Zorn's  lemma  to  construct  a  submodule  Z  such 
that  VN  £Z  CV  ,  v  fc  Z  t  which  is  maximal  with  these  properties. 
Show  that  Z  is  maximal  in  V  . 

14.  Let  V  be  an  R-module  which  satisfies  the  ascending 
chain  condition  for  submodules.  Apply  4*3  (and  some  group  theory) 
to  show  that  the  descending  chain  condition  for  submodules  of  Y 
holds. 


15.  Let  V  be  a  projective  module  which  satisfies  the 
ascending  chain  condition  for  submodules.  Show  that  V  is  a 
direct  sum  of  a  finite  number  of  submodules  each  of  which  is 
R -isomorphic  with  an  indecomposable  component  of  R  . 

16.  Let  U  and  U*  be  two  indecomposable  components  of  R  , 
let  IL  and  VL  *  denote  the  corresponding  indecomposable  represen¬ 
tations,  and  let  f* be  the  unique  irreducible  quotient  representation 
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of  ~UL  (belonging  to  the  module  F  =  U/  (Uf7Rad  R)).  Show  that 
U*U  ^  (0)  ,  iff  ^  appears  as  a  constituent  of  VI  *  (i.  e.,  iff  U* 
has  submodules  X  with  X/Y  «F)  . 


17.  Let  R  =  be  a  full  decomposition  of  R  .  Dis¬ 

tribute  U.,  U_,  .  ..,  U  into  sets  B_  ,  B_,  .  ..,  B  such  that 
1  2  n  i  L  t 

U  and  U.  belong  to  the  same  set  B  ,  iff  there  exists  a  finite 
a  P  J 

sequence 


ui  = u*  •  ui, . ui  =  UP 

o  1  r  r 


with  1  ^  iQ,  i^ ,  .  .  . ,  if  ^  n  such  that,  for  each  p  =  1,2,...,  r  , 

L  Ui  •  Ui'  Ui 

p  p-1  p-1  p 


at  least  one  of  the  products  ,  U^-  is  not  (0)  .  Let 


H,  be  the  sum  of  the  U.  €B.  . 
J  i  j 


(a)  Show  that  H^,  H^,  ...»  H  are  ideals. 

(b)  Show  that  if  R  is  written  as  a  direct  sum  R  =  *IAX  of 

ideals  A^,  each  is  a  direct  sum  of  some  of  the  H.  ,  with 

J 

each  H  appearing  in  exactly  one  Av  .  Deduce  that  no  H.  can  be 
J  A  J 

written  as  a  direct  sum  of  two  ideals  ^  (0)  and  that  R  =  /  ,  .  H 

Lj  =  l  j 

is  the  only  decomposition  of  R  into  ideals  ■£■  (0)  with  this  property. 
The  ideals  H  are  called  the  block  ideals  of  R  . 

J 
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18.  (Continuation  of  #17).  Let  Z ^  be  the  representation 
belonging  to  .  Use  #16  to  show  that  and  belong  to 

the  same  set  B  ,  iff  there  exists  a  finite  sequence 


"Mk  ~  Via’  TJl k  ’  •  •  •  ’  '  VLp 

o  1  s  r 


such  that  VI and  ^ave  a  common  irreducible  Con¬ 
or- 1  <J 

stituent;  (1  ^  ^  n)  . 


19.  Let  Y  be  an  R-module.  Set  L  (Y)  =  (0)  .  If  L  (V)  is 
—  o  r 

already  defined  for  some  r  and  if  L^(V)  ^  V  ,  let  L^+^(V)  be 

the  sum  of  all  submodules  X  ^>L  (V)  such  that  X/L  (V)  is  simple. 

r  r 

If  L  (Y)  =  V  ,  let  L  <V)  =  V  . 
r  r+1 

(a)  Show  that  L  (V)/L  (V)  is  completely  reducible  if 

—  r+ 1  r 

Lr(V)  t  V  . 

(b)  If  Aq  =  (0)  CA^  c.  .  .  cAr  is  a  Loewy  series,  show 

that  A  £L  (V)  . 
r  r 

(c)  If  Z  is  a  submodule  of  V  ,  show  that  L  (Z)  =  Zfl  L  (V)  . 

—  r  r 

(d)  Let  N  =  Rad  (R)  and  set  N°  =  R  .  Prove  that 

L  (R*)  =  {  p  I  pNr  =  (0)  ,  p  €R  }  for  r  =  0,  1,  2,  ... 
r 
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(e)  If  V  is  an  R-module,  show  that  V  L^(R’  )  £L^(V)  .  Give 
examples  which  show  that  the  equality  sign  does  not  always  hold. 

Let  h  be  the  smallest  exponent  for  which  N*  =  (0)  .  If  V 

is  an  R-module,  it  follows  from  (d)  and  ( e )  that  there  exist  integers 

s  with  0  £  s  h  such  that  L  (V)  =  V  .  The  smallest  s  possible 
“  s 

here  is  called  the  Loewy  length  s  =  X  (V)  =  V;  the  series 
(0)  CL  (Y)  c:L^(Y)  c.  .  .  aL  (V)  =  V  is  the  lower  Loewy  series 

1  u  S 

of  V  and  L^(V)  is  the  socle  of  V  . 

Hints .  (a)  Use  Zorn's  lemma  to  show  that  L^(V)  is  a  direct 

sum  of  simple  modules.  Apply  this  to  V/L  (V)  .  (d)  Show 

r 

L  (R*  )N  £L  (R* )  and  deduce  L  (R*  )  Nr  =  (0)  .  In  order  to  show 
r  r-1  r 

that  £  N1"  =  (0)  for  £  ^R  implies  £  ^  L  (R*  )  ,  use  induction  on  r  . 

r 

Let  X  -  be  the  full  resolution  of  X  .  Show  that  for  each  i  , 

the  module  £  e.R  +  L  ,  (R* )  is  either  L  _  (R‘ )  or  a  module 

l  r-1  r-1 

minimal  over  L  (R*  )  and  deduce  £  €L  (R* )  .  (e)  If  v  €V  , 

r  -1  r  — 

let  9  be  the  homomorphism  p  — >  vp  of  R*  onto  vR  .  Use  (b) 
to  obtain  L^(R* )  0  £L^  (vR)  and  then  apply  ( c ). 

20.  Let  V  be  an  R-module.  If  V  ■£■  (0)  ,  the  upper  cover 
L(1)(V)  of  V  is  the  intersection  of  the  maximal  submodules  of  V  » 
(cf.#13).  For  V  =  (0)  ,  s^t  L^(V)  =  (0)  .  Define  recursively 
Lr+1(V)  i  LU)(L(r)(V))  .  r  =  1,  2 . 
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(a)  Show  that  L^  ^(V)/L^  +^(V)  is  completely  reducible 
(if  L(r)(V)  ^  (0)  )  . 

(b)  If  s  =  X(V)  is  the  Loewy  length  of  Y  (cf.$19),  show  that 

V  =  L(0)(V)  L(1)(V)  3  L|(S_1)(V)  2L(S)(V)  =  (0)  . 

This  is  the  upper  Loewy  series  of  V  . 

( c)  If  N  =  Rad  (R)  ,  show  L(j)(R* )  =  Nj  for  j  =  0  ,  1 ,  2,  .  . .  . 

(d)  If  V  is  an  R-module  of  Loewy  length  X  (V)  =  s  ,  show 

that  L(j)(V)  £L  (V)  ,  L(J)(V)  (V)  for  j  =  0,  1,  2,  s-1  . 

Show  further  that  there  exist  simple  R-modules  (0))  which  are 
R-isomorphic  to  submodules  of  both  L^(V)/L^+  ^(V)  and 
kg _j(V)/ Lg _j (V)i  (Ogj^s-1). 

Hints .  Note  that  if  W  is  a  submodule  of  V  ,  then  L^(W) 
£L^^(V)  .  The  crucial  point  is  to  show  that  if  L^  \v)  -  (0)  , 
then  V  is  completely  reducible.  If  this  was  not  so,  then  by#19 
there  exist  v  €V  such  that  vR  is  not  completely  reducible  while, 
by  the  first  remark,  L^(vR)  =  (0)  .  Now  vR«R’/X  where  X 
is  an  r -ideal  of  R  .  Then  (0)  is  the  intersection  of  a  finite  number 
of  simple  submodules  of  vR  and  this  implies  that  vR  is  completely 


reducible  . 
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(b)  Prove  that  if  V  is  an  R-module  and  s  =  X  (V)  ,  then 

L^(V)  £L  (Y)  .  Apply  this  to  various  modules  to  obtain 
s  -  i 

L(r)(V)  9L  (V)  .  If  L(t)(V)  =  (0)  for  t<  s  ,  apply  #L9(b)  to 
s  -r  — 

L^(V)  cL^t+^(V)  c.  .  .  to  obtain  a  contradiction. 

(c)  Show  L^^VjN^V)  and  deduce  Nr  9L(r)(R’)  . 

In  order  to  prove  the  reverse  inequality,  show  that  N  /N  is 

r 

completely  reducible.  Observe  that  N  /N  may  be  considered 
as  an  R/N-module  and  here  the  preceding  results  of #19,  #20  apply 
with  h  =  1  . 


21 .  Let  P  be  a  projective  R-module.  Show  that  P  is  a 
direct  sum  of  modules  R-isomorphic  with  indecomposable 
components  of  R  .  (This  extends #15.  ) 


Hints .  Let  N  =  Rad  (R)  .  Then  P/PN  is  an  R/N-module  and, 
by #19,  it  is  a  direct  sum  of  simple  modules.  Construct  a 
homomorphism  of  P  onto  a  module  A/ B  where  A  is  a  Cartesian 
sum  A  =  of  indecomposable  components  of  R  and 

B  =(+)  ^  (X.  HN)  .  Using  the  projectivity  of  P  ,  find  a  homomorphism 
<p  of  P  into  A  and  show  that  P(p  is  of  the  same  type  as  A  and 
that  the  kernel  L  of  (p  is  included  in  PN.  Obtain  P  =  P  4-  L 
with  P^  ^P<p  .  Apply  the  same  argument  to  L  ,  etc. 
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22.  (a)  Let  H  be  a  module  which  has  only  one  simple  sub- 
module  F  and  assume  that  every  module  has  simple  sub- 

modules  different  from  F  .  Show  that  H  is  injective. 

(b)  If  F  is  a  simple  module,  show  that  there  exists  an 
injective  module  H  with  F  as  its  only  simple  submodule.  Show 

X 

also  that  H  is  uniquely  determined  up  to  R-isomorphism. 

X 

( c )  Show  that  if  Q  is  an  injective  R -module,  then  Q  is 
R-isomorphic  to  a  Cartesian  direct  product  of  factors  of  the  form  H  . 

X 

(d)  Compare  #  22  and  #21  in  the  sense  of  #11. 

Hints .  (a)  Let  W  be  a  module  with  W  .  Construct  a 
maximal  submodule  Y  with  Y  fl  H  =  (0)  .  Show  that  W  =  Y  3-  H 
by  assuming  that  there  exists  a  submodule  ^Y  +  H  of  W  which 
is  minimal  over  Y  +  H  ,  and  obtaining  a  contradiction.  Now  apply  #5. 

(b)  We  have  to  show  the  existence  of  a  module  H  with  the 
properties  assumed  in  (a).  First  method:  Let  Q  be  an  injective 
module  including  F  ,  cf.  #10  and  choose  H  as  a  maximal  submodule 
of  Q  which  includes  F  as  only  simple  submodule.  Second  method: 
Apply  Zorn's  lemma  directly  (with  sufficient  car  el  )  . 

HI.  Problems  for  arbitrary  m -rings. 

In  problems  23-26,  it  is  assumed  that  R  is  an  m-ring  but  not 
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±L 

that  R  has  a  unit  element.  As  always,  R^  denotes  the  extended 
ring  with  unit  element  i  . 

23.  Show  that  if  R-^  is  written  as  a  direct  sum  of  components, 
all  but  one  of  the  components  lie  in  R  .  (This  does  not  depend  on 

the  m -condition. 

24.  Show  that  every  r -ideal  A  of  R  can  be  written  as  a 

direct  sum  A  =  A  +A.  +  ...+A  such  that  1)  A  SRad  (R) 

o  1  n  o 

2)  A  ,  A  ,  ..  .,  A  are  minimal  potent  r -ideals  3)  The  sum 
1  c*  n 

•  •  •  jj. 

A  +  A  +  .  . .  +  A  is  a  component  of  Rff  (except  when  A  f^Rad  (R) 
12  n 

in  which  case  n  =  0  and  A,  ,  .  .  .  ,  A  are  missing)  . 

In 

> 

25.  Give  a  proof  of  (S),  (S*)  using  the  methods  of  §  4. 

Suggested  procedure:  Show  that  R  can  be  written  as  a  direct 

sum  R #  =  U  +  B  of  r -ideals  such  that  1)  B  SR  ,  2)  If  U*  is 

o  o 

a  submodule  of  U  ,  either  U*  +  B*  ^  R^  for  every  r -ideal  B* 

o  o 

of  R  or  U  HR  =  U*  HR.  Prove  that  then  U  is  indecomposable 
o  o  o 

and  that  it  cannot  be  written  as  a  sum  X  +  Y  of  two  r -ideals  with 

X  c  U  ,  Y  SR  .  Deduce  that  U  HR  cRad  (R)  and  finish  up. 
o  o 


26.  Prove  (V)  and  (W). 
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IV.  A  supplement. 

The  results  of  §  5  hold  for  a  class  of  rings  R  slightly  more 
general  than  m -rings. 

27.  Assume  that  R  is  a  ring  which  possesses  a  nil  ideal  N 
such  that  R/N  is  a  semi  simple  m-ring.  Call  an  r -ideal  X  potent, 
if  it  is  not  a  nil -r -ideal. 

(a)  Show  that  N  =  Rad  (R)  ,  that  every  potent  r -ideal  X 
contains  idempotents,  and  that  every  potent  r -ideal  includes  minimal 
potent  r -ideals. 

(b)  Check  that  the  results  of  §  5  holds  for  R  . 

Rings  R  satisfying  the  assumptions  of  #27  are  sometimes 
called  semi -primary  rings  (cf.  Deuring,  Algebren,  Erg.  der  Math.  , 
vol.  4). 

Hints .  If  X  is  an  r -ideal  of  R  ,  then  (X+N)/N  is  an  r -ideal 

of  the  semisimple  m-ring  R*  =  R/N  .  If  X  is  potent,  it  follows 

2 

that  it  contains  elements  TJ  with  T\  =  7}  ^  0  (mod  N)  and  now  an 
idempotent  e  of  X  can  be  constructed  as  in  the  proof  of  (Q).  In 
(b),  the  methods  of  §  5  can  be  used  without  change  except  that  in  the 
proof  of  (S),  it  has  to  be  shown  that  the  process  terminates  after  a 


finite  number  of  steps. 
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CHAPTER  V 

THE  STRUCTURE  OF  SEMISIMPLE  m -RINGS 

If  R  is  an  m-ring  (Chapter  III,  §  8),  we  know  that 
N  =  Rad  (R)  is  nilpotent  and  that  R*  =  R/N  is  semisimple. 

Since  a  homomorphic  image  of  an  m-ring  is  an  m-ring,  the 
problem  of  constructing  all  m-rings  can  be  reduced  to  the  follow¬ 
ing  three  problems: 

(I)  Construct  all  semisimple  m-rings  R*. 

(H)  Construct  all  nilpotent  rings  N. 

(Ill)  Given  a  semisimple  m-ring  R*  and  a  nilpotent  ring  N, 

solve  the  extension  problem  of  finding  all  m-rings  R  with 

Rad  (R)  =  N  such  that  R/N  R*. 

In  this  chapter,  we  discuss  Problem  (I).  This  is  the  Wedderburn 
structure  theory  (developed  by  Wedderburn  for  finite  dimensional 
algebras).  Not  much  is  known  about  Problem  (H).  A  result  of  Wedderburn 
concerning  Problem  (HI)  requires  stronger  assumptions  and  will  be  dealt 
with  later. 

REMARKS  . 

1.  The  results  of  this  chapter  (except  those  of  the  last  section) 
are  special  cases  of  those  of  Chapter  VI. 

2.  If  we  are  only  interested  in  the  Wedderburn  structure  theorems, 
more  direct  proofs  are  available,  see  for  instance  Problems  5  and  7. 

3.  The  second  Wedderburn  theorem  is  a  special  case  of 
Jacobson's  density  theorem  (Part  2,  Ch.  I)  which  provides  a  very 
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simple  approach  to  this  theorem. 

4.  A  similar  program  as  that  stated  for  m -rings  could  be 
proposed  for  arbitrary  rings.  We  would  have  to  construct  all  semi¬ 
simple  rings  and  all  radical  rings  and  we  would  have  to  solve  an 
extension  problem.  No  satisfactory  results  are  available  in  the 
general  case. 


1 .  Cartesian  direct  sum  of  rings. 

In  the  appendix  §  7,  the  Cartesian  direct  sum  of  groups  is 

defined.  An  analogous  definition  can  be  given  in  the  case  of  rings, 

and  the  results  are  quite  analogous. 

Let  R  ,  R  ,  ...  ,  R  be  n  given  rings.  Let  S  be  the  set  of 
12  n 

all  n-tuples 

(1)  s  =  (r  ,  r  ,  .  .  .  ,  r  ) 

12  n 

with  r,  €RlSr^  €  R r  €  R  .  Define  addition  and  multip- 
112  2  n  n 

lication  by  the  formulas 


(2) 


(r.,  r  ,  .  .  .  ,  r  )  +  (p  ,  >  P  »  ...  ,  p  ) 
12  n  12  n 


=  (ri  +  Pi*  r2+  PZ’  ’  "n  +  Pnh 


(3) 


(ri’  r2”**’  rn}  {p\’PZ’  *  '  "Pn  {T  lP  V  TZPZ’  '  *  *  ’  TnPn 


) 


(where  of  course  p.  €R.,p^  €R  ,...,p  €R).  It  is  obvious 

^  1  12  2  n  n 

that  then  S  becomes  a  ring,  the  Cartesian  direct  sum 


n 


S  =  Ri©R2©  ...  ©  Rn  =  ©^ 


R 


a 


a  =  l 


of  the  rings  R 

&  a 


Let  O  be  a  fixed  index,  1  %  Qt  =  n  and  let  i  denote  the 


Ot 
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mapping  of  R  - >  S  defined  by 


(4) 


(  0  ,  .  .  .  ,  0  ,  r  ,  0  ,  .  .  .,  0  ) 


where  the  term  r  €  R  stands  at  the  a -th  place.  Clearly,  i  is 

ol  ot  ol 

a  ring  isomorphism,  the  o?  -th  injection.  It  is  also  obvious  that  the 


image  R  i  =  R  is  an  ideal  of  S  and  that  S  is  the  direct  sum  of 

a  a  or 


these  ideals: 


n 


n 


(5) 


©  y  R  =‘Vr  ;R  ,R 
w  L  ol  L  ol  cl  or 

a=  1  a=l 


Conversely,  assume  that  a  ring  R  is  written  as  a  direct  sum 
%n 

R  =  •  V  R  of  n  ideals  R  .  Each  ideal  R  is  of  course  a 


=  •  y  r 


CL 


ring.  Since  the  sum  is  direct,  R  0  R-  =  (0)  for  Ot  /  $  and  since 

Or  p 

R  R*c  R  fiR^(as  R.  is  an  f  -  ideal  and  R  an  r -ideal)  ,  we  have 
OL  jS  -  OL  0  fi  a 


(6) 


W(0)’ 


for  ol  ^  jS  . 


Every  element  r  €  R  has  a  unique  representation  r  =  )  r 

Lt  ,  OL 

a  =  l 


with  r  €  R  .  If  we  map 
OL 


r  - >  (r  ,  r  ,  ...  ,  r  ) 

12  n 


then  we  see  easily  using  (6)  that  we  have  a  ring  isomorphism  0  of  R 


onto 


n 

©I 


a  =  l 


R  ; 

or 


(7) 


•  y  r  « 0  y  r  . 

L  OL  L  OL 

Ol  =1  or  =  1 


Because  of  (5)  and  (7)  ,  we  usually  don't  distinguish  carefully 


between  "direct  sums" 


of  ideals  and  "Cartesian  direct  sums" 


of  rings. 
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However,  in  principle,  they  are  not  the  same  thing.  In  a  direct  sum 

we  have  a  given  ring  R  and  the  are  ideals  of  R.  In  a  Cartesian 

direct  sum,  we  start  from  arbitrary  rings  R^  and  create  a  new  ring  S. 

Here,  even  all  the  R  may  be  equal. 

CL 

If  &  is  fixed,  1  ^  Of  =  m  ,  the  mapping 


(8) 


(P  i  »  P  m  m  •  $  P  )  ^  P 

1  Z  n  ol 


is  a  ring  homomorphism  p  of  ©  £  R  onto  R  ,  the  O' -th  projection 

or  a  a  - - ~ — ■*- - — 


ip  =  I  ;  i  p  =  Q 
O'  O'  OL  OL  p  OL 


for  OL  /  P 


where  1^  is  the  identity  map  of  R^  ,  I  is  the  identity  map  of 

0)  ^  R  and  Q  is  the  zero -map  of  R  . 

CL  OL  OL 

OL 

The  zero-element  of  is  obtained  by  taking  each  r^ 

a 

in  (1)  as  the  zero-element  0  of  R  .  If  each  R  has  a  unit  element 

OL  O' 

i  ,  then  0  )  R  has  a  unit  element  obtained  by  taking  each 
OL  L  ,  OL 

Of-  1 

r  =1  in  (1). 

OL  OL 

There  is  no  difficulty  about  defining  the  Cartesian  direct  sum  of 

infinitely  many  rings  R^  .  We  consider  here  collections  {r^}  such  that, 

for  each  index  i  ,  we  have  an  element  r^  €  R,,  such  that  only  finitely 

many  r.  are  different  from  0  .  Everything  carries  over,  except  the 
1 


very  last  remark  concerning  the  existence  of  a  unit  element. 
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2.  Structure  of  semisimple  m-rings . 

Let  R  /  (0)  be  a  semisimple  m-ring.  We  know  (Chapter  IV, 
(T),  also  Chapter  III,  Problem  10)  that  R  has  a  unit  element  1.  This 
saves  us  the  trouble  to  require  this  as  a  separate  assumption  concerning 
R.  By  Chapter  IV,  (0)  ,  R  has  a  finite  number  k  of  "distinct" 


irreducible  representations 


^.f2 . / 


and  k  is  what  we 


called  the  height  of  R.  Each  ^  .  is  a  ring  homomorphism  of  R  onto 

J 

a  certain  ring  consisting  of  all  ^ .(p)  with  p  €  R.  We  shall  denote 
this  ring  by  {  ^  }  , 


P  €  R  }  • 


Clearly,  .  }  is  a  primitive  ring  in  the  sense  of  the  following 

<3 

definition. 


DEFINITION  1.  A  ring  R  is  primitive,  if  R  possesses  faithful 
irreducible  representations.  (Neither  the  m-condition  nor  the  exist¬ 


ence  of  a  unit  element  is  required.  ) 

/? r 


<1 


Indeed,  the  identity  map  }  .(p)  — >  y \p)  of  is  a  ring 


J 


isomorphism  T,  of  {F.}  onto  a  set  of  endomorphisms  of  an 

J  J 

abelian  group  and  this  representation  ^T.  is  irreducible,  since  the 

J 

representation  f  .  of  R  was  irreducible. 

J 

(A)  If  R  ^  (0  )  is  a  semisimple  m-ring  and  if  5,  ,  A? •••  .  X 

X  “  1C. 

are  the  "distinct"  irreducible  representations  of  R  ,  then  the  mapping  0 


p  — »  (  !r  j(p)  »  >2(p) 


Fk(p) ) 


(10) 


9  •  •  •  I 
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is  a 


ring  isomorphism  of  R  onto  the  Cartesian  sum  0 


of  the  primitive  rings  { 

J 

Proof:  It  is  clear  that  0  is  a  ring  homomorphism  of  R  into 

the  Cartesian  sum  ©  .  Actually,  the  Frobenius -Schur 

— — 0  J 

Theorem  (Chapter  IV,  (Y)  )  shows  that  R  is  mapped  onto  the 

Cartesian  sum.  If  p  belongs  to  the  kernel  of  0  ,  then  -f* Ap)  =  0 

3 

for  1  ^  j  %  k  .  If  ^  is  any  irreducible  representation  of  R  , 

^  is  equivalent  to  one  of  the  ^  .  and  hence  ^(p)  =  0  .  This 

J 

shows  that  p  €  Rad  (R)  and  as  R  was  semisimple,  p  =  0.  Thus, 

©  is  an  isomorphism. 

We  now  come  to  the  definition  of  simple  rings  R.  The  essential 
requirement  is  that  R  has  only  the  trivial  ideals  (0)  and  R.  This  is 
equivalent  with  saying  that  each  ring  homomorphism  of  R  is  either  an 
isomorphism  of  R  or  the  zero-mapping.  This  shows  the  analogy  with 
the  definition  of  simplicity  in  group  theory. 

If  R  has  only  the  trivial  ideals  (0)  and  R,  then  in  particular 
either  Rad  (R)  =  (0)  or  Rad(R)  =  R  ,  that  is,  R  is  either  semi¬ 
simple  or  a  radical  ring.  Since  we  want  simple  rings  to  be  semisimple, 
we  define  now 


DEFINITION  2.  A  ring  R  (with  or  without  m -condition)  is 
simple  ,  if  R  has  only  the  trivial  ideals  (0)  and  R,  and  if  R  is 
not  a  radical  ring  . 


J, 

The  exclusion  of  radical  rings  in  not  completely  standard  and  we 
reserve  the  right  to  change  our  attitude  in  later  chapters.  Of  course, 
if  we  consider  Only  rings  with  unit  element^  the  whole  point  does  not 
arise. 
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(B)  A  simple  ring  R  is  primitive.  A  primitive  ring  is  semisimple. 


Proof:  1)  Since  a  simple  ring  R  is  not  a  radical  ring,  R  has  an 


(Chapter  III,  §  1).  The  kernel  T 


irreducible 


is  an  ideal  of  R  and  since  we  must  have  T  /  R  ,  it  follows  that 


T  =  (0).  Hence  is  faithful  and  R  is  primitive. 

2)  If  R  is  primitive  and  if  ^  is  a  faithful  irreducible 
representation,  then  V  €  Rad  (R)  implies  ^  (p)  =  O  and  hence 


V  =  0.  Thus,  Rad  (R)  =  (0)  and  R  is  semisimple. 

Primitive  rings  without  m-condition  will  be  discussed  in  a 
later  chapter.  They  need  not  be  simple.  This  is  different  if  we 
assume  the  m-condition.  Here  ,  Definition  2  can  be  given  in  the 
following  form: 

DEFINITION  2*.  An  m-ring  R  /  (0)  is  simple,  if  R  has 

only  the  trivial  ideals  (0)  and  R,  and  if  R  is  not  a  ring  consisting 

Z 

of  a  prime  number  of  elements  with  R  =  (0). 

2 

Indeed,  if  R  has  only  the  trivial  ideals,  then  the  ideal  R  must 

be  either  R  or  (0).  In  the  former  case,  R  is  not  nilpotent  and  hence 

2 

not  a  radical  ring.  If  R  =  (0)  ,  every  additive  subgroup  of  R  is  an 

ideal.  Since  the  only  such  subgroups  then  are  (0)  and  R  ,  R  must 
consist  of  a  prime  number  of  elements. 

(C)  Let  R  be  a  m-ring.  The  following  three  statements  are 


equivalent: 


(I)  R  is  simple. 

(II)  R  is  primitive. 
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(III)  R  is  semisimple  of  height  k  =  1. 

Proof:  By  (B)  ,  (I)  implies  (II).  Further,  a  primitive  ring  R 

is  semisimple  and  hence  (A)  can  be  applied.  We  must  have  k  =  1  , 

since  otherwise  none  of  the  "distinct"  representations  1'  2* '  ‘  f  k 

could  be  faithful.  Finally,  if  R.  is  semisimple  and  k  =  1  ,  then  all 
irreducible  representations  are  equivalent  and  hence  have  the  same 
kernel  M  and  then  M  =  Rad  (R)  =  (0).  If  R  had  an  ideal  H  4  (0), 

R  ,  an  irreducible  representation  of  R/H,  would  yield  an  irreducible 
representation  of  R  with  a  kernel  d  H,  a  contradiction.  Hence  R  is 
simple. 

Combination  of  (A)  and  (C)  yields 

(D)  First  Wedderburn  Theorem.  A  semisimpie  m-ring  is  isomorphic 

k 

with  a  Cartesian  sum  ©  L.  „  R.  of  simple  rings  R.. 

J  =  1  J  J 

Indeed,  every  ring  {fj  in  (A)  is  a  homomorphic  image  of  an 

J 

m-ring  and  hence  an  m-ring.  Now,  (C)  shows  that  the  primitive 

m-ring  R.  -  {?,}  -  simple. 

J  J 

3.  The  converse  of  the  first  structure  theorem.  Uniqueness  , 


LEMMA.  Let  R 


-•I. 

J 


=  1 


R.  be  a  Cartesian  sum  of  k  rings 


R  each  of  which  has  a  unit  element  1  ..  Each  r-ideal  X  of  R  has 
j  J 

the  form  X  =#£  Y  where  Y.  is  an  r-ideal  of  R  .  Conversely, 

J  j  J  j 
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each  such  sum  0  E.Y.  is  an  r-ideal  of  R. 

J  J 

<  k 

Proof:  Let  1  =  OL  =  k.  The  a  -th  projection  p  of  R  =  0  E,  .  R, 
- —  a  J=1  J 

maps  an  r-ideal  X  of  R  onto  an  r-ideal  Y  of  R  Let  1 

a  oi  -L  a 

be  the  image  of  1  under  the  a -th  iniection  i  ,  i.e.,  ~J  is  the 

a  a  ■‘■a 

element  of  R  whose  a -th  "component"  is  while  all  other 

components  vanish.  Then  X  2  c  X.  Clearly,  X  ^  is  the  set  Y^ 

obtained  from  Y  by  the  injection  i  .  Thus, 

0!  0 1 


X  =  X 


1=XI  =,I  %  -  ®X  Ya  • 

a  =  l  a  =  l  a  =  l 


The  last  statement  of  the  lemma  is  obvious.  It  is  also  clear  that  X  is 

an  ideal  of  R,  if  each  Y,  is  an  ideal  of  R.. 

J  J 

In  particular,  if  all  R.  are  m-rings,  it  follows  from  the  lemma 

that  R  =  0  £.  ,  R.  is  an  m-ring.  Moreover,  if  each  R.  is 
J=1  J  J 

simple,  the  most  general  ideal  of  R  has  the  form 


(ID 


X  =  ffl  r  Y.  ,  with  Y.  =  (0)  or  Y.  =  R  . 

J  J  J  J 


II  some  Y.  here  is  R.  ,  then  X  contains  an  idempotent  7.  and  then 
j  J  J 

X  ^  Rad(R).  Hence  Rad  (R)  =  (0)  and  we  have 


(E)  A  Cartesian  direct  sum  of  finite  number  of  simple  m-rings  is  a 
semisimple  m-ring. 

The  Lemma  also  yields  the  uniqueness  theorem 

(F)  If  R  is  a  semisimple  m-ring,  there  is  a  unique  way  in  which  R  can 
be  written  as  a  direct  sum  of  ideals  which  are  simple  rings. 
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Proof:  Because  of  (D)  ,  we  may  take  R  in  the  form  R  = 
k  ~ 

®  ^  R.  where  R^,  R^»  .  ..,  R^  are  simple  rings.  The  most 

j=1  J 

general  ideal  X  of  R  then  has  the  form  (11)  ,  and  if  X  is  to  be 


a  simple  ring,  exactly  one  of  the  Y  must  be  R  and  all  other  Y. 

OL  O'  J 

must  be  (0)  .  Let  R  be  the  ideal  X  obtained  in  this  manner. 

d 

k 


Then,  R 


=  *  \  R 

L  ^  ,  OL 

Ot  -  1 


and  as  R 


Ot 


R^  is  a  simple  ring. 


(F*)  Corollary:  The  simple  rings  R.  in  (D)  are  determined  by 
R  up  to  isomorphism. 


4,  Endomorphisms  of  Cartesian  sums  of  abelian  groups. 

Before  studying  the  structure  of  simple  m -rings,  we  need  a 
group  theoretical  lemma.  We  consider  here  a  Cartesian  sum 

,q 

V  =  ©  )  V.  of  abelain  groups  V.  which  all  have  the  same 


=  ®y  v. 

LT-i  3 


j 


domain  R  of  operators  (cf.  appendix,  section  5).  Let  again 

i  denote  the  <y  -th  injection  V  - >  V  and  p  the  O'-th 

ot  J  ot  ot 

projection  V  - >  V  .  As  in  (9)  ,  we  have 

O' 


(12) 


ip  =  I  ;  i  pfi  =  D 

a  a  ot  or  p  ol 

q 


for  fl  /  0 


y  p  i  =  i . 

L  OL  OL 


OL  =  1 


Let  9  be  an  element  of  £  (V)  ,  the  ring  of  R -endomorphisms  of 
V.  If  cl  and  6  are  any  two  of  the  indices  1,  2  ,  .  .  .  ,  k  ,  we  set 


(13) 


9  o  =  i  ©Pc  • 
OP  OL  P 


Clearly,  6  Q  £  Hom(V  ,  VQ)  as 
OL  P  OL  P 
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y  ^  ^  y  ^  ^  y  y 

a  3 


We  call  the  matrix  coefficients  of  6  .  By  a  matrix,we  mean 

for  the  moment  simply  a  function  f  of  two  variables  O',  3  which 

range  over  a  set  ^  of  indices;  the  value  f(ev ,  0)  is  to  belong  to  a 

given  set  S  ^  which  may  depend  on  &  and  3  .  In  our  present  case, 

(L  =  {l,2,...,  q}  and  S  _  =  Hom(Y  ,  V  ).  Thus,  (13)  defines 
0  O'  P  O'  3 

a  matrix  which  will  be  donoted  by  [0]  or  by  [8  Q]  .  The  letter  O' 

O'  P 

will  always  be  reserved  for  the  first  of  our  two  variables  and  3 
for  the  second  variable.  We  often  call  &  the  row-index  and  3 
the  column -index.  If  we  wish  to,  we  may  write  [@]  in  the  usual 
fashion 


M  = 


B  0  _  ...  @ 

11  12  Iq 

e_,  ...  e, 

21  22  2q 


6  .  0  _  ...  0 

qi  q2  qq  J 


but  this  is  only  a  question  of  notation. 

Usually,  when  we  speak  of  matrices,  the  sets  ^  satisfy  the 

following  further  conditions:  1)  S  Q  is  an  additive  abelian  group. 

O'  P 

2)  The  products  of  the  elements  x  €  S  with  the  elements  y  €  S  Q 

r  ory 

are  defined  as  elements  xy  €  S  a  (for  O' ,  3  ,  y  €  jj  )  .  If  the 

d  3  Q 

gl  and  iVy  g]  are  two  matrices  (with  the  3ame  ^  and  the  same 
p  ),  we  can  define  the  sum,  and  if  ^  is  finite,  the  product  of  the 


matrices  in  the  usual  manner 
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[eaP]  +  [T?aB]  ‘  ^ryg  +  "ttS1  : 

<•„ »! I". .1  '  wl“  ■  L  V’w  ' 

Usually,  the  addition  and  multiplication  of  elements  of  the  various 
g  satisfy  the  following  further  rules 


x(yz)  =  (xy)z 

for 

x  € 

S  >  y€S  ,z€S  Q 

cty  7  y6  6  3 

x(y  +  z)  =  xy  +  xz 

for 

x  € 

S  ;  y,  z  €  S 

ay  y  p  ; 

(y  +  z)x  =  yx  +  zx 

for 

y» z 

€  S  ;  x  €  S 

tty  y  3  . 

Then  the  matrices  (with  fixed 

finite 

r> 

form  a  ring  ^ 

We  can  now  state  our  Lemma: 


(G)  Let  V  =  S  £  V.  be  a  Cartesian  sum  of  q  abelian  groups 

j=1  P 

V  ,  all  with  the  same  set  R  of  operators.  Then  the  ring  j  (V)  of 
R -endomorphisms  of  V  is  isomorphic  with  the  ring  of  matrices 
[8a  g]  with 

}  -  {» -  2 . q}»  e  e/  S  8«e  €  SaP  =  Hom(Va,  V  g )  . 

Proof:  Note  first  that  for  our  sets  S  0  and  the  usual  definition 
-  O'  P 

of  addition  and  multiplication  of  homomorphisms,  the  above  conditions 
are  satisfied. 

If  0  6  T.  (V)  has  the  matrix  coefficients  &  Q  =  i  0pQ,  we 

u  or  P  Of  P 

define  a  mapping  of  t  (V)  into  by  mapping  Q  — >  re]  =  [e  J 

l  or  p 

Clearly,  this  is  an  additive  homomorphism.  Further  ,  if  0,  r)  €  £  (V) 


then  ,  by  (12)  , 


-139- 


(0T?)  Q  =  i  0T?po  =  i  0IT7  p  =  i  0  Y  pi 
a  3  o  8  o  3  a  L*  ry 


i  i?PH 

y  y  p 


y  =  1 


=  )  i  9p  i  ??p  =  V  e  7?  . 

L  O'  y  y  3  L*  ay  y  3 
y  =  i  y  =  i 


This  proves  that  u>  is  a  ring  homomorphism. 

Moreover,  if  elements  0  Q  €  Horn  (V  ,  V_)  are  given 

0  P  Ot  3 

arbitrarily  for  all  a,  3  €  jj*  and  if  we  set 


e 


=  V  p  e  i  , 
/C  p  pa  a 


p,  a=l 


then  0  €  Hom(V,  V)  ,  that  is,  0  €  ^  (V)  .  Further,  by  (12) 

i  ©p^  =  0  Thus  0  has  the  prescribed  matrix  coefficients  and 

a  3  a  3 

(jj  maps  (V)  onto  . 

Finally  ,  if  ©  €  £  (V)  has  the  prescribed  matrix  coefficients 

i  0po  =  0  t  then  (12)  shows  that 
q:p 

e  =  101  =  ^  P  i  @y  p0iQ  =  0  o  • 

^  a  6  r3  3  a  3 


o 


3 


Hence,  ©  =  Q  ,  that  is,  u>  is  an  isomorphism  and  we  are  finished. 


5.  Structure  of  simple  rings. 


The  results  of  section  2  and  section  3  show  that  the  study  of 
semisimple  m -rings  can  be  reduced  to  that  of  simple  m -rings  R.  We 
apply  here  the  results  of  Chapter  IV.  Since  a  simple  m-ring  R  has 
height  k  =  1  by  (C)  ,  it  follows  from  Definition  3  of  Chapter  IV  that 
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all  indecomposable  components  of  R  are  R -isomorphic.  We  may 
thus  set 


(14) 


t 


where  all  U.  are  R -isomorphic  to  the  same  indecomposable 
J 

component  X  of  R .  Moreover,  by  Chapter  IV,  (L)  ,  the  module 
X  has  the  greatest  proper  submodule  Y  =  X  D  Rad  (R).  Since 
Rad(R)  =  (0),  this  means  that  Y  =  (0)  ,  that  is,  X  is  a  simple 


module. 

The  di 


irect  sum  T. . in  (14)  is  R -isomorphic  to  the 

j=l  J 


=  V  =  ...  =  V  =  X. 

2  q 


Cartesian  sum  0;  U.  .  Here,  replace  each  term  U.  by  the 

Li-i  3  3 

R -isomorphic  module  X  ,  that  is,  form 

q 

(15)  V  =  ©  £  V.  ,  with  V1  = 

j=l 

Then  R'  =  IL  is  R -isomorphic  with  V.  This  implies  that 

(R  *  )  and  ^(V)  are  ring-isomorphic.  Now,  ^(R*)  is  a  ring  R' 

anti -isomorphic  with  R  (Chapter  IV,  F  ).  On  the  other  hand,  Lemma 

(G)  applied  to  (15)  shows  that^(V)  is  isomorphic  to  the  ring  ^  of  all 

q-rowed  matrices  [0  Q]  with  0  Q  €  Horn  (V  ,  V  )  =  Horn  (X,  X)  , 

M  a  3  ol  0  a.  3 

that  is,  with  0^  ^  €  ^(X)  .  Since  X  is  a  simple  module,  (X) 
is  a  skew  field  T  (Chapter  IV  ,  B  ))  .  Thus,  is  the  ring  of  all 
q-rowed  matrices  with  coefficients  in  the  skew  field  T.  W'e  shall 
denote  this  ring  by  T^.  Thus,  we  have  the  ring -isomorphism 


Indeed,  if  $  is  an  R -isomorphism  of  R*  onto  V  ,  then 
f(R')  =  $  £(V)  <t>_1  «  £(V)  . 
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(16)  R'  «  T  . 

q 

We  wish  to  show  that  the  simple  ring  R  itself  is  a  complete 
matrix  ring  over  a  skew  field.  If  R  satisfies  the  m -condition  for 
¥  -ideals  (instead  of  that  for  r-ideals)  then  R'  satisfies  the 
m-condition  for  r-ideals.  We  may  apply  (16)  to  R1  instead  of  R 
and  since  (R  ' ) '  R  ,  we  see  that  R  is  a  complete  matrix  ring 
over  a  skew  field. 

If  we  wish  to  stick  with  rings  with  the  m-condition  for  r-ideals, 
we  note  that  if  T  and  T'  are  anti -isomorphic  rings,  the  rings  Tq  and 
T1  are  anti-isomorphic.  Indeed,  if  t - >  t1  is  a  fixed  anti -isomorphism 

q 

of  T  onto  T'  ,  a  simple  checking  shows  that 

tR£T;a>3  =  l,2,...,q; 

ftp 

0!  row  index,  6  column  index 
is  an  anti-isomo  rphism  of  T  onto  T'  .  Take  now  the  anti -isomorphic 

q  q 

rings  on  both  sides  of  (16)  and  set  D  =  T'  .  Clearly,  D  is  a  skew 
field  and  we  have 

(H)  Second  Wedderburn  Theorem.  A  simple  m-ring  R  is  isomorphic 
to  a  complete  matrix  ring  D  over  a  skew  field  D.  Here  ,  q  is  a 
fixed  degree. 

A  slightly  different  transition  from  (16)  to  (H)  will  be  given  in 
Section  6. 

6.  The  converse  theorem  and  the  uniqueness  theorem. 

(I)  Let  D  be  a  skew  field  and  let  q  be  a  natural  integer.  Then 
R  =  D  is  a  simple  m-rinsr. 


[t  J 
a6J 


r*W 
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Proof:  Let  e..  denote  the  q-rowed  matrix  which  has  the 
-  ij 

coefficient  1  (  D  in  its  i-th  row  and  j-th  column  while  all  other 

coefficients  vanish  (i,j  fixed  ,  1  -  i  ,  j  =  q  )  .  Then 


(17) 


e.  .e 
ij  rs 


is 


0 


for  j  =  r 
for  j  f  r 


Clearly 


(18a) 


1  6.  i  4  4...  +  e 

11  22  qq 


1  0  ...  0 

0  1  ...  0 

00...  1 


is  the  unit  element  of  D  .  It  follows  from  (17)  that  we  have  a 

q 

resolution  of  1  into  q  orthogonal  idempotents.  This  corresponds 
to  a  decomposition 


(18b) 

cf  .  Chapter  IV,  (D)  . 


D  =  U_  +  U,  +  ...  +  U  ;  U  =  e  D  , 

q  1  2  q  h  hh  q 


The  mapping  d  - >  di  with  d  €  D  is  an  isomorphism  cf 

D  onto  a  subring  of  D  .  We  identify  d  and  dl  .  Note  that  d  €  D 

q 

then  commutes  with  every  e..  .  Moreover,  the  general  element  [d.l 

ij  ij 

of  D  can  be  written  in  the  form 

q 


[V  -  l 

1»J=1 


d  e . .  ;  (d..  €  D)  . 

Ij  ij  iJ 


It  follows  from  (17)  that  U,  =  e.  .  D  consists  of  the  elements 

h  hh  q 


u  =  l  Vhj 

j  =  l 


with  arbitrary  d  €  D  .  These  are  the  matrices  in  which  all  rows 

hj  q 
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but  the  h-th  row  vanish  while  the  coefficients  in  the  h-th  row  are 

arbitrary.  If  u  /  0  ,  some  d,  .  ^  0  .  Then  ud  *e  =  e,  . 

hj  hj  jh  hh 

Hence  e  ,  €  uD  and  this  implies  U,  =  e,  ,  D  C  uD  c.  U,  , 
hh  q  hhhq—  q—  h 

that  is  ,  U  =  uD  .  Since  this  holds  for  every  u  ^  0  in  U  , 
h  q  h 

the  module  U  is  simple.  A  simple  group  theoretical  lemma 
h 

(cf.  Appendix,  Section  5)  shows  that  the  m -condition  holds  for  the 
module  D  in  (18a)  ,  i.  e. ,  D  is  an  m-ring.  As  a  matter  of 

q  q 

fact  the  same  proof  shows  that  the  maximum  condition  holds  for 


the  r -ideals  of  D  .  Then  (18b)  is  a  decomposition  of  D  into 

q  q 

indecomposable  components.  If  U  and  U  are  two  of  these 

h  r 

components,  then  e  =  e,  e  ,  €  U,  U  .  Since  e.  ,  is  an 

r  hh  hr  rh  h  r  hh 

idempotent.  Chapter  IV,  (X)  shows  that  U  and  U  are  D  - 

—  h  r  q 

isomorphic.  Hence  has  the  height  1  (p.  83). 

Let  V  €  Rad  (D  ).  Since  the  representation  u„  with  the 

q  n 

simple  module  U  is  irreducible,  we  have  ia.  jw  =  a  ,  that  i  s 

h  h 

U  *  V  -  (0).  In  particular,  e  1/  =  0  .  Since  this  holds  for  all  h  , 
h  hh 

it  follows  from  (18a)  that  V  -  =  0  .  Hence  Rad(D  )  =  (0). 

q 

Consequently,  is  a  semisimple  m-ring  of  height  1  .  Now  (C) 

shows  that  D  is  simple,  q.  e.d. 

q 

The  same  arguments  can  be  used  for  the  proof  of  the  unique¬ 


ness  theorem: 
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(J)  If  R  %  D  where  D  is  a  given  skew  field,  then  q  is  uniquely 

determined  by  R  and  D  is  determined  up  to  ring  isomorphism. 

Proof:  We  use  the  same  notation  as  before.  The  D  -module  D 
-  q  q 

has  the  composition  series 

•  •  •  ®  •  • 

U.  +  U  +  ...  +  U  3  U  +  ...  +  U  3...  z>  U  +  U  =>  U  3(0) 

12  q  2  q-1  q-1  q  q 

of  length  q.  Since  R  «  D^,  the  R -module  R*  has  then  also  a 

composition  series  of  length  q.  By  the  Jordan-Hoelder  Theorem 

(Appendix,  Section  4)  ,  the  length  of  a  composition  series  is  uniquely 

determined  .  Hence  q  is  uniquely  determined  by  R. 

Let  ^  be  the  irreducible  representation  of  D  with  the 

module  =  e^D  •  By  Chapter  IV,  (F^)  ,  the  commuting  ring 

f(  )  is  anti -isomorphic  with  e  D  e  .  Clearly,  e  D  e 

liqll  11  q  11 

consists  of  the  martices 


r  d  0  ...  0  n 


0  0  .  .  .  0 


with  d  €  D 


0  0  .  .  .  0 

which  form  a  ring  isomorphic  with  D.  Hence  v*  )  is  anti -isomorphic 
with  D. 


Let  ©  be  an  isomorphism  of  R  onto  D  .  Then 

q 

*  6  p  * 

©  f  :  p  - >  p 


^  e  *  <P®)  .  (P  €  R) 


is  an  irreducible  representation  of  R.  Clearly,  f o  and  / 

have  the  same  commuting  ring  {<  f  0)  =  f  </>  .  Since  R  is 
simple  and  hence  of  height  1  ,  every  irreducible  representation  of  R 
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is  anti -isomorphic  to  D  and  this  shows  that  D  is  determined  by 
R  ,  apart  from  isomorphism. 

We  conclude  this  section  with  a  number  of  remarks.  First, 

we  describe  an  alternate  manner  in  which  (H)  can  be  obtained 

from  (16).  We  have  seen  that  (16)  holds  for  all  m-rings  R. 

Now  the  proof  of  (I)  shows  that  D  is  an  m-ring,  if  D  is  a 

91 

skew  field.  This  shows  that  R 1  as  D  is  an  m-ring  too.  Hence 

q 

(16)  can  be  applied  to  R'  instead  of  R  and  it  follows  that  (R1)' 
is  isomorphic  with  a  complete  matrix  ring  over  a  skew  field  and 
as  (R ' ) '  R  ,  this  yields  (H)  . 

Next,  we  note 

(K)  If  R  is  a  semi-simple  m-ring,  not  only  the  minimum  condition 
but  also  the  maximum  condition  holds  for  r -ideals.  Moreover,  both 
the  minimum  and  the  maximum  condition  holds  for  y  -ideals. 

Proof:  Because  of  (D)  and  the  group  theoretical  lemma  (Appendix 
Section  7)  already  used,  it  sufficies  to  prove  (K)  for  simple  m-rings 
R  .  Then,  we  may  take  R  =  D  where  D  is  a  skew  field.  As 

q 

already  remarked  in  the  proof- of  (J[),  the  maximum  condition  holds  for 
the  r -ideals  of  R.  Furthermore,  by  (16)  ,  R'  T  where  T  is  a 

q 

skew  field.  Hence  the  minimum  and  maximum  condition  hold  for  the 
r -ideals  of  R'  and  this  means  that  both  these  conditions  hold  for  the 


y  -ideals  of  R. 
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7.  Structure  of  R -modules. 

(L)  Let  R  be  a  semisimple  m-ring  and  let  V  be  a  unitary 

R -module  (i.e.,  v  1  =  v  for  v  €  V).  Then  V  is  completely 

❖ 

reducible,  that  is,  V  is  a  direct  sum  of  simple  modules. 

Proof:  Let  L  be  the  sum  of  all  simple  submodules  of  V.  As 

shown  in  the  Appendix,  Section  6,  this  "socle"  L  of  V  is  completely 

reducible.  We  show  that  L  =  V  .  Suppose  that  this  is  not  so  and  that 

there  exist  elements  v  €  V  with  v  ^  L.  As  in  Chapter  IV,  (K) , 

n 

write  R  as  a  direct  sum  R  =  0  ^  IL  of  indecomposable  r -ideals 

i=  1 

.  By  Chapter  IV,  (L)  ,  each  TL  has  the  greatest  proper  submodule 

W  =  0  Rad  (R).  Since  Rad(R)  =  (0)  ,  we  have  =  (0)  ,  that 

is,  U.  is  simple.  Since  v  =  vl  €  vU  and  v  £  L  ,  there  exist 

i 

indices  i  with  vU.  (fl  L.  Now  the  mapping  u  - >  vu  with  u  running 

over  U.  is  a  R -homomorphism  of  U.  onto  vU..  Since  U.  is  simple, 
l  ii  l 

the  image  vIL  is  either  simple  or  (0).  Then,  vlL  would  belong  to  the 
sum  L  of  all  simple  submodules  of  V  ,  a  contradiction. 

The  following  two  rules  follow  at  once  from  general  results  on 
completely  reducible  groups  (Appendix,  Section  6). 

(M)  If  R  is  a  semisimple  m-ring,  if  V  is  a  unitary  R -module 
and  X  a  submodule  of  V,  then  V  is  the  direct  sum  V  =  X  +  Y 
of  X  and  another  submodule  Y  of  V. 

$ 

This  can  also  be  obtained  from  Chapter  IV,  Problem  19. 


-147- 


(N)  If  R  is  a  semisimple  m-ring  and  V  a  unitary  R -module,  the 
maximum  condition  and  the  minimum  condition  for  submodules  of  V 
imply  each  other. 

It  is  rather  surprising  that  (N)  remains  valid  for  m-rings  R 
which  are  not  semisimple,  provided  that  R  has  a  unit  element. 

(O)  Let  R  be  an  m-ring  with  unit  element  and  let  V  be  a  unitary 

R -module.  The  minimum  and  maximum  condition  for  submodules  of  V 
imply  each  other. 

Proof:  Let  N  =  Rad(R)  and  set  N°  =  R  .  Since  N  is  nilpotent, 

N  =  (0)  for  some  natural  integer  h.By  VN^  ,  we  mean  of  course  the  sub- 
module  of  V  consisting  of  finite  sums  of  terms  vpi  with  v  €  Y  ,  \l  €  . 

Then 

V  =  VN°  3  VN1  3  VN2  3  ...  3  VNh_1  3  VNh  =  (0). 

It  will  be  sufficient  to  prove  that  if  either  the  minimum  or  the  maximum 
condition  for  submodules  of  V  is  assumed,  then  V  has  a  composition 
series  (see  the  Appendix,  Section  4)  .  This  will  be  shown,  if  we  can  find 
a  composition  series  from  VN^  to  VN^  .  Again,  this  is  equivalent  with 
finding  a  composition  series  of  X  =  VN^  /  VN"' 

Let  |tj  denote  the  residue  class  (mod  VN^  )  of  an  element  t  €  Vn\ 
If  v  €  N,  then  tv  €  VN'*  and  hence  \tjv  =  \tv  |  =  |0_[  .  Set  R*  =  R/N. 

We  define  now  an  R* -module  X*  consisting  of  the  same  elements  j_t]  as 
X  and  with  the  same  addition.  If  p*  €  R*  and  if  p  is  a  corresponding 


element  of  R  ,  set 


-148- 


|_tjp*  =  |_^p  . 

We  may  replace  here  p  by  p  +  v  with  v  €  N  ,  but  as  |_tj  v  =  0  ,  this 
does  not  change  our  product.  Hence  the  prodict  jt  | p*  is  well  defined 
and  it  is  now  clear  that  a  subset  of  X*  is  a  submodule,  iff  it  forms  a 
submodule  of  X. 

By  assumption,  either  the  maximum  or  the  minimum  condition  holds 
for  submodules  of  V.  It  then  follows  that  the  corresponding  condition  holds 
for  the  submodules  of  X  =  VN*'/  VN^  and  hence  for  the  submodules  of 
X*,  Since  R*  =  R/N  is  a  semisimple  m -ring,  (N)  shows  that  both 
maximum  and  minimum  conditions  hold  for  submodules  of  X*  and  then 
both  these  conditions  hold  for  submodules  of  X.  It  follows  that  the  module 
X  has  a  composition  series  and  this  is  what  we  had  to  prove. 


(P)  Corollary  (Hopkins).  If  R  is  an  m-ring  with  unit  element,  the 
maximum  condition  holds  for  r-ideals. 

We  only  have  to  apply  (O)  to  the  module  V  =  R  .  For  m -rings 
without  'X  ,  (P)  does  not  hold,  see  Problem  23  d. 


Historical  Note:  As  already  remarked,  the  results  of  this  chapter  were 
obtained  by  Wedderburn  for  finite  dimensional  algebras.  They  were  general¬ 
ized  by  Artin  for  rings  which  satisfy  both  the  maximum  condition  and  the 
minimum  condition.  These  conditions  had  first  been  introduced  by  Emmy 
Noether.  Actually,  the  maximum  condition  was  used  only  to  show  that  the 
radical  is  nilpotent.  It  was  noticed  by  Hopkins  that  one  can  dispense  with  this 
condition  altogether  for  our  theory.  This  fact  is  not  particularly  important 
in  itself,  but  it  is  rather  curious. 
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PROBLEMS  TO  CHAPTER  V 


I.  Problems  Related  to  Wedderburn's  Theorems. 


1_.  Suppose  that  a  ring  R  is  a  sum  R  =  ^  S.  of  subrings  S^ 

S.S  =  (0)  for  i  4-  j.  Show  that  each  S.  is  an  ideal  of  R. 

1  J  1 


S  has  a  unit  element,  show  that  the  sum  )  .S  i 
1  Li  i  i 


is  direct. 


and  that 
If  each 


2.  Show  that  the  center  of  a  Cartesian  sum  of  rings  R^  is  the  Cartesian 
sum  of  the  centers  of  the  R^e  Show  that  if  R  is  a  complete  matrix  ring  S 
over  a  ring  S  with  unit  element,  the  center  of  R  consists  of  the  elements 
cl  where  c  is  in  the  center  of  S  and  I  is  the  unit  matrix.  Use  these 
results  to  show  that  the  center  of  a  semi-simple  m-ring  of  height  k  is 
isomorphic  with  a  Cartesian  sum  of  k  fields. 


3..  Let  R  be  a  ring  with  1  e  A  prime  ideal  P  of  R  is  an  ideal  P  4  R 
of  R  such  that  if  a  projuct  AB  of  two  ideals  lies  in  P,  at  least  one  factor 
lies  in  P. 

(  a)  Show  that  this  condition  can  be  replaced  by  the  following  one:  If  a 
product  AB  of  two  ideals  A  ^  P  ,  B  3  P  lies  in  P  ,  at  least  one  factor 
is  P. 

(b)  Show  that  a  maximal  ideal  of  a  ring  R  is  a  prime  ideal,  but  that  the 
converse  need  not  be  true. 

(c)  Show  that  if  R  is  an  m~ring  with  I  ,  every  prime  ideal  is  maximal. 
If  R  has  height  k,  show  that  R  has  exactly  k  distinct  prime  ideals  and 
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these  are  the  kernels  of  the  k  "distinct"  irreducible  representations  of  R. 
(d)  If  R  is  commutative,  show  that  an  ideal  P  /  R  is  a  prime  ideal, 
iff  the  conditions  ab  =  0  (mod  P)  with  a,  b  €  R  imply  a  s  0  (modP) 
or  b  =  0  (Mod  P). 

4.  (a)  Let  R  be  an  m-ring  with  1  .  Show  that  if  V  is  a  free  module  with 
a  finite  number  n  of  free  generators,  then  n  is  uniquely  determined  by  V. 
We  may  then  define  n  as  dimension  dim^V. 

(b)  Show  that  this  result  need  not  hold,  if  R  is  not  an  m-ring. 

Hints:  (a)  Use  Jordan-Hoelder.  (b)  Apply  Chapter  I,  Problem  6. 

5.  Give  an  alternate  proof  of  Wedderburn's  first  theorem  using  Problem  17 
of  Chapter  IV. 

Hint:  Show  that  a  semisimple  m-ring  is  a  direct  sum  of  ideals  each  of 
which  is  a  sum  of  isomorphic  simple  modules. 


6.  Modify  the  proof  of  (H)  in  such  a  way  that  both  Wedderburn's  theorems 
are  obtained  simultaneously. 


Suggested  procedure:  Let  R  be  a  semi  simple  m-ring  and  write 
k  a 

R  =  .•  ^  *  U.^  where  the  U.^  are  indecomposable 

i- 1  X  1 


components  and  where  U 


(X) 


U 


(4) 


v  =  €>  y  (©  y"1  v/x) )  with  v 

^i=i  *=i 1 


,  iff  i  =  j  .  Form  the  module 


(X)  _  (1) 

i  ‘  i 


for  1  =  X  = 


%  * 


Use  the  method  in  the  proof  of  (H)  to  show  that  R  is  isomorphic  with  a 
Cartesian  sum  of  rings  which  are  complete  matrix  rings  over  skew  fields. 
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7,  Let  R  be  a  simple  ring  with  a  unit  element  and  assume  that  R  has 
minimal  r -ideals  A  z>  (0)  but  do  not  assume  the  m -condition.  Give  as 
elementary  a  proof  as  possible  for  Wedderburn's  second  theorem  using 
the  following  procedure: 

1)  Show  that  A  contains  idempotents  e  and  that  A  =  eA  =  eR  . 

2)  Show  that  D  =  eRe  is  a  skew  field  and  that  V  =  eR  is  a  left  vector 
space  over  D. 


3)  Show  that  if  0  is  a  D-linear  transformation  of  V 
n  _  n 


V  and  if 

Show 

further  that  then  0  can  be  extended  to  an  operator-homomorphism  0* 


5  r  v  =  0  with  r.  €  R  ,  v.  €  V  ,  then  Y  r.(v  0)  =  0  . 

Li,  ,  i  i  i  i  L,  ,  i  i 

i=l  i=l 


of  *R  (i.e.  ,  of  R  considered  as  an  R -left  module). 

4)  Show  that  every  0  in  3)  is  a  right  multiplication  R(c)  of  R  with  c  €  R 
Prove  that  R  is  isomorphic  with  the  ring  of  all  D-linear  transformation  of 


V  and  that  V  is  finite  dimensional  as  a  D-space. 


8^  Let  R  be  a  semisimple  m-ring  with  unit  element  how  that  every 
unitary  R -module  is  both  projective  and  injective. 

Hint:  Use  (L) and,  for  the  injectivity.  Problem  5  of  Chapter  IV. 

9j,  Let  R  be  a  ring  with  unit  element.  Show  that  each  of  the  following 
conditions  is  necessary  and  sufficient  in  order  that  R  be  a  semisimple  m-ring 
(ft)  R*  is  a  direct  sum  of  simple  modules. 

(0  )  Each  simple  unitary  R  -module  is  projective. 

(y)  Each  maximal  r -ideal  is  an  injective  module. 

(6)  Each  r-ideal  /  (0)  is  a  component  of  R. 

Hints:  After  proving  (ft)  ,  we  can  prove  that  R  is  a  semi  simple  m-ring 
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by  showing  that  R*  has  the  socle  R*  .  Use  8  and  the  connection 
between  simple  modules  and  maximal  r -ideals  (Chapter  II  ). 

II.  Primary  and  Uniserial  Rings. 

10.  Let  R  be  an  m-ring  with  a  unit  element.  Show  that  the  following 
three  conditions  are  equivalent: 

(a)  R/Rad  (R)  is  simple. 

(b)  Every  ideal  /  R  of  R  is  nilpotent. 

(c)  The  height  of  R  is  1. 

If  these  conditions  are  satisfied,  R  is  said  to  be  primary. 

1 1«  Let  R  be  an  m-ring  with  a  unit  element.  Show  that  the  following 
three  conditions  are  equivalent: 

(a)  R/Rad  (R)  is  a  skew  field. 

(b)  Every  r-ideal  /  R  of  R  is  nilpotent. 

(c)  The  R— module  R*  is  indecomposable. 

If  these  conditions  are  satisfied,  R  is  said  to  be  completely  primary. 

12.  Show  that  a  primary  m-ring  R  is  isomorphic  with  a  complete  matrix 
ring  S  over  a  completely  primary  m-ring  S. 

Hint:  In  a  full  decomposition  of  R  ,  all  components  are  isomorphic  (^=  10). 
Use  a  method  similar  to  that  in  the  proof  of  (H)  .  If  e  is  an  idempotent  in 
the  corresponding  resolution  of  1  ,  we  may  take  S  =  eRe. 
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13.  Let  R  be  an  m-ring.  Use  ^  10  for  an  alternate  proof  that  a  ring  R 
is  simple,  iff  it  is  semisimple  of  height  1. 

EFINITION  An  m-ring  with  1  is  qua  si -uni  serial  if  for  every  indecomposable 
compone.  c  U  of  R  ,  the  module  W  =  U  fl  Rad(R)  is  either  (0)  or  has  itself 
a  greatest  proper  submodule  Z.  If  ,  in  addition,  in  the  latter  case  U/W 
and  W/Z  are  R -isomorphic,  we  call  R  a  uni  serial  ring.  [In  the  literature, 
these  rings  are  usually  called  "generalized  uniserial  rings"  and  the  tern 
"uniserial"  is  reserved  for  what  we  call  primary  uniserial  rings  or  uniserial 
ring  of  height  1.  ] 


14.  Let  R  be  a  quasi-uniserial  ring  of  height  k. 

(a)  Show  that  every  indecomposable  component  of  R  has  a  unique 

composition  series  U  =  3  W.^  3  W 3...  . 

(b)  Let  U  ,  U  ,  ...  ,  U  be  a  full  system  of  non-isomorphic 


indecomposable  components  of  R  and  set  U./W.^  =  F^  .  Show  that 
to  every  index  j  with  1  ^  j  5  k,  there  belongs  an  index  j*  such  that 
if  W^r  ^/W  ^  ss  F.  for  some  i  and  r  and  if  W  ^  ^  (0)  ,  then 
Wi<r>/W1(rtl>  ,  F.„  .J 

(c)  Show  that  every  submodule  of  is  isomorphic  with  a  quotient  module 

of  some  U  . 

J 

Hint:  Use  induction.  Apply  Chapter  IV,  Problem  12. 


15.  (Continuation).  Let  R  be  uniserial. 

(a)  Show  that.  «  U  /W  for  all  X. 

(fc)  Show  that  each  submodule  of  is  R  -isomorphic  with  a  quotient 


i* 


module  of  U 
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(c)  Show  that  a  uniserial  ring  of  height  k  is  isomorphic  with  a  Cartesian 
sum  of  k  primary  uniserial  rings. 

(d)  Obtain  Wedderburn's  first  theorem  as  a  special  case. 

Hint:  In  (c)  ,  use  Problem  17  of  Chapter  IV. 

16.  Let  R  be  an  m-ring  with  1  and  set  N  =  Rad(R). 

(a)  Show  that  R  is  quasi-uni  serial*  iff  for  every  indecomposable  idempotent 

e  of  R  with  eN  ^  (0)  *  eN/eN  is  simple.  Show  further  that  if  this  is  so, 

2  3 

the  unique  composition  series  of  eR  is  eR  z>  eN  z>  eN  3  eN  3...  . 

(b)  Show  that  a  quasi -uni serial  ring  R  is  uniserial,  if  for  every 
indecomposable  idempotent  e  with  eN  /  (0)  ,  there  exists  an  element 

v  2 

f  €  eNe  with  f  £  N  . 

Hint:  Apply  Chapter  IV,  Problem  20.  Note  that  if  R  is  an  m-ring  with  1 

2 

and  if  e  is  an  idempotent,  the  upper  Loewy  series  of  eR  is  eR  z?eN  z>eN  - 

HI.  Commutative  Rings. 

DEFINITIONS.  An  integral  domain  is  a  commutative  ring  R  with  unit  element 

such  that  the  predict  of  two  elements  of  R  vanishes  only,  if  a  factor  is  0. 

Then  R  can  be  imbedded  in  a  quotient  field  (e.  g. ,  by  Problem  13  of  Chapter 

We  do  not  count  the  ideal  (0)  among  the  prime  ideals.  An  element  z  of  an 

extension  field  fl  of  R  is  integral  with  regard  to  R,  if  z  belongs  to  a 

subring  T  of  O  which  is  a  finitely  generated  R -module.  This  is  equivalent 

n  n—  1 

with  saying  that  z  satisfies  an  equation  z  +  c^z  +  ...  +  c^  =  0 

with  c.  €  R.  (Why?)  The  ring  R  is  integrally  closed  in  ft,  if  all  z  €  O 
3 

which  are  integral  with  regard  to  R  lie  in  R. 
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We  say  that  the  restricted  m -condition  (m*)  holds  in  R,  if  for 
every  ideal  A  /  (0)  ,  the  ring  R/A  is  an  m-ring.  This  is  the  same  as 

to  say  that  the  m -condition  holds  for  all  families  of  ideals  of  R  such  that 

some  ideal  A  /  (0)  is  included  in  all  ideals  of  the  family. 

17.  Let  R  be  a  commutative  m-ring  with  1  . 

vk 

(a)  Show  that  R  is  a  direct  sum  R  =  •  )  U.  of  k  indecomposable 

1=1  1 

modules  no  two  of  which  are  R -isomorphic.  Note  that  U  U  =  (0)  for 

i  j 

i  1  j* 


(b)  Show  that  the  irreducible  representation^  ^  in  has  only  one 

irreducible  constituent  ^  (with  a  certain  multiplicity  =  1). 

(c)  Show  that  if  R  is  quasi-uniserial,  it  is  uniserial. 

! 

(d)  Show  that  if  R  is  primary,  it  is  completely  primary. 

Hint:  For  (b)  ,  apply  Problem  16  of  Chapter  IV. 

18.  Let  R  be  an  integral  domain  which  satisfies  the  restricted  minimum 
condition  (m*). 

(a)  Show  that  every  ideal  of  R  is  a  finitely  generated  R -module. 

(^)  Show  that  an  ideal  P  5/  (0),  R  is  a  prime  ideal  of  R  ,  iff  P  is 

maximal,  i.e.,  iff  R/P  is  a  field.  Show  further  that  if  A  is  an  ideal 

/  (0)  ,  R  ,  there  exists  only  a  finite  number  of  distinct  prime  ideals 

P.»  P0,  ...  ,  P  A  and,  for  a  suitable  exponent  h,  (P,P.  ...  P  ) 

1  n  —  1  Z  n 

(c)  Set  Q,  =  P.  +  A  in  (b).  Show  that  A  =  Q,Q-,  ...  Q  and  that 
i  1  1  Z  n 

P  is  the  only  prime  ideal  Q.. 


c  A. 


•  9  • 
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Hints:  (a)  Note  that  the  maximum  condition  holds  for  ideals,  (b)  Apply  ^j=3. 


19.  Let  R  be  an  integral  domain  which  satisfies  the  restricted  m-condition 


(m*).  Let  P  be  a  prime  ideal. 


(a)  Show  that  P,  P^,  P^,  .  .  .  are  all  distinct  and  that  /  |  Pn  =  (0). 

.  2  n=0 

(b)  We  say  that  P  is  normal,  if  P/P  is  a  simple  R-module.  Show 


oo 


that  then  every  ideal  H  3  Pn  has  the  form  P1^  with  0  ^  j  <  n  . 

n  VT 

,  set  P  =  )  a.R  with  a.  €  R  ,  (-^  18a). 
_r  j  =  l  J  J 

Obtain  equations  a.  =  )  P,.a„ 

1  Si  iJ  J 


Hfnts:  (a)  If  Pn  =  Pn+1 


with  P..  €P,  j  =  1  »  2  ,  ...  ,  n 

iJ 

and  get  a  contradiction  from  det  ( [ p . . ]  -  I)  =  0  .  (b)  Show  that  R  =  R/pn 

is  uniserial. 


20.  A  Dedekind  domain  R  can  be  defined  as  an  integral  domain  such  that 

(I)  the  restricted  m-condition  (m*)  holds. 

(H)  every  prime  ideal  P  is  normal  (cf.  ^  19.) 

Show  that  in  a  Dedekind  domain,  every  ideal  /  (0)  ,  R  can  be  written 

as  a  product  of  prime  ideals  in  a  unique  manner.  Moreover,  if  P^,  P^»  .  .  .  ,P 

rl  r2  rn  S1  3 2  1 

are  distinct  prime  ideals,  show  that  P.  P_  ...  P  3  P.  P_  ...  P 

12  n  —  12  n 

(with  r.  >  0,s.  >  0),iff  r  <  s.,r  5  s_  ,...,  r  5  s. 
i-  i~  1~1  2  "  2  n  -  n 

Hint:  Apply  =$=  18  ,  =|j=  19. 


21.  Let  R  be  an  integral  domain  with  the  quotient  field  F.  Let  P  be  a 
maximal  ideal  of  R  and  let  Q  be  the  additive  subgroup  of  F  defined  by 
Q  =  {  x  |  xP  c  R  ,  x  €  F  }  . 

(a)  Show  that  either  PQ  =  R  or  PQ  =  P. 

2 

(b)  Show  that  if  PQ  =  R  ,  then  P/P  is  a  simple  R-module  /  0. 


i 
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(c)  Using  $=18  show  that  if  the  condition  (m*)  holds  for  R  then  Q  z>  R. 

22.  Use  the  preceding  problems  to  show:  An  integral  domain  R  is  a 
Dedekind  domain,  iff  the  following  two  conditions  hold: 

(I)  The  restricted  m-condition  (m*)  holds  in  R.  (II)  R  is  integrally 
closed  in  its  quotient  field. 


IV.  Some  examples 


23.  Give  examples  to  illustrate  the  following  points: 

(a)  The  radical  of  an  m-ring  need  not  be  an  m-ring. 

(b)  Not  every  nilpotent  ring  R  appears  as  the  radical  of  an  m-ring. 

(c)  There  exist  rings  such  that  the  m-condition  holds  for  right  ideals  but 
not  for  left  ideals. 

(d)  There  exist  m -rings  (without  unit  element)  which  do  not  satisfy  the 
maximum  condition  for  right  ideals. 
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CHAPTER  VI 


THE  GENERAL  STRUCTURE  THEOREM  FOR  m-RINGS 


The  methods  of  Chapter  V  can  be  used  to  prove  a  structure  theorem 
for  m-rings  which  contains  Wedderburn's  theorems  as  special  cases.  In 
order  to  describe  the  results,  we  need  a  definition. 

Definition  1,  A  ring  S  is  a  reduced  ring,  if  S/  Rad(S)  is  isomorphic 
with  a  Cartesian  direct  sum  of  a  finite  number  k  of  skew  fields.  The 
number  k  will  be  called  the  height  of  S.  We  include  the  case  k  =  0  , 


S  =  (0). 


We  shall  see  that  the  definition  of  height  coincides  with  that  given 
in  Chapter  IV  (in  the  case  of  m-rings). 

If  R  is  an  arbitrary  m-ring  of  height  k,  we  shall  associate  with 
R  a  reduced  m-ring  S  of  height  k  and  a  system  of  k  "degrees” 


q^>  ^2*  ***  *  ^k*  **  be  shown  that  R  is  determined  by  S  and  the 


(apart  from  isomorphism).  Again,  we  shall  prove  a 


system 


converse  theorem  and  a  uniqueness  theorem. 

This  shows  that  the  problem  of  constructing  all  m-rings  can  be 
replaced  by  that  of  constructing  all  reduced  m-rings. 

The  results  of  Chapter  VI  will  be  used  only  occasionally  later  on 
and  a  reader  who  omits  the  chapter  will  not  miss  too  much. 

1 .  Statement  of  the  general  structure  theorem. 

The  theorem  takes  a  somewhat  simpler  form  for  rings  with  unit  element 
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and  we  shall  first  state  it  for  this  case. 

Definition  2:  Let  S  be  a  reduced  ring  of  height  k  with  a  unit  element.  Let 

{e}  =  {©2*  e2>***,ek^  a  sYstem  k  orthogonal  idempotents  of  S  and 

let  {q}  =  {q^,  q^» .  . .  »  q^}  be  a  system  of  k  natural  integers.  Denote  by 

the  set  of  all  ordered  pairs  t  =  (i»  X)  with  1=  i  =  k,  1=  q^  and  set  e ^  =  e.  for 
T  =  (i,  X)  £  .  The  checkered  matrix  ring  (S,  fe}t  {q})  is  the  ring  of 

all  matrices 

!r  row  index 
U)  column  index 

such  that  m  6  e  Se  . 

rw  r  u> 

It  is  quite  obvious  that  the  matrices  (1)  formaring.  If  the  elements  of 
are  arranged  lexicographically  and  if  matrices  are  written  in  the  usual 
manner  as  square  arrays  of  coefficients,  each  matrix  of  M  is  subdivided 
into  rectangles  in  a  checkerboard  fashion  such  that  in  each  rectangle  the 
coefficients  belong  to  a  set  e^Se^. 

(4)  If  R  is  an  m-ring  with  unit  element,  there  exists  a  reduced  m-ring  S, 
also  with  unit  element,  such  that  R  is  isomorphic  with  a  checkered  matrix 
ring  Mx(S,{e},  {q}). 

In  order  to  deal  with  the  general  case,  we  modify  Definition  2: 

Definition  2*:  Let  S  be  a  reduced  m-ring  of  height  k  and  let  {e}  and  {q} 
have  the  same  significance  as  in  Definition  2.  Imbed  S  in  an  extended  ring 
S*  with  a  unit  element  i  (Chapter  II,  Section  9).  Set 


(2) 
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e  =  .jL  -  V  e  ,  q  =  1  . 

o  o  L  i  -o 

i=l 

Let  C  denote  the  set  of  all  ordered  pairs  (i,  X)  with  0  <  i  ^  k  , 
1  =  >  =  qi  and  set  e  =  for  t  =  (i,  X)  €  C.  The  checkered 
matrix  ring  M  =  M(S,  {e}  ,  {q})  is  the  ring  of  all  matrices 

(  r  row  index 

(1*)  [m  ]  ’  7  *  w  f'  C  ;  I 

'  a'  column  index 

such  that 


(1**)  m  €  e  Se  (for  all  r ,  <x>  €  C  ). 

Till  T  U> 

The  only  difference  between  the  matrices  (1)  and  (1*)  is  that  in 
(l*)  we  added  one  row  (belonging  to  r  =  (0,  1)  )  and  one  column 

(belonging  to  cu>  =  (0,  1))  .  If  S  has  a  unit  element,  this  row  and  column 

consist  of  coefficients  zero  as  we  shall  see.  For  this  reason,  it  will  not  be 
necessary  to  distinguish  carefully  between  M  and  M  here. 

X 


(A*)  Theorem  1  :  If  R  is  an  m-ring,  there  exists  a  reduced  m-ring  S 
such  that  R  is  isomorphic  with  a  checkered  matrix  ring  M(S,  {e}  ,  {q}). 

The  proof  of  (A)  is  somewhat  simpler  than  that  of  (A*)  .  It  is  not 
necessary  to  use  the  results  of  Chapter  IV,  Section  5  and  there  is  no  need  to 
work  with  the  extended  rings.  In  order  to  avoid  repetitions,  we  shall  prove 
(A*)  in  Section  2  and  deduce  (A)  from  it.  The  simplifications  possible 
in  a  direct  proof  of  (A)  are  fairly  obvious. 
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2.  Proof  of  Theorem  1 

Let  R  be  a  ring  and  let  R  denote  the  extended  ring  with  a  unit 
element  4.  •  For  convenient  reference,  we  give  two  propositions  stating 
simple  facts  concerning  idempotents  and  homomorphisms. 


(B)  Let  e  and  e*  be  idempotents  of  R  ,  1)  We  have  ex  =  x 
for  x  €  eR  ,  and  xe*  =  x  for  x  €  R  e*.  2)  If  Y  is  a  left  ideal 


of  R  ,  then 


eR*  (1  Y  =  eY  .  3)  If  H  is  an  ideal  of  R*  ,  then 


eR^e*  fi  H  =  eHe*.  4)  If  e  €  R  ,  then  eR  =  eR*  ,  5)  If  at  least 

A 

one  of  e,e*  belongs  to  R  ,  then  eEe*  =  eR  e*.  6)  If  ee*  =  0  ,  at  least 


one  of  e,  e*  belongs  to  R. 


* 


Proof:  1)  is  obvious.  In  2),  it  is  clear  that  eY  c  eR  fl  Y.  If 

JL  JL 

y  6  eRw  fl  Y  ,  then  y  =  ey  €  eY.  Hence  eR  Pi  Y  c  eY  and  we  have 

equality.  The  proof  of  3)  is  similar.  If  e  belongs  to  the  ideal  R  of  R  , 

#  #  # 

then  eR  c  R  and  hence  eR  c  eR  which  implies  eR  =  eR.  The  proof 

of  5)  is  similar.  Finally,  if  2L  is  the  ring  of  rational  integers,  we  may 

set  e  =  r  +  nl  ,  e*  =  r*  +  n*X  with  r,  r*  €  R  and  n,  n*  €  Z.  If  ee*  =0, 

then  nn*  =  0  .  Hence  n  =  0  or  n*  =  0  ,  that  is  e  6R  or  e*  €  R. 


If  0  is  a  mapping  of  a  set  A  and  if  B  is  a  subset  ,  the  restriction 

■  a 

of  0  to  B  will  be  denoted  by  &  |  B  .  If  c  is  an  element  of  R  ,  as 
before  £  (c)  will  denote  the  left  multiplication  by  c  in  R  ,  i.e.,  the 
mapping  x  - — >  cx  of  R  onto  itself. 


(C)  Let  e  and  e*  be  two  idempotents  of  R^  and  set  U  =  eF^,  U*  =  e*R^ 
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4 

1)  The  set  Hom(U*,  U)  of  the  R  -homomorphi sms  of  U*  into  U  consists 

# 

of  the  mappings  x(c)  |  U*  with  c  €  eR  e*. 

2)  The  mapping  X(c)  j  U*  with  c  €  eR  e*  is  an  R  -isomorphism  of 

£ 

U*  onto  U,  iff  there  exists  an  element  c*  €  ^R  e  with 


O) 


cc*  =  e  ,  c*c  =  e* 


#  # 

3)  If  H  is  a  left  ideal  of  R  ,  an  R  -isomorphism  of  U*  onto  U  maps 


U*  P  H  onto  U  PH. 


4)  The  ring  -^(U)  of  R"  -endomorphisms  of  U  consists  of  the  elements 
J*  (c)  I  U  with  c  €  eR  e  .  The  mapping  c  - >  X(c)  |  U  is  an  anti- 


,# 


isomorphism  of  eR  e  onto 


f<u>. 


Proof:  1)  ef.  Chapter  IV,  (F).  If  0  €  Horn  (U*  ,  U)  maps  e*  - >  c. 


then  e*x 


# 


>  cx  for  x  €  R  .  If  x  =  e*  ,  e*x  =  e*  and  hence  ce*  =  c. 


Thus  ,  e*x  - >  ce*x,  that  is,  9  =  X  (c)  |U*  .  Since  c  6  eR  ,  we  have 

#  # 

c  =  ec  and  then  c  =  ece*  €  eR  e*  .  Conversely,  for  c  €  eR  e*. 


X  (c)  |  U*  €  Horn  (U*  ,  U). 

JL  jj. 

2)  Set  9  =  X(c)  |  U*  with  c  €  eR  e*  .  Clearly,  9  is  an  R  -isomorphism 
of  U*  onto  U  ,  iff  there  exists  a  reciprocal  mapping  0  €  Horn  (U,  U*)  such 


that  90*  is  the  identity  map  I|  U*  of  U*  and  that  0*  0  is  the  identity 
map  I  |  U  of  U.  By  1),  0*  must  have  the  form  X(c*)|U  with 


c*  €  e*R  e.  Now,  e*0  0*  =  ce*0*  =  c0*  -  c*c  and  e0*0  =  c*0  =  cc*. 


Clearly,  00*  =  I  |  U*  ,  iff  e*0  0*  =  e*  and  0*0  =  I|U,  iff  e0*0  =  e. 

A  JL 

Thus,  0  will  be  an  R  -isomorphism  of  U  onto  U*,  iff  there  exists  c*  €  e*R  e 


satisfying  (3). 
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3)  If  H  is  a  left  ideal,  every  left  multiplication  X  (c)  maps  H >  cH  c  H. 

£ 

If  9  is  an  R  -isomorphism  of  U*  onto  U,  9  maps  U*  fl  H  - >  U  0  H. 

For  the  same  reason,  9  maps  U  H  H  - >  U*  0  H  and  hence  0  maps 

U*  0  H  onto  U  H  H. 

4)  cf.  Chapter  IV,  (F^).  The  ^rst  part  is  the  special  case  e  =  e*  of  1) 
and  the  second  part  is  obvious. 

Assume  now  that  R  is  an  m-ring.  We  begin  with  the  proof  of 
Theorem  1.  According  to  Chapter  IV,  (S)  ,  (S*)  there  exist  decompositions 
of  R  into  indecomposable  components.  We  write  such  a  decomposition  in 
the  form 


(4) 


■*  =  •  I  *  I 


u 


(X) 


i=0  X  =  1 


where  the  notation  is  chosen  such  that  U,  ^  and  U  ^  are  R  -isomorphic, 

i  J 


iff  i  =  j  .  Let 


(5) 


1  =  1  In 
i=0  X  =  1 

1 


(X) 


be  the  corresponding  resolution  of  J.  into  orthogonal  idempotents,  €  U 


Since 


^  i  r  , 


we  may  choose  our  notation  such  that  e  ^  &  R.  By  (B6), 


(X) 


then  all  other  e,  belong  to  R  and  this  implies  U.x'w  =  e/'^R"  c  R  , 


(X)  _  (X)D# 

i  i 


except  for  i  =  0  ,  X  =  1.  It  follows  from  (Q3)  with  H  =  R  that 


U 


(1) 


# 


R  cannot  be  R^-isomorphic  with  some  U  ^  C_R.  Hence  q  =  1. 


Moreover,  we  have  (cf.  (B4)), 
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(6) 


(X)  =  e  (X)R#  =  e  (X)R  c  R 

ii  i  — 


(for  i  >  0). 


It  will  be  convenient  to  set 


U  =  u.(1)  =  U,  ,  e  =  e  (1)  =  e 
T  i  i  T  i  i 


for  T  =  (i,  X)  €  C  ;  0  ^  i  g  k  ,  1  =  X=q^  .  (cf.  Definition  2*). 

4 .  # 

Again,  the  notation  R  is  to  indicate  that  R  is  to  be  looked  upon 

#  4.4 

as  an  R  -module.  Then  R  8  is  R  -isomorphic  with  the  module 


(7) 


=  ®  I  V 

r  €  C 


Indeed,  let  U  denote  the  submodule  of  V  obtained  from  U  by  injection. 

7  T 

(X)  4 

Since  U.  is  R  -isomorphic  with  U  for  ?  =  (i,  X)  ,  we  can  find  an 
1  T 

#  4  (\) 

R  -isomorphism  <p  of  R  *  onto  V  such  that  in  (4)  is  mapped 

isomorphically  onto  the  corresponding  U  in  (7)  . 

T 

4  4  4 

Since  R  *  and  V  =  R  <p  are  R  -isomorphic,  their  endomorphism 

rings  i  (E#‘)  and  {(V)  =  <p_1{x>p  are  ring  isomorphic.  Here,  (R^  *  )  is 

r  n  # 

the  ring  {£}  consisting  of  the  left  multiplications  £  (c)  with  c  €  R  (for 

instance,  by  (C£)).  Thus 


(8) 


{4  ~|(V)  =  . 


By  Chapter  V,  (G)  ,  the  endomorphism  ring  ^(V)  Carte  siam  sum  (7) 

is  isomorphic  with  the  ring  of  all  matrices 


-165- 


(9) 


Cl.',  t  €  C  ; 


CO  row  index 
T  column  index 


such  that  each  6  is  an  arbitrary  element  of  Hom(U  ,  U  ).  By  (Cl), 

Ol'T  (A  T 

we  may  then  set  9  =  X  (m  )  |U  where  each  m  is  an  arbitrary 


CUT 


to ; 


< A 


r  to 


element  of  e  R  e  .  Then,  the  matrix  (9)  takes  the  form  [l  (m  )  |  U  1 
T  to  tcu  to 

It  is  seen  at  once  that  if  we  replace  this  matrix  by  [x(m^^J)],  we  obtain  an 
isomorphic  ring  .  Combining  this  with  (8)  ,  we  have 


do) 

The  ring  R^  is  anti-isomorphic  to  {xj  .  Thus  if  7W-  is  a  ring 
anti-isomorphic  with  ^  ,  then  R^  ^  ?7[  •  As  in  Chapter  V  ,  Section  5, 

such  a  ring  is  obtained  by  performing  the  following  two  operations  on 
all  matrices  [X  (rri^  w>] 

1)  Interchange  the  role  of  the  row  index  Cc  and  the  column  index  T  . 

2)  Replace  each  coefficient  X  (m^  by  the  corresponding  element  of  an 
anti-isomorphic  ring. 

4 

Since  c  - >  X  (c)  is  an  anti-isomorphism  of  R  onto  {Xj-  ,  2) 

can  be  accomplished  by  replacing  X  (m^  ^)  by  m^  in  our  matrices.  It 

# 

follows  now  that  R  is  isomorphic  with  the  ring  /T^  of  all  matrices 

T  row  index 
to  column  index 

such  that  m  €  e  R  e  for  all  T  ,  (A  . 

T  CO  T  to 

4 

Since  we  are  mainly  interested  in  the  ring  R  and  not  in  R  ,  we 
determine  the  subring  of  Tn  on  which  R  is  mapped  by  the  isomorphism 


(ID 


-  J 


T  CO 


CO 


€  C 
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of  R  '  onto  7K  .  More  generally,  we  determine  the  image  in  th  of  an 

ft 

arbitrary  ideal  H  of  R  We  prove 


<fi>  Lemma:  The  isomorphism  of  R  onto  the  ring  )7t  of  matrices  (11)  maps 
the  ideal  H  onto  the  set  of  matrices  (11)  whose  coefficients  belong 


to  H. 


Proof:  For  the  proof  of  (D)  ,  it  is  necessary  to  reexamine  the 
preceding  considerations. 

The  anti -isomorphism  c - >  X(c)  maps  H  onto  X  (H)  =  {x  (c)  j  c  €  H}  c  -[x 

Then,  (D)  is  equivalent  with  saying  that  the  isomorphism  (10)  maps  X  (H) 

onto  the  set  of  matrices  [X  (m  )]  €  V  for  which  m  €  H  for  all  r 

L  TO)  TO) 

and  w  . 

JL  ft  4  ft 

Let  c  €  R  .  The  left  multiplication  X(c)  of  R  maps  R  onto  cR  . 

ft  ft  A 

If  c  €  H  ,  then  cR  c  H.  Conversely,  if  cR  c  H  ,  we  have  c  =  cX€  H. 

ft 

Thus,  X  (H)  consists  of  those  X(c)  with  c  €  R  which  map  R  - >  H.  It 

follows  from  (5)  that  H  =  •  ^  ^  .  By  (B2),  =  U.^  0  H. 

Thus,  £(c)  €  X(H)  ,  iff  X(c)  maps 


(12) 


R  = 


(X) 


H  =  # 


l  *  I<ui(x) 


n  h). 


The  isomorphism  of  {x}  onto  -£(V)  in  (8)  maps  X  (c)  on 
©  =  <f>  X(c)cp.  It  is  obvious  that  X(c)  satisfies  the  condition  (12)  ,  iff  0 
maps  V  =  (R#>  into  H<p  .  Since  <p  mapped  U.^  onto 


with 


(X) 


T  =  (i»  X)  ,  (C3)  shows  that  <p  maps  D  H  onto  H  H  .  Hence 


H<p 


-®1T(VT 


-1 


n  H)  and  X(c)  satisfies  (12),  iff  0  =  <p  X(c)<p  maps 
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(13) 


n  h  . 


Clearly,  (13)  holds,  iff  the  "matrix  coefficient"  ®  maps 

U  - >  U  OH  for  all  T  and  co  .  If  we  set  6  =  Z  (m  )|U  with 

CD  T  U)T  TU  CO 

JL 

m  €  e  R  e  ,  then  :U®  =m  U  ,  Ifm  €  H  ,  then 
TOJ  T  CD  0)  WT  TO)  CD  TCO 

m  U  c  H  and  hence  m  U  c  U  PH.  Conversely,  if  m  U  c  H, 

TOJ  U>  —  TCO  U )—  T  TCO  0) — 

then  m  e  €  H  .  Thus,  the  isomorphism  (10)  maps  Z  (H)  onto  the  set 
TO 3  CO 

of  matrices  [jE(m^^j)]  €  for  which  m^  €  H  for  all  T,  and  this 

concludes  the  proof  of  (D). 

A 

Since  the  coefficient  m  of  (11)  belongs  to  e  R  e  ,  it  follows  from 

TCO  B  T  CO 

(B3)  that  m  €  H  ,  iff 
T  co 


(14) 


m 


T  co 


e  R 
r 


# 


co 


n  h 


e  H  e  . 
T  0) 


Set 


(15) 


i  0  '  eo  +  ei  +  •••  +  ek  • 


As  a  sum  of  orthogonal  idempotents,  is  an  idempotent.  If  we  set 


(16) 


s^=  1  R#1  ,  S  =  1  R  , 

0  0  0  0 


1 


it  is  clear  that  S  is  a  ring  with  a  unit  element  JL  and  that  S  is  a  subring, 

4 

We  shall  see  below  that  S  is  the  extended  ring  belonging  to  S  as  indicated 


by  the  notation. 


It  follows  from  (15)  that  e,  =  -*■  e  =  e 

i  0  i 


A 


1 


i  0  »  1  Q»1 »  ...  ,  k  . 
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Hence  e 


i 


=  1  e  1  €  1  A  - 


oei  %  6 


0R  0 


4 

S  .  For  i  >  0  ,  e.  €  R  by  (6) 


JL 

and  hence  e.  €  S.  Since  e  =  e.  for  T  =  (i»X)  ,  all  e  belong  to  S  . 
i  T  1  T 

# 

Take  now  H  as  the  ideal  R  of  R  .  Our  result  shows  that  R  is 
isomorphic  with  the  subset  M  of  'YYl  consisting  of  those  matrices  (11) 

whose  coefficients  satisfy  the  conditions  m  6  e  Re  .  Since  e  = 

T  (jj  To)  T 

e  I  ,  e  =  1  e  ,  these  conditions  can  be  written  in  the  form 
T  O  U)  0  03 


m  €  e  R  1  e  =  e  Se  .  These  are  exactly  the  conditions  (1**), 

T03  T  0  0  03  T  03 


Hence,  Theorem  1  will  be  proved  completely  if  we  show  that  S  is  a 


reduced  m-ring  and  that  S  is  its  extended  ring  with  unit  element 
This  proof  will  be  given  in  a  number  of  steps. 


(E)  Let  e  be  an  idempotent  of  R  And  set  A  =  eRe.  1)  If  e  €  R,  then 

JL  JL  ^ 

eR  e  =  A  .  2)  If  e  £  R  ,  then  eF  e  is  the  extended  ring  A  of  A  with 


the  unit  element  e. 


Proof:  If  e  6  R  ,  then  eRff  e  =  eRe  by  (B5)  .  Suppose  then  e  ^  R  . 


.# 


»± 


The  most  general  element  x  of  eR  e  has  the  form  x  =  e(r  +  n  J-  )  e  with 
r  €  R  ,  n  €  Z  ,  and  if  we  set  a  =  ere  , 


(17) 


x  =  a  +  ne  ,  with  a  €  A  ,  n  €  . 


We  only  have  to  prove  that  the  representation  (17)  of  x  is  unique.  If  this 
was  not  so,  we  could  find  an  n^  6  ,  n^  /  0  with  n^e  €  A  =  eRe  c  R. 

However,  if  we  set  e  =  r  +  n^i.  with  r^  €  R  ,  n^  €  7L  ,  then  e  £  R 
implies  n^  /  0  .  Thus,  n 


0 


e  =  nori  + 


noni^ 


i  r  ,  a  contradiction. 
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4 


(F)  Let  e  be  an  idempotent  of  R  .  Then  A  =  eRe  is  an  m-ring.. 

£ 

Proof:  Let  X  be  an  r-ideal  of  A  and  set  Y  =  XR  .  Then  Y 

4 

is  an  r-ideal  of  R  .  Since  X  c  R  ,  we  have  Y  c  R  .  Thus,  Y  is 

an  r-ideal  of  R.  Moreover  ,  since  X  =  Xe  ,  we  find 

£  4 

Ye  =  XR  e  =  XeR  e  . 

# 

If  e  €  R  ,  then  eR  e  =  A  and  as  X  is  an  r-ideal  of  A  and  A  has  a 

JL  JL  jl 

unit  element  ,  XeR  e  =  X  .  If  e  $  R  ,  then  eR  e  =  A  by  (E)  and  we 
still  find  XeR4  e  =  X. 

In  either  case,  Ye  =  X  .  This  shows  that  we  have  a  one-to-one 

correspondence  X  — ■>  Y  of  the  set  {x}  of  r -ideals  X  of  A  into  the 

set  of  r -ideals  of  R  such  that  Y  =  XR* ,  X  =  Ye.  If  X  ,  X  €  {x} 

1  ^ 


and  X 


•1  *  V  X2  -2 - 1 

now  clear  that  the  m -condition  for  r -ideals  of  R  implies  the  m -condition 

for  r-ideals  of  A  and  (F)  is  proved. 

We  may  apply  (E)  and  (F)  with  e  =  JL  ^  .  Here,  by  (15)  ,  e  0  R 

since  e  €  R  for  i  >  0  ,  but  e„  0  R  .  It  is  now  clear  that  S  is  an 
i  0 

#  A 

m-ring  and  that  S  is  the  extended  ring  with  the  unit  element  X  . 


■»  Y  ,  we  have  X  c  X  iff  Y  c  Y  .  It  is 
Z  1  Z  I  ^ 


Our  next  proposition  is: 


£ 

(G)  Let  e  and  e*  be  two  idempotents  of  R  with  e  €  R  .  Assume  that 


the  R  -modules  U  =  e 


R*  =  eR  and  U*  =  e*lf 


are  indecomposable.  Let 


# 

c  be  an  element  of  eR  e*  and  set  0  =  X  (c)  |  U*  .  Then  either  0  is  an 

£ 

R  -isomorphism  of  U*  onto  U  ,  or  c  €  Rad(R)  and  9  maps  U*  into 
W  =  U  fl  Rad  (R)  . 

Proof:  Since  e  €  U  ,  U  is  a  potent  r-ideal  and  hence  includes  a 
minimal  potent  r-ideal  U.  Now,  Chapter  IV,  (£,)  shows  that 
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~  ^ 

U  is  a  component  of  U.  Since  U  is  indecomposable,  we  must  have  U  =  U, 

that  is,  U  itself  is  minimal  potent.  It  follows  from  Chapter  IV  (U)  that  U 

has  the  greatest  proper  submodule  W  =  U  H  Rad  (R)f. 

A 

For  c  €  eR  e*  ,  0  =  X  (c)  |  U*  €  Hom(U*,  U).  If  c  £  Rad(R), 

then  c  £  W.  Since  0  maps  e*  - >  c,  we  have  U*0  ^  W.  It  follows 

that  U*0  =  U.  Since  U*  is  also  indecomposable  ,  0  is  an  isomorphism 

by  Chapter  IV,  (I*). 

On  the  other  hand,  if  c  €  Rad  (R)  ,  then  U*0  =  cU*  C  Rad(R)  and 
hence  U*0  C  u  H  Rad(R)  =  W  . 

Proposition  (G)  is  supplemented  by  the  following  remark  which  deals 
with  the  case  e  f  R  : 

(Q*)  If  eR  is  an  indecomposable  component  of  R  and  e  £  R  ,  then  eR  c  Rat 
Indeed,  if  eR  9^  Rad  (R),  then  eR  would  be  a  potent  r^ideal  of  R  and 

hence  would  include  a  minimal  potent  r -ideal  U.  Again,  Chapter  IV (R)  would 

~  #  # 

show  that  U  is  a  component  of  eR  .  Since  eR  was  indecomposable,  this 

#  ~  # 

would  mean  eR  =  U  and  hence  e  €  eR  c  R  ,  a  contradiction. 

We  show  next  that 


(18) 


e,Re.  c  Rad  (R) 
-1  J  “ 


for  i  /  j  and  for  i 


j 


=  0  . 


If  i  =  0  ,  then  e^  $  R  and  (18)  is  a  consequence  of  (G*).  If  i  >  0  ,  apply 

JL 

(Q)  to  e  =  e.  and  e*  =  e.  .  If  c  €  eR  e*.  and  0  =  X(c)  |  U.  ,  then  either 
1  J  J 

JL 

0  is  an  R  -isomorphism  of  U.  onto  or  c  €  Rad  (R)  .  For  i  /  j  , 
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are  not  R  -isomorphic  and  we  must  have  the  second  case.  Thus, 

JL 

e  R  e  c  Rad(R)  for  i  >  0  ,  i  ^  j  and  (18)  is  proved. 

i  J  “ 

We  recall  that  an  idempotent  e  is  termed  indecomposable,  if  it 

cannot  be  written  as  sum  of  two  orthogonal  idempotents.  This  is  so  ,  iff 

#  .  4 

eR  is  indecomposable.  If  e  c  R  ,  then  eR  =  eR  (cf.  (B4))  and  we 

see  that  indecomposability  of  e  does  not  depend  on  whether  e  is  considered 

# 

as  idempotent  of  R  or  of  R  (see  also  Problem  1).  As  an  application  of 


(G)  ,  we  have 


(H)  If  e  is  an  indecomposable  idempotent  of  R,  the  ring  P  =  eRe  has 
the  radical  P  H  Rad(R)  and  P/Rad  (P)  is  a  skew  field. 

Proof:  By  (B£)  ,  P  =  eRe  =  eR  e.  Set  Q  =  P  H  Rad(R).  It  is 
clear  that  Q  is  an  ideal  of  P.  Since  R  is  an  m-ring,  its  radical  is 
nilpotent  and  this  implies  that  Q  is  nilpotent.  Hence  Q  c  Rad  (P). 

On  the  other  hand,  if  c  €  P  ,  c  $  Q  ,  then  c  Rad  (R)  and 

jj:  £  M. 

(G)  shows  that  £(c)  |  eR  is  an  R  -isomorphism  of  eR  onto  eR  .  It 
now  follows  from  (C2)  with  e  =  e#  that  there  exists  an  element  c*  €  eRe  =  P 
such  that  cc*  =  c*c  =  e.  Since  e  is  the  unit  element  of  P  ,  this  proves 
that  every  element  c  €  P  with  c  ^  Q  has  an  inverse  c*  in  P.  Con¬ 
sequently,  P/Q  is  a  skew  field.  In  particular,  P/Q  is  semisimple  and 
hence  Q  3  Rad  (P)  (for  instance  by  Chapter  III  (F)).  Thus  Q  =  Rad  (P) 
and  we  are  finished. 

We  complete  now  the  proof  of  Theorem  1  by  showing  that  S  in  (16) 


is  a  reduced  ring.  For  s  €  S  ,  we  have 
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=  ^os  10-I  eiaei 

i»  j  =0 


(cf.  (15)).  Now  (18)  yields 


(19) 


■  I 


e.  se. 
i  i 


mod  Rad  (R), 


i  =  1 


All  terms  appearing  here  belong  to  S  .  Thus,  if  we  set  =  S  fl  Rad  (R), 

the  congruence  (19)  holds  modulo  the  ideal  N  of  S.  If  |x  |  denotes  the 
residue  class  of  x(mod  N  )  ,  we  can  write  our  result  in  the  form 


(20) 


bJ  -  I 


e.  se, 

i  i 


i=  1 


For  fixed  i  ,  1  -  i  5  k  ,  set 


T.  =  {  |e. 


x  e. 
i  i 


€  S}. 


Then  T.  is  a  subring  of  S/N^  and  (20)  shows  that  S/N^  =  T^  . 

Because  of  the  orthogonality  of  {e  }  ,  T.  T.  =  (0)  for  i  ^  j  and  it 

i  i  j 

follows  that  each  T,  is  an  ideal  of  S/N^„  It  is  also  seen  easily  that 


r~'k 

Zd-1  ^i  direct.  Indeed,  if 


with 


e.l  yields  t.  =  0  ,  (j  = 
J 


$  P  e  »  o  9 


with  t.  €  T.  ,  multiplication 

ii 

k).  Thus 


(21) 


S/N0  -  ©  l  T. 


i=l 


(cf.  Chapter  V,  Section  1). 


Set  P.  =  e.Re.,  Since  e..  =  e 


1=1 


_  e  ,  then  P  =  e  J_  R 

ill  l  l  0  Oi  iiO 


L  h! 


e  Se  .  If  we  map  e  se. 
i  i  ii 


e.  se. 
i  i 


9  we  have  a  ring  homomorphism  of 


P  onto  T.  .  Clearly,  the  kernel  Q.  is  given  by  =  P.  H  Rad  (R). 


06i 
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Now  (H)  shows  that  T.  rs  P,/Q.  is  a  skew  field.  In  particular,  (21)  shows 
—  i  i  1 

that  S/N^  is  semisimple  and,  by  Chapter  III,  (F)  ,  this  implies  ^  Rad  (S), 

On  the  other  hand,  since  Rad  (R)  is  nilpotent,  so  is  =  S  fl  Rad  (R). 

Hence,  C  Rad  (S),  that  is,  =  Rad  (S).  By  (21)  S/Rad  (S)  is 

isomorphic  with  a  Cartesian  sum  of  skew  fields  T.  .  This  proves  that  S  is 
a  reduced  ring  and  we  are  finished. 


3.  Corollaries 

We  first  prove  (A)  Section  1.  Assume  then  that  R  is  an  m-ring  with 


unit  element  7)  .  Since  T)  is  the  only  left  unit  element  of  R,  it  follows  from 
Chapter  IV,  (§**)  that  7)  =  i.  - 


e^  .  Hence  e^r  =  (^  -7?)r  =  r-r  =  0 


for  r  €  R.  Similarly,  re^  =  0  for  r  €  R.  Thus,  e^Re.  =  (0)  and 

e,Re„  =  (0).  This  means  that,  in  all  matrices  (1*),  we  have  m  =  0  if 

i  0  Ttf 

T  =  (0,  1)  or  if  dL'  =  (0,  1).  If  we  remove  this  row  and  column  consisting  of 


zeros 


from  the  matrices  of  M,  we  obtain  the  matrices  of 


M ^  in  (1).  Moreover,  S  has  the-  unit  element  i  0  V  •  Thus,  (A)  is  a 
consequence  of  (A*). 

If  R  is  an  m—ring,  we  shall  call  the  ring  S  in  (16)  the  reduced  ring  of 
R.  Our  uniqueness  theorem  (Q)  will  show  S  is  determined  apart  from 
isomorphism. 

If  we  have  a  one-to-one  correspondence  X — ->  Y  between  the  set  {x| 
of  all  ideals  of  a  ring  A  and  the  set  of  all  ideals  {y}  of  a  ring  B  ,  we  speak 
of  a  lattice  isomorphism,  when  the  following  condition  holds:  If  X^  - >  Y^ 


and  X  - >  Y  ,  then  X  C  X 

x  Lt 


Y1  c  Y2  • 


This  implies 
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0  X2  - >  fl  and  X^  +  X^ - >  Y^  +  Y^  .  Of  course,  a  one-to- 


one  correspondence  X  - >  Y  is  called  a  multiplicative  isomorphism,  if 


*  Y1  *  X2 


Y^  implies  X^X^ 


Y  Y 
12* 


(I)  Theorem  2.  If  R  is  an  m-ring  and  if  S  is  its  reduced  ring,  we  have 

a  one-to-one  correspondence  H  - >  L  between  the  set  {h}  of  all  ideals  of 

R  and  the  set  {l}  of  all  ideals  of  S  which  is  both  a  lattice  isomorphism  and 


a  multiplicative  isomorphism  and  which  associates  Rad  (R)  with  Rad  (S). 


Remark:  If  S  is  identified  with  a  subring  of  R  as  in  (16),  the  correspondence 


H 


->  L  can  be  defined  by  L  =  H  fl  S 


-  IhI.h.  Ar* . 


o 

Proof:  We  use  the  same  notation  as  in  Section  2.  If  H  is  an  ideal  of 


R,  set  L  =  ^  H  i  =  H  fl  S  ,  (cf.  (B3)).  As  shown  by  (D),  the  ring 


0  "  0 

isomorphism  of  R  onto  M  =  M(S  ,  {e}  ,  {q})  maps  H  onto  the  set  H  of 


matrices  [m  1  €  M  with  m  €  H.  Since  m  €  S  ,  here  H  is 
To)  T  to  T  co 

exactly  the  set  of  matrices  in  M  with  coefficients  in  L.  This  shows  that 


H  is  uniquely  determined  by  L  and  H  - >  L  is  a  one-to-one  mapping  of 

the  set  {h}  into  {l}  . 

Actually,  {h}  is  mapped  onto  {l}  .  Indeed,  if  L  is  an  ideal  of  S,  then 


#  #  # 

H  =  R  LR  is  an  ideal  of  R  .  Since  L  c  S  c  R  ,  we  have  H  c  R  and 


H  is  an  ideal  of  R.  Moreover,  as  L<  X  ^  =  L 


'i.  n  =  L  =  d-  qL,  ,  we  find 


i  Hi  =  1  R#LR#1  „  =  1  R^frtL  1  „  =  S*LS* . 


0  0 


0 


0 


0  0  0 


0 


#  # 

Since  L  is  an  ideal  of  S,  we  have  S  LS  =  L.  Thus,  H  is  mapped  on 


the  given  L. 


Thus,  our  correspondence  H 


L  is  described  by  L 


=  „ . 


0 


#  # 

H  =  R  LR  .  It  is  clear  that  it  is  a  lattice  isomorphism.  Moreover,  if 
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L2  €  (L>-  hlo  ■  S’  10L2  =  V  Hence  L1R#L2  =  S^ORV 

4 

L^S  L ^  =  L^L^  *  ^is  implies 

D#T  D#D#T  D#  _  D#T  T  0# 

K  L^K  ■*-' £ ^  =  ^  J— •  ^ 1 2"*^ 

and  we  have  a  multiplicative  isomorphism. 

As  another  corollary  of  Theorem  1,  we  have 


(J)  An  m-ring  R  is  reduced,  if  no  two  components  in  a  full  decomposition 

#  # 

oi  R  are  R  -isomorphic. 

4 

Proof:  If  no  two  components  of  R  in  the  full  decomposition  (4)  of 

#  # 

R  are  R  -isomorphic,  then  all  are  1.  It  follows  from  (5)  and  (15) 


that 


1  -  1. 


Then  R  =  S  by  (16)  and  we  know  that  S  is  reduced. 


A  converse  of  (J)  will  be  given  in  Section  4. 


4.  Properties  of  reduced  rings. 

Let  R  be  a  reduced  ring  of  height  n.  Then  T  =  R/Rad  (R)  is  a 

direct  sum  of  n  ideals  T.  such  that  each  T.  is  a  skew  field.  We  write 

J  J 


n 


(22) 


R/Rad  (R>  =  T  =  &  V  T.  . 

u  J 

j=l 


Identifying  the  direct  sum 


I*  T- 

J 


with  the  Cartesian  sum 


e  y .  t.  . 

l  j  j 


The 


unit  element  of  T.  will  be  denoted  by  1.  . 

J  J 


Let  be  the  natural  homomorphism  r - >  |_r_|  of  R  onto  T.  We  shall 

say  that  an  idempotent  e  of  R  is  associated  with  T.  in  (22),  if  e'ifl  = 

J  j 

{&)  Let  R  be  a  reduced  ring  of  height  n  and  set  R/Rad  (R)  =  T  = 
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0  Tn,T. 

1)  If  {h^,  *  °  *  *  *  ^  }  is  a  system  of  m  orthogonal  idempotents  of  R, 


where  the  T.  are  skew  fields. 
J 


then  m  _  n  . 

2)  If  m  =  n  ,  the  h,  can  be  so  labelled  that  h.  is  associated  with  T. 

i  ii 

for  i  -  1  ,  2,  .  .  .  ,  n.  Moreover,  if  R  is  the  extended  ring  with  unit 


1 


element  L  and  if  we  set  h 


1 


0  =  i  -  Ii  =lhi  *  thenl  1  I"  hi 

i  =0 


is  a 


resolution  of  X  into  indecomposable  orthogonal  idempotents. 


A  2 

Proof:  1)  We  note  first  that  1,  is  the  only  idempotent  of  T  for  if  t 

j  j 

with  t  €  T,  ,  then  (t  -  1  )t  =  0  and  hence  t  =  /  or  t  =  0  .  It 

J  J  j 

follows  that  the  most  general  idempotent  of  ]T.  T.  has  the  form 

J  J 

1  j  ^  where  B  is  a  non-empty  subset  of  {1.2 . "I- 

Clearly,  fiX  maps  {hi>  on  a  system  of  orthogonal  idempotents  {h^  4} 


and  if  we  set 


=  |hj  -  It-,' 

i€B 


the  subsets  B.  of  {l,  2,  ...»  n}  must  be  disjoint.  This  implies  m  <  n  . 

2)  Assume  now  m  =  n.  Here  each  B.  consists  of  one  element  and  if 
the  {h.}  are  labelled  suitably,  we  have  ={i}  .  Then  h =  j(^  ^  is 

associated  with  T^  for  i  =  1  ,  2  n. 


If  we  set  h  =1  -  )n  ,  h,  ,  then  h  4  0  ,  since  )  n  ,  h,  €  R 
9  Li  =1  i  0  L  i  =1  i 

and  1  ^  R.  We  now  see  that  {h^,  h^ » .  .  .  ,  h ^  }  is  a  system  of  n  +  1 

orthogonal  idempotents.  If  some  h.  was  a  sum  h.  =  h)  +  h\'  of  two 

J  J  J  J 

orthogonal  idempotents  and  if  we  replace  h„  in  our  system  by  the  two 

J 

idempotents  h]  »  h"  „  we  show  easily  that  we  obtain  a  system  of  n+  2 
<3  J 

orthogonal  idempotents.  On  account  of  (B6)»  n  +  1  of  these  would  lie  in  R. 
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However,  we  have  seen  in  1)  that  this  is  impossible.  Thus,  each  h^  is 

indecomposable  as  we  had  to  show. 

Assume  now  that  the  reduced  ring  R  is  an  m-ring.  We  use  the 

same  notation  as  in  Section  2,  in  particular,  in  (4)  and  (6).  If  i  >  0, 

e  ^  €  R  and  U^X^  =  e^X^R  has  the  greatest  proper  submodule 

Wi<X)  =  Ui^X)  0  Rad  UA ^  has  the  same  significance  as  above,  then 

-  —  -(X) 


=  (0)  while  e.x'w  £  Rad  (R)  implies  v}X)njP  /  (0).  It  follows 


that  U^X)a/  is  a  simple  submodule  of  T.  Clearly,  the  only  simple  sub- 

modules  of  T  in  (22)  are  T  ,  T  ,  ...  ,  T  .  Thus,  U.  <xUi  =  T.  for 

\.  L  n  i 


some  j.  In  particular,  the  ring  homomorphism 


fj 


must  map  e 


(X) 


on 


the  (only)  idempotent 


1  .  of  T..  Since  e/X)e.(^  =  0  for  e  (X)  e.(^  , 

J  J  11  1 

1 


J 


e  ^  cannot  map  on  X  .  too.  Hence  different  components  u/X^  with 
J  J  i 


i  >  0  map  on  different  T.  . 

J 

Consider  two  of  the  ideals  T.  and  T  in  (22)  with  g  /  j  .  Any 

J  g 

6  €  Horn  _  (T  ,  T.)  maps  T  onto  T.T  =  (0).  Thus,  T  and  T 
T  g  J  g  J  g  g  j 


are  not  T-isomorphic.  Now 


J, 


maps  R -isomorphic  components  U 


(X) 


and  U.  ^  on  T-isomorphic  images.  It  follows  that  U.  M/Jf  =  =  T 

1  1  1  j 

and  we  have  seen  that  this  implies  U^X^  =  .  It  follows  that  =  1 

for  i  >  0  .  As  =  1  ,  all  the  q^  in  (4)  are  1  if  R  is  reduced.  We 
now  see  that  the  "if"  in  (J)  can  be  replaced  by  "iff"  .  Thus, 


(J*)  An  m-ring  R  is  reduced,  iff  no  two  components  in  a  full  decomposition 
of  R  are  R  -isomorphic. 

If  follows  from  (4),  (6),  and  q^  =  1  that 
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•  •  • 

R  =  (U  n  R)  +  u.  +  ...  +  u  . 
u  1  k 

Here,  D  R  =  e^R  c  Rad  (R)  (By  (B2)  and  (Q*)).  Thus, 

(U„  n  R)  oi  =  (0).  Since  R"L^  =  T  ,  it  is  now  obvious  that  each  T. 

0  J 

is  the  image  of  some  .  Hence  k  =  n  and  for  suitable  choice  of 

notation,  U./l^  =  T.  for  i  =  1  ,  2  ,  .  .  .  ,  n. 
l  i 

In  Chapter  IV,  Section  5,  the  number  k  in  (4)  was  called  the 
height  of  the  m-ring  R.  In  Definition  1,  we  introduced  n  as  the  height 
of  the  reduced  ring  R.  We  now  see  that  for  reduced  m -rings,  both 
definition}  coincide.  Moreover,  we  have  shown 


(L)  If  R  is  a  reduced  m-ring  of  height  n,  a  resolution 
into  indecomposable  orthogonal  idempotents  consists  of  n 
These  can  be  labelled  such  that  e^  £  R  and  that  each  e^ 


ei  °£ 

+  1  idempotents. 

is  associated  with 


We  also  mention 


(M)  An  m-ring  R  and  its  reduced  m-ring  S  have  the  same  height  k. 

Indeed  by  the  definition  in  Chapter  IV,  Section  5,  the  height  of  the 
m-ring  R  in  (4)  is  k  and  (21)  shows  that  S  has  the  same  height  k. 


5.  formal  properties  of  checkered  matrix  rings. 

Let  S  be  a  reduced  m-ring  of  height  k,  let  {e}  be  a  system  of  k 
orthogonal  idempotents  of  S  and  let  {q}  be  a  system  of  k  natural  integers. 
We  may  then  form  the  checkered  matrix  ring  M  =  M(S,  {e}  ,  {q})  . 
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As  in  Definition  2*,  we  set  q 


0 


0 

s 


=  1  -  e0  =  ^  o  ■  Iki=i  ei  where  ^ 

$  A 

is  the  unit  element  of  the  extended  ring  S  .  By  (£),  JL  =  )  e,  i 

0  i—i  i  =(J  i 

A  # 

a  resolution  of  _i_  ^  into  indecomposable  orthogonal  idempotents  of  S  . 

Again,  let  C  denote  the  set  of  all  ordered  pairs  T  =  (i,  X)  with  0  <  i  =  k, 
1  5  X  <  q^  and  set  e^  =  e,  for  T  =  (1,X)  €  C. 

Let  M  denote  the  set  of  all  matrices 


(23) 


[m  ];  t,  to  €  c 

T  CO 


■{: 


row  index 
column  index 


whose  coefficients  satisfy  the  conditions 


(24) 


c  J 
m  c  e  S  e 

T  CO  T  to 


(for  all  T  ,  co  €  C), 


#  # 

It  is  clear  that  M  is  a  ring.  If  we  replace  the  set  e  S  e  by  e  Se  ,  we 

6  ^  T  CO  7  T  CO 

I 

obtain  the  checkered  matrix  ring  M.  Actually,  by  (B5)  ,  e^S  e^  =  e^Se^ 

except  for  T  =  CO  =  (0,  1).  Thus,  the  only  difference  between  M  and  M 

lies  in  the  conditions  for  the  one  coefficient  m  with  T  =  (0,  1).  We  shall 

TT 

justify  our  notation  below  by  showing  that  M  is  the  extended  ring  belonging 

to  M.  Clearly,  M  is  an  ideal  of  M  . 

If  0 1  and  3  are  two  elements  of  C  and  if  x  „  €  e  S  eQ ,  we  can  form 

ftP  Of  p 

the  element  [m  1  of  M  for  which  m  „  =  x  Q  while  all  other  m 

Lrco  op  a  3  tco 

vanish  .  This  element  will  be  denoted  by  x  a  .  The  general  element  [m 

7  a  3  5  L  T  ur 

of  M  can  then  be  written  in  the  form 


(25) 


[m  ]  =  V  m 

TW  Li  TO) 

T,  c*)€C 


and  the  representation  of  an  element  of  M  as  such  a  sum  is  unique.  For 
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#  # 

Of,  P  ,  7  *  6  €  C  and  x  €  e  S  eQ  and  y  €  e  S  e*  ,  it  is  seen  at  once  that 

ct  P  y  o 


(26) 


x«ey*l 


f  o  r  3  ^  y 
for  3  /  y 


Some  special  cases  are  of  interest.  First,  take  ot  -  (i,X)  ,  3  =  (i,p) 

A 


with  the  same  i.  Then  e.  €  e  S  efl  .  Set  • 

1  Qt  P 


*  <e~W 


for  Qt  =  (i,X)  ,  3  =  (i,  & )  . 


We  write  e^^  for  e  .  It  follows  from  (26)  that 


(27) 


(Xfi)  (lip)  _  (Xp) 
e  e0  =  e. 

i  i  i 


(28) 


e^(Xp)e  (l^p)  _  0  for  i  /  j  or  fi  /  I/. 
3 


In  particular,  {e  with  (i,  X )  €  C  is  a  system  of  orthogonal  idempotents, 

Moreover,  (26)  yields 


(29) 


(X) 


1  ™TW  =  1  “<*w  £or  *  *  1 


r ,  &#€  C 


o*€C 


(30) 


T,  C 


(M)  _  ~ 


m  ^  for  Of  =  (i,X)  ,  3  =  (j,p)  . 


It  follows  from  (29)  and  (30)  that 


(31) 


k  q. 

1  -i  ?  •, 


(X) 


i=0  X  =  1 


is  a  unit  element  of  .  We  can  prove  now  that  is  the  extended  ring  of  M 
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with  the  unit  element 


1  . 


Let  Ot  denote  the  fixed  pair  (0,  1)  €  C.  A 


remark  above  shows  that  m  €  M  except  for  T  =  W  =  &  .  In 

T  00 


(X) 


particular,  e^  €  M  for  i  >  0  and 


1  ,  e ,(1> 


(mod  M)  by  (31). 


# 


Moreover,  it  follows  from  (25)  that  every  element  £  of  M  is  congruent 

~  $ 

(mod  M)  to  an  element  m  where  m  is  an  element  of  e^S  e^  .  Set 
'  &a  olol  0  0 


m  =  e(t 
olQl  0 


+  ni-  )  e„  where  t  €  S  ,  n  €  Z  .  Then  m  =  s  +  neA  with 
0  0 


r* at 

s  =  e„te„  £  S  and  m  =  s  +  n(e  )  =  s  +  nert 

0  0  OLOL  OLQL  0  OLOL  OLOt  0 


(1) 


s  €  M  ,  we  find  £  =ne„ 
OLOL  0 


.  Since 

(1)  A 

=  nl  (mod  M).  Thus,  £  has  the  form 

£  =  m  +  nl_  with  m  €  M  ,  n  €  Z  .  We  will  be  finished  when  we  can  show 

that  nl  $  M  for  n  €  Z  ,  n  /  0.  Now  (31)  shows  that  if  we  set  nl_=  [m  ] 

T 

then  m  =  ne„  =  n(  1  A  ,  e,  )  .  Since  e.  €  S  for  i>0  and 

OLOL  0  0  L  i=l  i  i 

n  i  q  $  S  for  n  /  0  ,  indeed  m^^  9-  S  and  n  1,  ^  M.  This  justifies 

the  use  of  the  symbol  M  above. 


If  x  is  an  element  of  S  ,  set  x. .  =  e,xe.  .  Then 

ij  i  J 


■  l 


x.. 


We  wish  to  identify  x  with  an  element  of  M  .  If  T  =  (i,  1),  =  (j,  1)  ,  the 

#  #  ~ 

element  x  €  e.  S  e  =  e  S  e  is  to  be  identified  with  the  element  (x,.) 

ij  i  j  T  u  k  ij  T  0) 

and  x  with  the  corresponding  sum  )  (x  /  )  •  H  we  write  for  a  moment 

L.  ij  T  to 

i>  J  =  0  J 

x\  for  this  sum,  it  is  clear  that  the  mapping  X  is  an  additive  isomorphism 

4  JL  i 

of  S  into  M  .  If  also  y  €  S  ,  then 


xy  =  Iei  XI  %  yI  ej  =  1  eixVvyej 

i  V  j  U)»V 

and  it  follows  from  (26)  that  (xy)x  =  (xx)(y\)  .  Hence  X  is  a  ring  isomorphism 

#  # 

and  the  identification  of  xX  with  x  is  possible.  Then  S'  is  a  subring  of  M 
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and  S  a  sub  ring  of  M. 


(1) 


In  particular,  is  identified  with  e  whence 


(32) 


We  also  note  that 


i.-r 


(1) 


0  lu  i 
i  =  0 


(33) 


•*  -1  M  *1 


0  * 


1  1 
=  1  M  x 

0  0 


#  /f  | 

Indeed,  since  S  has  the  unit  element  4-^  ,  S  c 


On  the  other  hand,  it  follows  from  (32)  that  each  £  ^ 


and  S  c  1  M 
0  -  n 

1  M^i-  ii 


.s  a  sum  of 


elements  x  with  T  =  (i,  1)  ,  o>  =  (j,  1)  and  x  €  e,Se.  .  Then 
T  CiJ  T  OJ  1  j 

~  i  #  'i  1 

x  €  S  and  hence  £  €  S'  .  Moreover,  if  £  €  j  ,  all  x  belong 

T  U>  *  *  0  0  T  to  6 


to  e 
holds. 


^Se^  and  we  find  £  €  S.  Thus,  i  J  ^  c  c  S  and 


(33) 


Suppose  that  T  =  (i,  X)  ,  0)  =  (j,jLi)  »  60  =  (j,jLl)  and  that 

J-  JL 

€  e  S  e  =  e.S  e.  .  Take  a  =  (i,  1)  ,  (3  =  (j,  1)  .  It  follows  from  (26) 

T  (D  1  j 

<X1>~  -(lrt  =  x  .Here, 

TW 


that(e.)  _x0(ej0  =x  ,  that  is,  e,  ’  x  Qe. 

i  t»  «3  jPto  tw’  i  dp  j 

x^g  €  S  and  using  (25)  ,  we  see  that  the  ring  M  is  generated  by  the 

subring  and  the  set  {e„^^}  with  0  -  j  -  kj  1  -  X,  -  q.* 


We  come  to  the  converse  of  Theorem  1. 


(N)  Theorem  3.  If  S  is  a  reduced  m-ring  ,  the  checkered  matrix  ring  M  = 
M(S,  {e}  ,  {q})  is  an  m-ring. 

Proof:  It  follows  from  (31)  that 


M  = 


I 

i=0 


*i 

In 

X  =  1 
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(X) 


M. 


It  will  be  sufficient  to  prove  the  descending  chain  condition  for  the 

submodules  of  each  fixed  e^^M,  cf .  Section  5  (£)  of  the  Appendix. 

Let  Or  =  (i»  X)  .  Let  X  be  a  submodule  of  e^^M.  If 

0)  =  (i.jLl)  €  C  ,  let  X  denote  the  set  of  all  elements  z  €  e  Se 

CO  a  co 

for  which  z  c  X  .  It  follows  from  (29)  that  every  element  of 
olco  7 


X  c  e  ^  M  has  the  form  x  =  ^ 


-  _  m  with  m  c  e  Me  . 
u)  €  C  cl  tei  Cl  co  Cl  co 

lu)  **  III)  ~  /-w  _ 

By  (30)  ,  xe,  =  m  and  since  xe.  €  X  ,  m  €  X  .  Hence 

7  j  OfO>  j  olco 


m  € 

X 

OLCO 

CO 

m  € 

X 

OLCO 

CO 

y 

L>  co 


_m  with 
€  C  Sb) 


{X  }  of  sets  X  with  u.'  €  C  . 

L  co1  co 

If  x  €  X  C  e  Se  and  y  €  e  S^  e  .  then  by  (26)  (xy)  =  x  y 

CO  —  a.  CO  7  CO  Cl)  7  0L  CO  OLCO  COCO 

and  since  x  €  X  ,  we  have  (xy)  €  X  and  hence  xy  €  X  .  This 

olco  7  or  co  co 

$ 

shows  that  X  (e  S  e  )  c:  X  .  Since  X  e  =  X  ,  we  must  have 
CO  co  CO  ~  CO  Co  CO  CO 

equality  and  find 


(34) 


X  S*  e  =  X  . 
CO  CO  CO 


Set  Set  Y  =  X  S  .  Since  X  c  S  ,  it  is  clear  that  Y  is  an  r -ideal 
CO  CO  CO—  CO 

of  S.  Thus*  for  every  submodule  X  of  e^^M  ,  we  have  a  system 
{Y^}  of  r -ideals  of  S  with  u  ranging  over  C  .  Suppose  now  that 


x(!)  x(2) 


3  X(n)  3 


(35) 


3 


•  •  • 


•  •  • 
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is  a  descending  sequence  of  submodules  of  e^^M.  Let  {Y  denote 


(n) 


the  system  of  r—  ideals  of  S  associated  with  X  .  It  follows  from 


(35)  that 


Y  (1)  o  Y  {2)  3  PY  (n)  3 
to  —  u>  —  '  ° 3 "  to  — 


for  each  to  €  C.  Since  S  is  an  m -ring  and  since  C  is  a  finite  set, 

we  can  find  an  index  N  such  that  Y  ^  =  Y  for  n  =  N  and 

to  to 

all  to.  Hence  ,  X  ^5*  =  X  and,  by  (34)  ,  X  =  X  (N) 

to  to  to  to 

for  these  to*  n  .  Since  we  have  seen  above  that  X  is  determined  by  the 
system  {X^}  ,  this  proves  X^  =  X^^  for  all  n  =  N.  Hence  the 
descending  chain  condition  holds  and  (N)  is  proved. 

The  resolution  of  1  in  (31)  yields  the  decompoafcion 


(36) 


M*  -  ' 


k  ^i 

I  ■  I  \ 

i=0  X  =  1 


<X>M* 


Here,  e  €  M  for  i  >  0  ,  e  ^  ^  M.  We  s^low  next  that  each  e  ^  ^  is 
indecomposable,.  Indeed,  suppose 
e.  =  h.  + 


that 


l,  +  h  where  h  and  h_  are  orthogonal 
12  12 


idempotents.  Then  e.^h  =  (h  +  h  )h  =  h  .  Similarly,  h e.^  =  h 

A  A  A  A  A  I  l  A 

Thus  ,  h,  =  e.^h.e.^  and  (30)  shows  that  h„  has  the  form  h,  =  x 

1  i  1  i  1  1  ryot 

#  ~  # 
with  at  -  (i»X)  and  x  €  e,S  e,  .  Similarly,  h_  =  y  with  y  €  e.S  e.  . 

i  i  2  Qlcl  7  ii 

It  follows  now  that  e.  =  x  +  y  and  that  x  and  y  are  orthogonal 

f  if 

idempotents  of  S  .  Since  e^  is  indecomposable  in  S  ,  this  is  impossible 

(X)  # 

and  e^  is  indecomposable  in  M  . 

(X)  a  (u)  a  if 

Finally,  we  show  that  e^'  and  e.  are  M  -isomorphic, 

J 

iff  i  =  j.  Indeed,  if  i  =  j  ,  take  e  =  e.(X)  ,  e*  =  e^U)  ,  c  =  e^X 
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c*  =  .  It  follows  from  (2  7)  that  the  conditions  of  (C2)  are 

satisfied  and  e.  M  and  e.  M  are  M  -isomorphic, 
i  J 

On  the  other  hand,  assume  that  e.^M  and  e  are 

1  J 

M^-isomorphic.  By  (C2)  ,  there  exist  elements  c  €  ^  , 

c*  €  e}^U*e}X)  with  cc*  =  e.(X)  ,  c*c  =  e.^)  .  If  ct  =  (i,  X)  , 
J  1  1  J 

/■w  /v-/ 

3  =  (j,ii)  t  (30)  shows  that  we  may  set  c  =  x  Q,  c*  =  y_  with 

O'  P  w  ^ 


3  CL 


Jb  -lb  r**  />•-> 

x  €  e  S  e.  ,  y  €  e.S  e  .  Then,  x  fiyfi  =  e.  =  (e.)  and,  by 

ij  ji  appa  i  i  eta. 

£ 

(26)  ,  xy  =  e^  .  If  i  ^  j  ,  it  follows  from  (G)  ,  (G*)  that  e.S  e.  c  Rad(S), 

^  ^  ^ 

since  e.S^  and  e.S  are  not  S  -isomorphic,  cf.  (J*),  p.  1*77.  Hence 
^  J 

x  €  Rad  (S^);  and  xy  =  e^  is  impossible.  Hence  e^X^M  ^  e.^M^ 

J 

for  i  4  j. 


Thus,  (36)  is  a  full  decomposition  of  M  and  the  notation  is 
analogous  to  that  ir*  (4). 

It  can  now  be  seen  ea-Sily  that  S  is  actually  the  reduced  ring  belong¬ 
ing  to  M.  This  is  also  an  immediate  consequence  of  the  uniqueness 


theorem  below. 


6.  Uniqueness. 

Let  R  be  a  ring.  By  an  automo rphi sm  9  of  R  ,  we  mean  a  ring- 
isomorphism  of  R  onto  itself.  Suppose  that  R  has  a  unit  element  and 
let  r  be  an  element  of  R  which  has  an  inverse.  Let  J(r)  be  the 
mapping  of  R  defined  by 

^  -  -1 

x  — ->  r  xr  . 

Clearly,  J(r)  is  an  automorphism  of  R.  Automorphisms  of  this  type 
are  called  inner  automorphisms.  It  is  clear  that  J(r)  maps  each  ideal  of  R 
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onto  itself.  We  may  now  define  inner  automorphisms  for  rings  R 
without  unity  element.  We  simply  take  inner  automorphisms  J(r)  of 
the  extended  ring  R  and  restrict  J(r)  to  R.  If  we  set  r  =  r  +  nl 
and  r  *  =  r^  +  n'l  with  r^,  r^  €  R  and  n,  n'  €  TL  ,  we  find 
nn1  =  1  ,  that  is,  n  =  n'  =  +  1  .  After  replacing  r  by  -r  if 
necessary,  we  see  that  an  inner  automorphism  of  R  is  a  mapping  of 
the  form 


x  —  ■>  x  +  r'  x  +  xr  +  r '  xr 
0  0  0  0 


where  r^  and  r^  are  quasi-inverse  to  each  other.  If  R  itself  has 
a  unit  element,  the  new  defirdtion  of  inner  automorphisms  coincides  with 
the  old  one. 

The  automorphisms  of  a  ring  R  form  a  group  under  the  composition 
of  mappings  and  the  inner  automorphisms  form  a  subgroup  which  is 
easily  seen  to  be  normal. 

We  first  prove  a  proposition  which  supplements  the  results  of 
Chapter  IV# 

(Q)  Let  R  be  an  m-ring  with  the  extended  ring  R  and  suppose  that 

n  m 


r*=  *  Z  ui  =  •  l  vj 

i  =  0  j=0 

are  two  decompositions  into  indecomposable  components.  Then  n  =  m 

4 

and  the  V.  can  be  labelled  such  that  U.  is  R  -isomorphic  with  V 
J  1  1 

for  i  =  0  ,  1  ,  2  ,  .  .  .  ,  n.  If  this  is  done  (in  any  possible  way),  there 

exists  an  inner  automorphism  <p  of  R  which  maps  each  onto  . 

Proof:  1)  Let  i  =  V  ^  „  e.  =  e*.  with  e,  €  U,  ,  e*.  €  V. 

-  *  Li  i=0  l  Lj)= 0  j  i  i  j  j 

be  the  resolutions  of  into  orthogonal  idempotents.  We  may  choose  our 
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notation  such  that  €  R  for  i  >  0  ,  cf.  (B6).  Take  i  >  0  and 

ft  # 

let  0  be  an  R  -endomorphism  of  =  e^R  •  It  follows  from  (G) 

ft 

that  either  0  is  an  R  -isomorphism  of  U.  or  that  0  has  the  form 

l 

0  =  £(c)|  with  c  €  Rad  (R).  In  the  latter  case,  0  is  nilpotent, 

since  Rad  (R)  is  nilpotent.  Thus,  in  the  terminology  of  Section  9  of 

4 

the  Appendix,  the  R  -groups  with  i  >  0  are  Fitting  groups.  As 

shown  in  the  Appendix  Section  9»  then  the  Krull -Schmidt  Theorem 

ft 

applies  to  the  two  decompositions.-  of  the  module  R  .  It  follows  that 

4 

m  =  n  and  that  the  V,  may  be  labelled  such  that  each  U,  is  R  - 

i  l 

isomorphic  with  V.  ,  i  =  0  ,  1  ,  .  .  .  ,  n. 

ft 

If  this  is  so,  (C2)  shows  that  there  exist  elements  c^  €  e^R  e*^  , 
€  e*^R  e^  with 


(37) 


cic*i  =  ei  •  cVi  =  e*i  • 


(i  =  0,  1,...,  n).  Then  c*.e.  =  c*  ,  ec.  =  c.  and  as  e.e.  =  0 

J  J  J  i  1  i  J  i 

for  i  /  j  ,  we  have  c*.c^  =  0  for  i  ^  j.  Similarly,  c^c*.  =  0  for 

J  J 

i  ^  j.  If  we  set 


n 


n 


it  follows  from  (37)  that 
-1 


r  =  I  ci  ■  r*  =  I  c*j 

i  =  0  j=  0 

rr*  =  jL  =  r*r. 


Thus,  r*  is  the  inverse 


<  <  -1  r* 

of  r.  Moreover,  for  0  =  y  =  k  ,  r  e  r  =  )  .  .  c*.e  c.  = 

V  j  V  i 

)  .  c*.e.c  )  .e.c.  =  c*  c  and  (37)  shows  that  the  inner  auto- 

L  j  j  ]  1/  u  l  l  1  V  V 

ft  # 

morphism  <p  =  J(r)  of  R  maps  e  - >  e*  and  hence  U  =  eJR 


onto  V  =  e*  R  . 
V  V 
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Remark:  If  Uq  R  as  above,  then  automatically  Ug<p  ^  R. 
As  a  first  application  of  (O)  ,  we  prove 


(P)  Let  S  be  a  reduced  ring  of  height  k,  say 

k 


S/Rad  (S)  =  ©  £  T  , 


i=  1 

where  the  are  skew  fields.  Let  {e^}  and  {e*.}  be  two  systems  of 
orthogonal  idempo tents  and  choose  the  notation  such  that  e^  and  e*. 
are  associated  with  T.  for  1  -  i  =  k.  If  {q^}  is  a  system  of  k 
natural  integers,  we  have  a  ring  isomorphism 

M(S,  {e.}  ,  {qj  )  *  M(S,{e*.}  ,  {qj)  . 

Proof:  By  (Q)  ,  there  exists  an  inner  automorphism  <p  =  J(s) 

which  maps  the  system  {e^}  onto  {e*.}  •  Let  |x  |  again  denote  the 

residue  class  of  x  €  S  (mod  Rad  (S))  .  Since  e.  is  associated  with 

J 


Tj  *  |ej  |  =  i  j  •  Hence 


e.<p 


-1 

s  e.s 


■  laj-1!,  w  -1 


Thus,  e.<p  is  associated  with  T.  and  as  e.<P  €  {e*.}  ,  we  must  have 
J  J  J  i 

e.<p  =  e*.  . 

J  J 

Let  [<p]  denote  the  mapping  of  M  =  M(S,  {e}  ,  {q.})  obtained  by 
applying  <p  to  each  coefficient  of  each  element  [m^  ]  €  M,  Clearly, 

[<p]  is  an  isomorphism  of  M  onto  M(S,  {e*}  ,  {q^}). 

Our  result  shows  that  if  isomorphic  rings  are  considered  as 
equal,  the  checkered  matrix  ring  M(S,  {e}  ,  {q})  depends  only  on  S  and 
not  on  the  system  {e}  .  We  then  consider  the  degree  q^  as  associated 
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wit  h.  the  skew  field  T.  . 

1 

As  our  next  application  of  (Q)  ,  we  prove  the  uniqueness  theorem. 


(Q)  Theorem  4.  Let  S  be  a  reduced  m-ring  of  height  k,  {e}  a  system 

of  k  orthogonal  idempotents  of  S  ,  and  {q}  a  system  of  k  degrees. 

Similarly,  let  S  be  a  reduced  ring  of  height  k  ,  {e}  a  system  of  k 

orthogonal  idempotents,  and  {q}  a  system  of  k  degrees.  If  there 

exists  a  ring  isomorphism  0  of  M  =  M(S,  {e}  ,  {q})  onto 

M  =  M(S,{e},{q|),  then  S  and  S  are  isomorphic  and  k  =  k  .  If 

{e"}  is  labelled  suitably,  there  exists  a  ring  isomorphism  0  of  S 

onto  S  such  that  e  \b  =  e  ,  q.  =  q  for  i  =  0  ,  1  ,  2,  .  .  . ,  k. 

i  i  l  i 

Proof:  The  automorphism  0  can  be  extended  to  an  isomorphism 

—4  — # 

of  the  extended  ring  M  onto  M  .  This  extension  will  be  denoted  by 
0  too.  Take  now  the  analogue  of  (36)  for  M  and  apply  0  .  We  then 
have  a  formula 


(38) 


_ /\  \  ^  ^ 

Here,  each  (e.'  ;0)M  is  an  indecomposable  component  of  M  .  On 

the  other  hand,  by  (36) 


(39) 


M 


i=0  X  =1 


It  now  follows  from  (Q)  that  there  exists  an  inner  automorphism  of  M 
which  maps  each  (e.^0)M‘  onto  some  e  .  Since  M  - 


# 


-190- 


isomorphic  components  in  (38)  must  map  onto  M  -isomorphic 
components  in  (39)#  it  follows  that  k  =  k  and  that  {e  ,  e  ,  .  .  .  ,  e  } 

L  Ld  K 

-~(1)  4  4  (1)4 

can  be  arranged  such  that  (e.  70  )M  is  M  -isomorphic  with  e.'  'M 

for  i  =  0,1,  k.  Then  =  q.,  and  (Q)  shows  that  there 

exists  an  inner  automorphism  <p  of  such  that  e^^Q(p  =  e  ^ 

for  all  i  ,  X.  If  we  replace  0  by  0<p,  we  see  that  we  may  assume 


(40)  e.(X)0  =  e.(X)  for  all  i,  X . 

Set  =  V.  e/^  as  in  (32)  and  */  =  Y.  then 

Tq9  =  j_  q  •  By  (33)  ,  we  have  S  =  ^  and  similarly 

S  =  I0M  .  It  is  now  clear  that  0  |  S  is  an  isomorphism 

of  S  onto  S  which  maps  e.  onto  e,  . 

i  l 


7.  Automorphisms  of  checkered  matrix  rings. 

Let  S  be  a  reduced  m-ring  of  height  k  and  let  {e}  be  a 
system  of  k  orthogonal  idempotents  of  S  .  If  Ip  is  an  automorphism 
of  S  which  leaves  all  e^  fixed,  we  obtain  an  automorphism  [0 ]  of 
the  checkered  matrix  ring  M  =  M(S,{e}  ,  {q})  by  applying  to 

each  coefficient  of  each  [m  ]  ^  We  call  [(/)]  the  automorphism 

of  M  produced  by  the  automorphism  $  of  S. 

(R)  Theorem  5.  Let  S  be  a  reduced  m-ring  and  let  M  =  M(S,{e}, {q}) 
be  a  checkered  matrix  ring.  If  0  is  an  automorphism  of  M,  there 
exists  an  automorphism  0  of  S  which  leaves  every  e^  fixed  and  such 
that  0  is  the  product  0  =  [$]<p  of  the  automorphism  [0]  of  M 
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produced  by  0  and  an  inner  automorphism  cp  of  M. 

Proof:  We  use  the  same  method  as  in  the  proof  of  (Q)  taking 

4 

M  =  M.  After  replacing  0  by  a  produce  0  cp  of  0  with  a  suitable 
inner  automorphism  cp^  of  M,  we  may  assume  that 


(41) 


e.^0  =  e,^  fo^  all  i,  X  . 
l  i 


It  suffices  to  prove  (R)  for  the  new  0.  Again  (41)  implies  le-i0 

I  4  4  \ 

and  hence  0  =  0  |S  is  an  automorphism  of  S  =  XqM  ^  .  Since 

.  .  # 

e.  0  =  e^  for  all  i,  0  produces  an  automorphism  [0]  of  M  .  Then 

- 1  #  # 

[0]  0  =  <p  is  an  automorphism  of  M  which  leaves  every  s  €  S 

and  all  e.^  fixed.  We  show  that  tHs  implies  that  cp  is  inner.  Set 


(42)  r.  .  I  (.1(X1>«.1(W)  ;  r  =  £ 

(i,X)€C  (i,X)€C 


(X i ).  (IX)  . 
e.  (e  'cp)  . 

i  l 


It  follows  from  (27)  and  (28)  that 

(HV)  (Ml)  (li/)  _  (HI)  (11).  (IV) 

rLe.  r  =  (e.  (p)e.  r  =  (e.  <P)e.  (e.  <p)  . 

J  J  J  J  J  J 

(11)  (11)  . 

Since  e.  =  e.  cp  by  (41)  ,  this  yields 

J  J 


(43) 


,  (HV)  (pv) 

r'e  r  =  e .  <P 
J  J 


If  we  take  M  -  V  >  add  over  all  j  and  M>  and  use  (31)  ,  we  find 

=  1  . 


r 1  r 


Similarly,  we  have 

(IX)  _  V  _  (XI)  (11)  (IX)  _ 


,  r  (XI).  (11)  .  (IX)  _  r*  (XI)  (11) 

rr'  =  >  e  (e.  0)e.  -  )  e.  e.  e. 

£-j  1  1  l  Z-.  1  l  1 

i,  X  i,  X 


i-,"  ■ 1 


i,  X 


Thus,  r'  is  the  reciprocal  r  of  r.  By  (43)  the  inner  automorphism 
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J(r)  maps  e. 


(^-M)  - ^  forallj.X,  fJi .  Moreover,  if  s  €  , 

J 


then  q  =  s.  By  (42)  and  (32) 

k 

-1 

r  sr  =  r 


•(  i  V  /  (ii)  x  (i)  V  (i)  (ii) 

1  s  1  r  =  )  (e.  <p)e.  s  )  e.  e.  <p  . 

00  L  l  i  L>  j  j 


i  =  0 


j  =  0 


Q  .  (11)  (1)  ,  (1)  (1)  ,  “  1  \  4 

Since  e.  =  e,  and  e,  <p  =  e.  ,  we  find  r  sr  =  JL  s  _L 


0  0 


=  s, 


It  is  now  clear  that  J(r)</?  *  leaves  fixed  all  s  €  and  all  e 

J 

ft  ft  (Xw)  “1 

Since  M  is  generated  by  S  and  the  set  {e.V  }  ,  (p.182),  J(r)<p  is 
the  identity.  Hence  <p  is  the  inner  automorphism  J(r)  and  the  proof  is 
finished. 


8.  Further  results  and  corollaries. 


DEFINITION  3.  Let  R  be  a  ring  with  unit  element.  Then  R  is 
primary,  if  R/Rad  (R)  is  simple  and  R  is  completely  primary,  if 
R/Rad  (R)  is  a  skew  field. 

In  other  words,  the  completely  primary  rings  are  the  reduced  rings 
with  a  unit  element  which  have  height  1  .  Since  a  Cartesian  sum  of  k  -  2 
skew  fields  is  not  simple,  the  completely  primary  rings  can  also  be 
defined  as  the  reduced  primary  rings.  It  follows  from  (J*)  that  an 
m-ring  R  with  unit  element  is  completely  primary  iff  the  module 
R’  is  indecomposable,  and  this  is  equivalent  with  saying  that  is 

the  only  idempotent. 

A  ring  R  with  unit  element  is  primary,  iff  there  does  not  exist  an 
ideal  H  with  Rad  (R)  c  r  c  R.  It  follows  from  (M)  and  (I)  that  an 
m-ring  R  and  its  reduced  ring  have  the  same  height  and  are  primary  at 
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the  same  time.  Hence  the  primary  m-rings  are  exactly  the  m-rings 
with  unit  element  which  have  height  1  . 


(S)  A  primary  m-ring  R  is  isomorphic  with  a  complete  matrix  ring 
over  a  completely  primary  m-ring  S.  Conversely,  for  such  an  S  ,  the 
rings  are  primary  m-rings. 

Proof:  Since  R  has  a  unit  element,  we  can  apply  (A).  Here,  S  has 

height  1  and  it  is  a  completely  primary  ring.  Its  unit  element  e  is  the 

only  idempotent.  The  checkered  matrix  ring  M(S,  {e},  {q})  consists  of  all 

matrices  of  degree  with  coefficients  in  eSe  =  S  .  Hence  R  is 

isomorphic  with  S  (with  q  =  qj. 

q  1 

Conversely,  if  S  is  a  completely  primary  m -ring,  (M)  and  (N) 
imply  that  is  an  m-ring  of  height  1.  Since  S  has  a  unit  element  , 

S  is  primary. 

q 

It  follows  from  (I)  that  an  m-ring  R  and  its  reduced  ring  S  are 

semisimple  at  the  same  time.  If  S  here  has  height  k,  S  is  a  direct  sum 

of  K  ideals  T.  which  are  skew  fields;  S  =  3)  )  k  T  .  Now  (I)  shows 
J  ^J=1  J 


that  R  is  a  direct  sum  R  =  6 


H.  of  k  ideals  H.  .  Each  H  is 
^J=1  J  J  j 


a  simple  ring  since  an  ideal  H  with  0  c  H  c  H.  would  be  an  ideal  of  R 
and  hence  would  correspond  to  an  ideal  L  of  S  with  0  ^  L  c  T.  which 
is  impossible.  This  is  Wedderburn's  first  theorem.  Since  S  has  clearly 
a  unit  element,  so  has  R.  Wedderburn's  second  theorem  is  the  special  case 


of  (£)  dealing  with  a  simple  R. 

Let  R  be  an  arbitrary  m-ring  of  height  k.  As  in  Section  2,  let 
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e  ,  e  ,  .  .  .  ,  e  be  k  indecomposable  idempotents  of  R  such  that  e  R 
1  2  k  i 

and  e  R  are  not  R -isomorphic  for  i  ^  j.  It  follows  from  (H)  that  the 

J  ~~ 

k  rings 


Pj  ^i^^j  »  P2  e2^eZ  *  *  *  *  *  ^*k  —  ek^ek 

are  completely  primary.  We  call  these  rings  the  k  completely  primary 

rings  associated  with.  R.  It  is  seen  easily  (e.g.  from  (C4))  that  if  e.  is 

replaced  by  an  idempotent  e*.  €  R  such  that  e  R  and  e*  R  are  R- 

1  11 

isomorphic,  then  e*  Re*.  and  e^Re,  are  ring  isomorphic.  Using  (Q)  ,  we 

see  that  the  k  rings  P.  are  determined  by  R  apart  from  isomorphisms. 

If  e e,  are  chosen  as  in  Section  2  ,  and  the  notation  is  the  same, 

1  k 


e. 

l 


1 


0 


e.  and  hence  P. 
1  1 


e.Se..  Hence 
1  1 


(T)  An  m-ring  R  and  its  reduced  ring  S  have  the  same  associated 
completely  primary  rings. 

If  R  is  an  m-ring,  we  may  identify  R  with  the  isomorphic  checkered 

matrix  ring  M  =  M(S  ,  {e}  ,  {q})  obtained  in  Section  2.  Let  N  denote  the 

set  of  matrices  [m  ]  €  M  whose  coefficients  m  belong  to  Rad  (R).  It 

L  T  u>  T  co  B 

follows  from  Section  2  that  N  =  Rad  (R). 

For  j  :  1  ,  2  ,  .  .  .  ,  k,  let  C  be  the  set  {(j,  M)}  with  1  -  M  -  q  . 

3  j 

Denote  by  B.  the  set  of  elements 


T,  C 

with  m  €  e  Re  =  e .Re.  =  P,  .  Then  B.  is  the  set  of  matrices  [m 

TW  T  to  j  j  j  j  T  U) 

which  have  coefficients  different  from  zero  only  in  the  q.  rows  and  columns 

belonging  to  pairs  (j ,  M)  €  C .  ,  1  =  ju  =  q  .  The  coefficients  in  these  q. 

J  J  J 
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rows  and  columns  can  be  arbitrary  elements  of  P  .  It  is  now  clear  that  B. 

j  J 

is  isomorphic  with  the  complete  matrix  ring  (P  )  of  degree  q.  over  P.. 

k  j 

Furthermore,  if  B  =  )  .  B  ,  each  B.  is  an  ideal  of  the  ring  B  and  the 

L  J=1  J  J 


sum  is  direct. 

Finally,  let  A  be  the  set  of  all  sums  )  m_  with  T  =  (i,A)  ,  u>  =  (j»M) 

L  7  cd 

such  that  either  i  /  j  or  i  =  j  =  0  .  Clearly  ,  A  is  an  additive  subgroup 

and  R  =  A  +  B.  Moreover,  by  (18)  e^  Re  c  Rad  (R)  in  our  present  case, 
Hence  A  c  Rad  (R),  and  we  have  the  following  result  (essentially  due  to 
Wedderburn): 


(U)  Iff  R  is  an  m-ring  of  height  k,  R  can  be  written  as  a  direct  sum 

R  =  A  +  B  such  that  A  is  an  additive  subgroup  of  the  radical  and  that 

B  is  isomorphic  with  a  Cartesian  sum  ®  ^  ,  B  of  k  primary  rings, 

^j=1  J 

B.  «  (P  )  .  Here  ,  P  ,  P  ,  ...»  P,  are  the  k  completely  primary 

J  j  12  k 

rings  associated  with  R. 

We  readily  obtain  the  corollary 


(U*)  If  the  notation  is  as  in  (U)  ,  then 


R/Rad  (R) 


© 


y  (t.) 
l  j  % 

j=i  1 


where  T  is  the  skew  field  T  =  P  /Rad  (P  )  =  P  /(P  P  Rad  (R)). 
J  j  J  j  j  j 

We  give  a  further  definition  which  will  become  important  later  in 


connection  with  Wedderburn' s  "third"  theorem. 
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DEFINITION  4:  A  ring  R  is  cleft,  if  R  can  be  written  as  a  direct 
sum  R  =  G  +  Rad  (R)  where  G  is  a  subring  of  R,  necessarily 
isomorphic  with  R/Rad  (R). 

We  prove  here  only  the  following  proposition  which  will  be  applied 
later  : 

(V)  Let  R  be  an  m-ring.  If  the  completely  primary  rings 

P,»  P_,  ...  ,  P,  associated  with  R  are  cleft,  then  R  is  cleft. 

14  k 

Proof:  As  in  the  proof  of  (U)  ,  we  may  identify  R  with  a 

checkered  matrix  ring  M.  Assume  that  each  P.  is  cleft,  say 

J 

P.  =  L.  +  Q.  where  L.  is  a  subring  and  Q.  =  Rad  (P.)  =  P.  HRad  (R). 
J  J  J  J  J  J  J 

Let  N  have  the  same  significance  as  in  the  proof  of  (U).  It  follows  from 

(18)  that  m  €  N  except  when  T  and  co  belong  to  the  same  set  C,; 

To)  J 

1  =  j  -  k.  If  T  ,  a)  €  C.  and  m_  €  e.Re  =  P.  ,  we  can  write 

J  T  w  j  j  j 

in  =  x  +  y  with  x  €  L.  and  y  €  Q.  c  Rad  (R).  Then 

T  CO  T(*)  'TW  To)  J  7Tu>  j  - 

m  =  x_  +  y_  and  y  €  N.  Let  G  be  the  set  of  all  elements 

T  co  T  co  }T  co  »  co 

of  the  form  ^ 

8  =  I  1  *TV 

j=l  r,  co€Cj 

with  x  €  L  .  It  follows  easily  from  (26)  that  G  is  a  subring  of  M 
TU>  j 

and  that  M  =  G  +  N.  Moreover,  G  0  N  =  (0)  ,  the  sum  is  direct 
and  R  =  M  is  cleft. 

The  converse  of  (V)  holds  too,  see  Problem  11. 
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Problems  to  Chapter  VI 

DEFENITION.  If  p  is  an  element  of  a  ring  R  ,  we  say  that  p  has 
characteristic  0  ,  if  np=  p  +  p  +  ...  +  p(n  terms)  is  different 
from  0  for  every  natural  integer  n.  If  there  exist  natural  integers 
n  for  which  np  =  0  ,  the  characteristic  of  p  is  the  smallest  such 
n.  If  R  has  a  unit  element  1  ,  the  characteristic  of  1  is  called  the 
characteristic  of  R. 

Note  that  if  p  =  a  3  with  a ,  3  €  R  ,  the  characteristic  of  p 
divides  that  of  Of  and  3  .  If  R  has  a  unit  element,  the  characteristic 
of  every  p  divides  the  characteristic  of  R.  The  characteristic  of  a 
skew  field  is  either  0  or  a  prime  number  p. 

1.  Let  X  be  an  r-ideal  of  a  ring  R.  Show  that  an  idempotent  e  of 
the-ring  X  is  indecomposable,  iff  e  is  indecomposable  as  an  idem- 
potent  of  the  ring  R. 

2.  Let  R  be  a  reduced  ring  of  height  k  which  has  a  unit  element  1; 

R/Rad  (R)  %  ®  Yk  .  T.  where  T  are  skew  fields.  Assume  that 

^J=1  J  j 

each  T.  has  characteristic  0.  Show  that  X  cannot  be  written  as  a 
J 

sum  of  more  than  k  idempotents  (not  necessarily  orthogonal). 

3.  Suppose  that  R  is  a  ring  with  a  unit  element  such  that  the  total 
number  h  of  idempotents  in  R  is  finite. 
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(a)  Show  that  h  is  odd. 

(b)  Show  that  if  R  is  an  m-ring  and  h  =  3  ,  then  R'  is  isomorphic 

with  a  Cartesian  sum  of  two  completely  primary  rings. 

(c)  Show  that  if  R  is  an  m-ring,  then  R/Rad  (R)  is  isomorphic 
with  a  Cartesian  sum  of  simple  rings  which  either  have  a  finite  number 
of  elements  or  are  skew  fields. 

4.  Let  R  be  a  ripg  with  a  unit  element,  let  77  be  an  idempotent 
and  set  P  =  77  R  77 . 

(a)  If  X  ranges  over  the  r -ideals  of  P  and  if  Y  =  XR  ,  show  that 

X - >  Y  is  a  multiplicative  isomorphism  of  the  set  {x}  of  r-ideals  * 

of  P  into  the  set  of  r -ideals  of  R. 

(b)  If  there  does  not  exist  an  ideal  H  of  R  with  77  €  H  c  R,  show 

that  X  - >  Y  maps  {x}  onto  the  set  of  r -ideals  Y  of  R  with 

Y  c  77  R  . 

(c)  If  N  =  Rad  (R)  show  that  N  fl  P  c  Rad  (P). 

(d)  If  R  is  either  an  m-ring  or  the  extended  ring  R^  belonging  to  an 

m-ring  R^,  show  that  N  fl  P  =  Rad  (P). 

5.  Let  R  be  an  m-ring  with  unit  element,  let  77  be  an  idempotent, 
and  set  P  =  77 R  77  . 

(a)  If  R  is  quasi-uniserial,  so  is  P. 

(b)  If  R  is  uniserial,  so  is  P. 

(c)  Give  an  example  of  an  m-ring  R  with  a  unit  element  such  that  all 
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associated  completely  primary  rings  are  uniserial,  but  R  is  not 
quasi -uni  serial. 

6.  Let  R  be  an  m-ring  with  unit  element,  and  let  S  be  its  reduced 
ring.  Show  that  R  is  quasi -uni serial  iff  S  is  quasi-uniserial.  Show 
that  R  is  uniserial,  iff  S  is  uniserial. 

7.  Let  R  be  a  completely  primary  m-ring  with  unit  element  ^[_  . 

(a)  Show  that  the  characteristic  of  R  is  either  0  or  a  power  pm 

of  a  prime  number  p  ;  m  =  1  . 

(b)  Show  that  there  exist  subfields  K  of  the  center  of  R  with  the 
unit  element  1,  iff  the  characteristic  of  R  is  either  0  or  a  prime 
number  p. 

8.  Define  a  semiprimary  ring  R  as  a  ring  R  which  possesses  a 
nilpotent  ideal  N  such  that  R/N  is  a  semisimple  m-ring.  Show  that 
the  results  of  Chapter  VI  remain  valid,  if  the  class  of  m-rings  is 
replaced  by  the  class  of  semiprimary  rings. 

Note  that  in  the  proof  of  Theorem  A,  it  suffices  to  assume  that 
N  is  a  nilideal.  Of  course,  we  can  then  only  show  that  Rad  (S)  is  a 
nilideal  and  not  that  it  is  nilpotent.  In  order  to  have  all  the  results  of 
Chapter  VI,  one  may  also  consider  the  class  of  all  rings  R  with 
a  "locally  nilpotent"  ideal  -N  such  that  R/N  is  a  semisimple  m-ring. 
Here  an  ideal  N  is  aaid  to  be  locally  nilpotent,  if  every  finite  set  of 
elements  of  N  belongs  to  a  nilpotent  ideal. 
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Hint:  Use  Problem  27  of  Chapter  IV. 

9.  Let  R  =  M(S,{e|,  {q})  be  a  checkered  matrix  ring  with  unit 

element,  S  a  reduced  m-ring.  Find  the  center  of  R. 

* 

10.  Let  R  be  an  m-ring  with  unit  element,  of  height  k.  Show  that 

the  center  of  R  is  isomorphic  with  a  Cartesian  sum  of  k  rings  C^ 
such  that  C^/  Rad  (C^)  is  a  field,  (i  =  1,2,...,  k). 

11.  Let  R  be  an  m-ring.  Prove  the  converse  of  (V)*  If  R  is 
cleft,  each  completely  primary  ring  P  associated  with  R  is  cleft. 
Deduce  that  R  is  cleft,  iff  its  reduced  ring  S  is  cleft. 
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APPENDIX  A 


1.  Groups  with  operators. 

We  assume  a  knowledge  of  the  definition  of  groups  and  of  their 
elementary  properties.  Most  frequently,  the  group  operation  will  be 
written  as  addition.  Thus,  if  G  is  a  group  and  if  a,  b  €  G  ,  we  have 
a  sum  a  +  b  €  G  and  this  addition  is  associative.  There  exists  a 
neutral  element  or  zero  element  0  such  that  a+0  =  0+  a  =  a 
for  all  a  €  G  .  For  every  a  €  G  ,  there  exists  an  inverse  element 
-a  €  G  such  that  a  +  (-a)  =  (-a)  +  a  =  0  . 

Let  K  be  an  arbitrary  set  of  elements  (possibly  empty).  We  say 
that  G  is  a  group  with  K  as  set  of  operators  or  more  briefly  that  G 
is  a  K-group  ,  if  for  all  g  €  G  and  all  ft  €  K  ,  the  product  got 
is  defined  as  an  element  of  G  such  that 

(1)  (g  +  h)ft  =  gft  +  hft 

for  all  g  ,  h  €  G  and  all  ft  €  K.  In  other  words,  for  each  ft  €  K  , 

the  mapping  g  - >  gee  is  a  homomorphism  of  G  into  G.  This 

implies  that  Oft  =  0  ,  (-g)ft  =  *■  (gft)  . 

If  G  is  a  K-group,  a  K-subgroup  H  is  a  subset  which  is  itself 

a  K-group,  if  the  same  operations  as  for  G  are  used.  Then,  H  has 

to  satisfy  the  following  conditions:  1)  If  h  and  h^  €  H  ,  then 

h  +  h^  €  H  .  2)  If  h  €  H  ,  then  -h  €  H.  3)  If  h  €  H  and  ft  €  K, 

then  hft  €  H.  Conversely,  these  three  conditions  guarantee  that  H 
is  a  K-subgroup. 
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Remarks:  1.  Instead  of  K-subgroup,  one  also  says  "admissible 
subgroup!'  .  If  it  is  quite  clear  that  we  are  dealing  with  operator 
groups,  we  may  sometimes  use  the  term  "subgroup"  to  mean 
"K-subgroup"  . 

2.  If  g1»§2  »  we  often  write  g ^  -  g£  for  g ^  +  (-g2)  ,  in 

particular  when  G  is  abelian.  The  conditions  1)  and  2)  for  sub¬ 
groups  H  can  then  be  replaced  by  the  one  condition:  If  h  ,  h  €  H  , 
then  h^  -  €  H. 

3.  Occasionally,  other  notations  are  used  for  the  product  got  of  an 

element  g  €  G  with  an  element  ot  €  K.  For  instance,  we  may  find 

a 

it  convenient  to  write  Ofg  or  g  for  got. 

Let  H  be  a  K-subgroup  of  G.  If  g  and  g'  are  elements 
of  G,  we  say  that  g  and  g'  are  (left)  congruent  (mod  H)  if  g' 
has  the  formg'  =  h  +  g  with  h  €  H  ,  that  is,  if  g'  +  (-g)  €  H. 

We  sometimes  write  then  g 1  =  g  (mod  H)i  .  Clearly,  congruence 

is  an  equivalence  relation.  The  residue  class  or  coset  Jjg_|  =  |  g  | ^ 

of  g  is  the  set  of  all  elements  of  G  congruence  to  g;  |  g  |  =  {h+g|h  €  I!}. 

Clearly,  [g_[  =  J_gj_|  ,  iff  g  =  g'  (mod  H). 

A  K-subgroup  H  of  G  is  normal,  if  (-g)  +  h  +  g  €  H  for 
all  g  €  G  and  h  €  H.  If  H  is  a  normal  K-subgroup  of  G,  congruences 
mod  H  can  be  added:  If  g^  =  g'^  and  g^  =  g'2  (mod  H),  then 
g  +  g  =  g'  +  g'  (mod  H).  This  implies  that  an  addition  of 

•  Jl  La  1  u 

the  residue  classes  can  be  defined  by  the  formula 
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(2) 


,gl  +  g2 


gl+  g2 


Moreover,  since  g  =  g1  (mod  H)  implies  g«  =  g 'a  mod  H  for  every 
O'  €  K,  a  multiplication  of  the  residue  classes  with  the  operaotrs  OL  €  K 
can  be  defined  by 


(3) 


Ld«  =  [gal. 


It  is  seen  readily  that  the  set  of  all  residue  classes  modulo  a  fixed 
normal  K-subgroup  K  forms  a  K-group  with  those  operations.  This 
is  the  quotient  group  or  residue  class  group  G/H.  The  zero  element 

is  the  residue  class  |_0_|  of  the  zero  element  of  G.  Clearly,  |_0j  =  H. 


Moreover,  |  -g  |  =  -  |_gj  . 

We  shall  have  to  deal  mainly  with  abelian  K-groups.  Here  ,  of 
course,  every  K-subgroup  is  normal. 


2.  Sums  of  normal  K-subgroups. 

Let  G  be  a  K-group  and  let  {H^j-  t>e  a  family  of  normal  K- 
subgroups  where  j  ranges  over  a  set  J  of  indices  .  Let  S  denote 
the  set  of  all  elements  g  of  G  which  can  be  written  as  sums 
g  \  of  finitely  many  elements  x.  each  of  which  belongs  to 

some  H..  It  is  seen  easily  that  S  then  is  a  normal  K-subgroup  of  G. 


We  call  S  the  sum  S  = 


of  the  H..  Note  that  this 
J 


addition  of  subgroups  is  commutative,  because  of  the  normality  of  the  H. 
It  is  also  associative. 

We  now  discuss  the  notion  of  a  direct  sum.  First  of  all,  we  require 
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that  every  element  of  H.  commutes  with  every  element  of  H.  for 

J 

i,  j  €  J,  i  1  j.  Then  every  element  s  of  S  can  be  written  in  the 


form 

(4) 


s 


h. 

J 


j€J 


with  h.  €  H.  .  Here,  the  understanding  is  that  only  finitely  many  h. 

J  J  J 

are  different  from  0  so  that  the  sum  in  (4)  is  really  only  a  finite  sum, 
even  if  J  is  an  infinite  set.  Because  of  our  first  assumption  concerning 
the  {H.}  ,  the  order  in  which  the  h.  in  (4)  are  taken  will  not  matter, 

L  l  l 

Secondly,  we  require  now  that  for  each  s  €  S  ,  the  representation 

(4)  of  s  is  unique.  If  both  our  conditions  are  satisfied,  we  call  the 

sum  of  In,}  direct  and  we  indicate  this  by  placing  a  dot  in  front  of  the 

summation  sign  and  writing  S  =  H.  .  (If  we  have  finitely  many 

I  J 

groups  and  use  +  signs,  a  dot  is  placed  above  each  +  .) 

The  following  remarks  are  more  or  less  obvious. 


(I)  It  suffices  to  check  the  second  requirement  for  the  element  s  =  0  . 
We  have  to  show  here  that  (4)  for  s  =  0  implies  that  all  h.  are  0. 

(II)  The  second  requirement  can  be  replaced  by  the  following  condition: 
For  each  j  €  J  ,  the  intersection 


H.  n  Y]  H.  = 

J  m  1 


=  (0). 


(Ill)  It  follows  from  (II)  that  we  must  have  H.  D  H  =  (0)  for  i,j  €  J, 

1  j 

i  /  j.  Actually,  this  condition  implies  that  the  first  requirement  is 


satisfied. 


Indeed,  suppose  that  x  €  H.  ,  y  €  H  .  Since  H.  and  H.  both 

1  3  1  J 
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are  normal  in  G,  the  commutator  element  y  =  (-x)  +  (-y)  +  x  +  y  belongs 

to  both  and  H..  If  OH.  =  (0)  ,  we  have  y  -  0  and  this  yields 

J  J 

x  +  y  =  y  +  x  . 

(IV)  In  particular,  the  sum  of  two  normal  K-subgroups  is  direct, 


iff  Ha  HHZ  =  (0)  . 


(V)  A  sum  7  c  H  of  a  family  {H.}  of  normal  K-subgroups  of  G  is  direct, 

J  .  J 

iff  the  sum)  H.  is  direct  for  every  finite  subset  F  of  J. 

Z— fj€F  j 

Indeed,  ifT?  __  H.  is  direct,  obvious lyY''  __  H.  is  direct 
for  every  subset  F  of  J.  Conversely,  suppose  that  /  J  lCr,  H, 

-  ■*— j 

is  direct  for  every  finite  subset  of  J.  If  i  ,  j  6  J  ,  i  /  j,  take 

f  =  (i  ,  i  }  .  Then  H.  +  H.  is  direct  and  hence  every  x  €  H. 

L  1  i  J  i 

commutes  with  every  y  €  H.  .  If  we  had  a  non-trivial  representation 

(4)  of  s  =  0  ,  there  exists  a  finite  subset  F  of  J  consisting  of  the 

subscripts  j  of  the  terms  h.  4-  0  in  (4)  .  Then  j'  -  _  H 

j  Z^j  €  F  j 

would  not  be  direct. 


(VI)  If  S  = 


-•Ej 


sum  • 


_  _  H.  is  direct  and  if  H  is  written  as  a  direct 
6  J  J  j 

^  ^  IF  of  a  family  {H.  of  normal  K-subgroups 

of  G,  then  S  is  the  direct  sum  of  the  H  for  all  pairs  (j,  r). 

J>  r 

We  'are  interested  almost  exclusively  in  abelian  K-groups.  Here 
of  course  every  K-subgroup  is  normal  and  our  first  requrement  for 


direct  sums  is  always  satisfied. 


3.  Operator  homomo rphisms. 

Let  G  and  G *  be  two  K-groups,  both  with  the  same  set  K  of 
operators.  A  K-homomorphism  or  operator  homomorphism  of  G  into 


G*  is  a  mapping  6  of  G  into  G*  with  the  following  two  properties: 
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(I)  If  g  — g*  and  gj  >  gj*  ,  then  g  +  gj  >  g*  +  g*  l  • 

(II)  If  g  >  g*  ,  then  ga  - — >  g*OL  for  every  ot  €  K  .  If  the 

image  of  g  is  denoted  by  g0  ,  this  can  be  expressed  by  the  equations 

(5)  (g+  gx)e  =  gQ  +  gx6,  (gOf)0  =  (g0)a, 

for  all  g  »  gj  €  G  and  ex  €  K.  Note  that  00  is  the  zero  element  of 

G*  and  that  (-g)0  =  -(g 0)  . 

We  say  of  course  that  G  is  mapped  onto  G*,  if  every  element 
of  G*  is  image  of  an  element  of  G  or  ,  symbolically,  if  G0  =  G*  . 

If  the  mapping  is  one-to-one,  we  speak  of  an  R  -isomorphism.  If  it 

is  absolutely  clear  that  we  are  dealing  with  K-groups,  we  may  some¬ 
times  omit  the  "prefix"  before  homomorphism.  On  the  other 
hand,  if  we  wish  to  emphasize  that  the  condition  (II)  holds  for  0  ,  we 
say  that  0  "admits"  the  operator  ot . 

As  an  example  of  a  K-homomorphism,  we  mention  the  natural  K- 
homomorphism  of  a  group  G  onto  a  quotient  group  G/H  (where  H 
is  a  normal  K-subgroup  of  G).  This  is  the  mapping  which  maps  every 
element  g  on  the  residue  class  |  g  |  containing  g. 

Let  ©  be  a  K-homomorphism  mapping  the  K-group  G  onto  the 
K-group  G*.  The  kernel  H  is  the  subset  of  G  mapped  on  the  zero- 
element  0*  of  G*.  It  is  seen  easily  that  H  is  a  normal  K-subgroup 
of  G.  Moreover,  there  exists  a  well-defined  mapping  0  of  G/H  onto 
G*  such  that  |_g_| 0  =  g0  .  (i.e.  ,  if  0  maps  g  — — >  g*  ,  then  0  maps 


lg  1  ^  g*)°  is  now  clear  that  0  is  a  K-isomorphism  of  G/H  onto 

G*.  Using  the  symbol  ^  for  K-isomorphism,  we  have 
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(6) 


G/(Ke  rnel  0)  %  G*  . 


The  preceding  statements,  in  particular  (6)  ,  represent  the  "First 
Theorem  on  homomorphic  groups"  . 

If  the  notation  is  as  before  and  if  A  is  a  K- subgroup  of  G,  its 
image  A0  is  certainly  a  K-subgroup  B  of  G*  .  However,  different 
subgroups  of  G  may  be  mapped  onto  the  same  B(  e.g.,  the  subgroup 
(0)  and  the  kernel  H  are  both  mapped  on  (0*)  .  For  each  K-subgroup 
B  of  B*  ,  there  exists  a  K-subgroup  A  of  G  mapped  onto  B  .  We 
only  have  to  take  for  A  the  reciprocal  image  B0  ^  of  B  ,  i.e.,  the 

set  of  all  elements  of  G  whose  image  belongs  to  B.  If  A  is  chosen  as 

„  -1 

B0  ,  then  A  3  H  and  it  is  now  clear  that  A  is  the  only  K-subgroup 
3  H  of  G  mapped  onto  B.  This  gives  the  first  part  of  the  following 
"Second  Theorem  on  homomorphic  groups" 

1)  If  0  is  a  K-homomorphism  of  the  K-group  G  onto  the  K-group  G* 

with  the  kernel  H,  there  exists  a  one-to-one  correspondence  A  - >  B 

between  the  set  {a}  of  all  K-subgroups  A3  H  of  G  and  the  set  [b) 
of  all  K-subgroups  B  of  G*  such  that 


(7) 


B  =  A0  ,  A  =  B0 


-1 


2)  If  A  6  {A}  is  normal  in  G,  then  B  =  A6  is  normal  in  G*  and 


conversely.  In  this  case, 


(8) 


g/a  «  G*/B. 


The  first  statement  2)  is  obvious.  In  order  to  prove  (8)  ,  consider 
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more  generally  a  normal  K-subgroup  R  of  G  and  a  normal  K-subgroup 
S  of  G*  such  that  R  0  C  S.  If  we  map  |_gj  - >  |  g 6  [  ^,  we  clearly 

R 

obtain  a  K-homomorphism  ©  of  G/R  onto  G*/S.  This  is  the  homo¬ 
morphism  6  of  G/R  onto  G*/S  induced  by  B  .  If  S  =  BfR  =  A=  B©  \ 
0  is  an  isomorphism  and  (8)  holds. 

A  K-subgroup  G  is  simple,  if  G  ^  (0)  and  if  the  only  normal 
K-subgroups  are  the  trivial  ones,  (0)  and  (G).  A  normal  K-subgroup 
A  of  G  is  maximal  normal,  if  A  /  G  and  if  there  does  not  exist  a 
normal  K-subgroup  A^  with  A  C  A  ^  c  G.  Applying  the  "Second 
Theorem"  to  the  natural  homomorphism  of  G  onto  G/H  (with  the 
kernel  H),  we  have  the  important  corollary: 

Corollary:  A  normal  K-subgroup  H  of  the  K-group  is  maximal 
normal  in  the  K-group  G,  iff  G/H  is  simple. 

Third  Theorem  on  homomorphic  groups.  Let  U  and  V  be  two 
normal  K-subgroups  of  the  K-group  G.  Then 


(9) 


(u  +  v)/u  ^  v/(u  n  v)  , 


where  each  denominator  is  a  normal  K-subgroup  of  the  corresponding 
numerator  . 

Proof:  Let  8  be  the  natural  homomorphism  of  G  onto  G/U  and 

let  7)  be  the  restriction  0  |  V  of  0  to  V  .  Thus,  rj  is  the  mapping 

v  >  ]vj[  of  V.  If  g  6  U  +  V  ,  we  can  write  g  =  u  +  v  with 

u  €  U  ,  v  €  V.  Hence  J_gJ  y  =  JvJy  .  It  is  now  clear  that  T)  is  a 
K-homomorphism  of  V  onto  (U  +  V)/U.  We  have  v  €  Kernel  (r?)  ,  iff 
v  €  U  ,  i.  e.  ,  iff  v  €  U  HV.  Application  of  the  first  theorem  on 
homomorphic  groups  to  rj  yields  (9). 
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The  following  definition  is  not  very  important  for  us  (but  very 


important  in  other  connection):  Consider  a  sequence  of  K-groups 

-{G  }  and  K-homomorphisms  <p  of  G  into  G  ,  , 

L  rJ  r  r  r+1 


->  G 


r+1 


->  .  .  . 


Here  ,  r  is  to 


r  r+1  r+2 

range  over  all  integers  with  a  <  r  <  b  ,  (a  finite  or  -  oo  ,  b  finite 

or  +  oo  ).  We  say  that  the  sequence  is  exact,  if  G^p^  ^  Kernel  (<Pr+j) 

for  a  <  r  ,  r  +  2  <  b  . 


4.  Composition  series. 

Let  G  be  a  K-group  and  let  A  and  B  be  two  K-subgroups  with 

A  3  B.  A  composition  series  from  A  to  B  is  a  finite  sequence 

Hrt,  H,  ,  H  of  subgroups  such  that 

0  1  m 

(I)  H  =  A  3  H  3  .  .  .  3  H  =  B  . 

0  1  m 

(II)  Each  is  a  maximal  normal  K-subgroup  of  1  -  i  -  m. 

As  shown  by  the  corollary  in  Section  5,  (II)  can  be  replaced  by  the 
condition  that  is  a  normal  K-subgroup  of  ^  and  that 

is  simple.  The  number  m  is  called  the  length  of  the  composition 

series. 

A  composition  series  of  G  is  simply  a  composition  series  from 
A  =  G  to  B  =  (0)  .  If  such  composition  series  of  G  exist,  the  length 
of  the  shortest  composition  series  of  G  is  called  the  Jordan  dimension 
d(G)  of  G.  If  no  composition  series  of  G  exist,  set  d(G)  =  oo  .  Note 
that  d(G)  =  0  ,  if  G  =  (0)  and  that  d(G)  =  1  ,  if  G  is  simple. 

(A)  Let  G  be  a  K-group  and  N  a  normal  K-subgroup  .  There  exist 
composition  series  from  G  to  N  ,  iff  d(G/N)  <  oo  . 


-210- 


Proof:  Suppose  that 

(10)  H  =  G  3  H  dH  d,,,  d  H  =  N 

0  12  m 

is  a  composition  series  from  G  to  N.  Let  0  be  the  natural 
homomorphism  of  G  onto  G/N  and  let  0  be  its  restriction  to  H  . 

j  j 

Set  H*.  =  H.0  =  H.0  .  Since  H.  ,  is  a  maximal  normal  subgroup 

J  J  J  j  J+1 

of  H.  ,  the  second  theorem  on  homomorphic  groups  (applied  to  0.  ) 

J  J 

shows  that  ^  is  a  maximal  normal  subgroup  of  H*..  Hence 

J  J 

(11)  H*  =  G/N  z>  H*  d  H*,  id...  3  H*  =  (0*) 

0  12  m 

is  a  composition  series  of  G/N. 

Conversely,  if  we  start  from  a  composition  series  (11)  of  G/N 
and  set  H.  =  H#.0  ^  ,  the  second  theorem  on  homomorphic  groups 

shows  that  (10)  is  a  composition  series  from  G  to  N. 

We  say  that  a  composition  series  In.}  goes  through  a  group  L  if 
L  is  one  of  the  groups  H.  . 

(B)  Let  G  be  a  K-group  and  N  a  normal  K-subgroup.  There  exist 
composition  series  of  G  through  N,  iff  both  d(G/N)  and  d(N)  are 
finite. 

Proof:  If  we  have  a  composition  series  of  G  through  N  ,  the  part 
from  N  to  (0)  is  a  composition  series  of  N.  On  the  other  hand,  the 
part  from  G  to  N  can  be  used  to  obtain  a  composition  series  of 
G/N,  cf.  (A). 

Conversely,  if  we  have  a  composition  series  of  G/N  ,  then  (A) 
furnishes  a  composition  series  from  G  to  N.  If  we  also  have  a 
composition  series  of  N  ,  we  simply  have  to  put  this  behind  the 
composition  series  from  G  to  N.  This  yields  a  composition  series 
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of  G  through  N. 

(C)  Let  G  be  a  K-group  of  finite  dimension  d(G)  and  let  N  be  a 
normal  K-subgroup.  There  exist  composition  series  of  G  through 

N. 

Proof:  We  use  induction  on  n  =  d(G).  For  n  =  0  ,  G  =  (0) 

and  (C)  is  trivial.  Assume  n  >  0  and  let 

H  =  G  H  3 ...  3  H  =  (0) 

0  In 

be  a  composition  series  of  length  n.  Then  3  — •  •  •  Hn  =  (0) 

is  a  composition  series  of  length  n  -  1  of  .  Hence  ,  (C)  holds  for 
Hj  instead  of  G. 

In  N  c  ,  we  can  find  a  composition  series  of  through  N. 

Placing  a  term  G  in  front  of  this  composition  series,  we  obtain  a 

composition  series  of  G  through  N. 

We  may  then  assume  N  ^  .  Clearly,  +  N  is  a  normal 

K-subgroup  of  G  and  +  N  3  .  Since  was  maximal  normal, 

we  must  have  H  +  N  =  G  .  Set  H  Pi  N  =  T.  Applying  the  third 

1  1 

theorem  on  homomorphic  groups  twice,  we  find 

(12)  G/H  «  N/T  , 

(13)  G/N  «  Hj/T  , 

where  each  denominator  is  normal  in  the  corresponding  numerator.  In 
particular,  T  is  normal  in  and  since  (CJ  holds  for  ,  it  follows 

from  (B)  that  d(H^/T)  <  oo  ,  d(T)  <  oo  .  By  (13)  ,  d(G/N)  <  oo  .  On  the 
other  hand,  since  G/H1  is  simple  ,  d(G/H1)  =  1  and  hence 
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d(N/T)  =  1  by  (12).  Since  d(N/T)  <  co  ,  d(T)  <  oo  we  have 

d(N)  <  oo  by  (B)  and  as  d(G/N)  <  oo  ,  (B)  shows  that  there  exist 

composition  series  of  G  through  N. 

If  H  =  G  3  H  d...  d  H  =  (0)  is  a  composition  series,  we 
u  l  n 

call  the  n  simple  groups 

VH1  •  VH2 . Hn-1/Hn 

the  quotient  groups  of  the  composition  series.  If  =  G  3  L^  3... 

(0)  is  a  second  composition  series  of  the  same  length,  we  say  that 
both  composition  seties  have  isomorphic  quotient  groups,  if  there 
exists  a  permutation  i  -  >  i#  of  {l  ,  2  ,  .  .  .  ,  n}  such  that 

~  Li*-i/Li»  <for  1  -  1  -  “>• 

(D)  Theorem  of  Jordan  Hoelder:  If  G  is  a  K-group  and  d(G)  <  oo  , 
then  every  composition  series  of  G  has  length  d(G)  and  any  two 
composition  series  have  isomorphic  quotient  groups. 

Proof:  1)  We  use  again  induction  on  n  =  d(G)  ;  the  case  n  =  0 
is  trivial.  Let 

(14)  H  =  G  3  H.  3...  dH  =  (0) 

0  1  n 

be  a  composition  series  of  length  n  =  d(G)  and  let 

(15)  LQ  =  G  =  Lj  =...=>  Lm  =  (0) 

be  a  second  composition  series  of  G. 

As  in  the  proof  of  (C)  ,  d(H^)  -  n  -  1  and  hence  (D)  holds  for 
Hj  instead  of  G.  If  =  L^  ,  then  H,  3  and  H ^  =  L ^  3 

L^  3. .  .  are  two  composition  series  of  .  Applying  (D)  here  we  see 
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at  once  that  n  =  m  and  that  (14)  and  (15)  have  isomorphic  quotient 
groups. 

2)  Assume  then  ^  .  Set  N  =  .  Since  was  maximal 

normal,  it  follows  that  .  If  we  set  T  =  H  N  ,  again 

(12)  and  (13)  hold.  It  follows  from  (C)  that  there  exist  composition 
series  T  3  . .  of  T.  Now  form 


(16) 


VTDV"'  > 


(17)  G  dN  =  Lj  DT  d„,  . 

We  claim  that  these  are  two  composition  series  of  G.  Indeed  the 
only  question  in  (16)  is  whether  T  is  maximal  normal  in  . 

However,  this  is  immediate  from  (13)  since  G/N  =  G/L^  is  simple. 
Similarly,  (12)  shows  that  T  is  maximal  normal  in  N  and  that  (17) 
is  a  composition  series.  Both  series  (16)  and  (17)  have  the  same 
length.  Moreover,  (12)  and  (13)  show  that  they  have  isomorphic 
quotient  groups.  Indeed  starting  with  T/T^  ,  the  quotient  groups  are 
the  same  and  G/H^  «  L^/T  ,  H^/T  G/L^  . 

Compare  now  the  composition  series  (14)  and  (16).  Since  they 
have  the  same  second  term  ,  the  argument  in  1)  shows  that  they 
have  the  same  length  n  and  isomorphic  quotient  groups.  It  follows  that 
(14)  and  (17)  too  have  the  same  length  n  and  isomorphic  quotient  groups. 

Finally  compare  (17)  and  (15).  Since  they  have  the  same  second 
term  and  since  (17)  has  the  length  n  =  d(G)  ,  again  the  argument 

in  1)  applies.  Both  series  have  the  same  length  and  isomorphic  quotient 
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quotient  groups. 

(E)  If  G  is  a  K~group  and  N  a  normal  K-subgroup 
(18)  d(G)  =  d(G/N)  +  d(N)  . 

(Here  the  sum  is  taken  as  oo  ,  if  a  summand  is  oo  . ) 

Indeed,  if  d(G)  <  oo  ,  we  can  find  a  composition  series  through 
N.  The  proof  of  (A)  shows  that  the  length  of  the  piece  from  G  to  N 
is  d(G/N).  No  w  (18)  states  that  the  length  of  the  composition  series 
of  G  is  equal  to  the  Siam  of  the  lengths  of  the  pieces  from  G  to  N  and 
from  N  to  (0)  . 

On  the  other  hand,  if  d(G)  =  oo  ,  (B)  shows  that  at  least  one  of 

d(G/N)  ,  d(N)  is  oo  . 

5.  The  chain  conditions. 

Let  G  be  a  set  and  let  U  be  a  family  of  subsets  of  G.  If  S  €  U 
we  shall  say  that  S  is  a  U-set.  In  particular,  we  are  interested  in  the 
cases  that  G  is  a  K-group  and  that  U  consists  of  the  normal  K-Subgroups 
of  G. 

If  ^/c.  is  a  subfamily  of  U,  a  minimal  member  of  is  an 
element  S  of  such  that  no  proper  subset  of  S  belongs  to  . 

Similarly,  S  €  is  a  maximal  member  of  ,  if  no  subset 
5^  3  S  of  G  belongs  to  .  We  say  that  G  satisfies  the  minimum 

condition  (m-condition)  for  U-sets,  if  every  non-empty  family  of 

U-sets  has  minimal  members.  Similarly,  G  satisfies  the  maximum 


condition  (M-condition)  for  U  sets,  if  every  non-empty  family of  U-sets 
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has  maximal  members.  The  set  G  satisfies  the  descending  chain 
condition  (d.  c.  c.  )  for  U-sets  if  in  every  "descending"  sequence 


X!  2  X2  -  X3  - 

of  U-sets,  only  finitely  many  X  are  distinct,  that  is,  if  there 

exists  an  index  n.  such  that  X  =  X  ,  for  n  -  n_  .  Finally, 

0  n  n+ 1  0 

G  satisfies  the  ascending  chain  condition  (a.  c.c^  for  U-sets  ,  if 
in  every  ascending  sequence 

X\  -  X2  -  X3  E  *  *  • 
of  U-sets,  only  finitely  many  X^  are  distinct. 

The  following  remark  is  trivial. 


(F)  The  m-condition  for  U-sets  is  equivalent  with  the  d.  c.c.,  the 
M-condition  with  the  a.  c.  c. 

Indeed,  if  the  m-condition  holds,  any  descending  sequence  {X^} 

has  minimal  member  X  and  then  X  =X  ,  .  =  X 

n  n  nrt+l  n  +2 

0  0  0  0 

On  the  other  hand,  if  ^  is  a  family  of  U-sets  without  minimal  members, 

then  we  can  use  induction  to  define  a  set  X  €  HH-  for  n  =  1,2,..., 

n 

such  that  X  id  X  ,  .  Hence  the  d.  c.  c.  does  not  hold.  The  proof  for 
n  n+ 1 

the  M-condition  is  similar. 

Suppose  that  U  satisfies  the  following  two  conditions: 

(I)  G  €  U  ;  the  empty  set  0  is  not  in  U. 

(II)  Every  intersection  of  U-sets  belongs  to  U. 

For  every  subset  S  of  G,  we  can  form  the  intersection  S  of  all 
U-sets  T  3  S.  Clearly,  S  is  a  U-set  ,  S  id  S  ,  and  S  is  a  subset  of 
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every  U-set  T  3  S.  We  call  S  the  U-set  generated  by  S  and  we 
often  denote  this  set  by  (S)  .  The  set  S  is  a  U-set  ,  iff  S  =  (S)  . 

We  say  that  a  U-set  X  is  finitely  generated  ,  if  there  exists  a  finite 

subset  S  of  G  with  (S)  =  X  . 

(G)  .  If  the  a.  c.c.  holds  for  U-sets,  then  every  U-set  is  finitely 
gene  rated. 

Proof:  Suppose  that  X  is  a  U-set  which  is  not  finitely  generated. 

Then  X  ^  0  .  If  S  is  a  finite  subset  of  X  ,  certainly  (S)  /  X  . 

Since  S  c  X  and  X  is  a  U-set  ,  (S)  c  X  and  there  exist  elements 

x  €  X  with  x  (S)  .  Starting  from  an  arbitrary  element  s^  of  X 

we  can  use  induction  to  construct  a  sequence  {s  f  of  elements  of  X 

l  nJ 

such  that  if  S  is  the  set  {s, ,  s_,  ...»  s  }  ,  we  have 
n  L  1  2  nJ 

(Sj)  c  (S2)  c  (S3)  ...  . 

This  shows  that  the  a.  c.  c.  does  not  hold  for  U-sets. 

(G*)  If  U  in  addition  to  (I)  and  (II)  satisfies  the  further  condition 
that  the  union  of  an  ascending  sequence  {-^n}  U-sets  is  a  U-set,  the 
converse  of  (G)  holds:  If  every  U-set  is  finitely  generated,  the 
a.  c.c.  holds  for  U-sets. 

Indeed,  if  {X  }  is  an  ascending  chain  of  U-sets,  it  is  assumed 
L  n 

that  S  =  U  X  is  a  U-set  and  then  that  it  is  finitely  generated.  Since 
n 

all  "generators"  must  belong  to  some  X^  ,  we  have  S  =  X^  . 

We  return  to  the  discussion  of  K-groups. 
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(H)  If  G  is  a  K- group  which  has  a  composition  series,  the  a,c.c, 
and  the  d.  c.c.  hold  for  normal  K-subgroups  of  G.  For  abelian  K- 
groups,  G  ,  the  converse  is  true:  If  both  chain  conditions  hold,  G 
has  a  composition  series. 

Proof:  Suppose  that  d(G)  <  oo  .  It  follows  from  (E)  that  if  X 

and  Y  are  normal  K-subgroups  of  <3  and  X  c  Y  then  d(X)  <  d(Y)  . 

If  {Xj  is  an  ascending  sequence  of  normal  K-subgroups  of  G  then 
< 

d(X  )  =  d(G)  and  our  remark  shows  that  we  can  have  only  finitely 
n 

many  distinct  X^.  The  proof  of  the  d.  c.c.  is  similar. 

Suppose  now  that  Gi  is  abell&n  and  assume  the  a.  c.  c. 
(M-condition)  for  K-subgroups  of  G.  If  H  /  (0)  is  a  K-subgroup  and 
if  we  take  for  the  family  of  all  proper  subgroups  of  H  ,  we  see  that 

there  exist  maximal  (proper)  K-subgroups  of  H.  Apply  this  first  to 
H  =  G  ,  then  to  a  maximal  (proper)  K-subgroup  H  of  G  and  so  on. 
Suppose  that  Ghas  no  composition  series.  Then  all  groups  remain 
different  from  (0)  .  By  induction,  we  can  define  a  descending  sequence 
{hJ-  for  all  n  such  that  is  s  maximal  (proper)  K-subgroup  of  H 

This  is  impossible,  if  we  assume  the  d.c.c. 

For  non-abelian  K-groups  G  ,  it  can  be  shown  that  G  has  a 
composition  series,  iff  both  chain  conditions  hold  for  "semi-normal" 
K-subgroups.  It  is  not  necessary  for  our  purposes  to  discuss  this 
concept. 

(I)  Suppose  that  a  K-group  G  is  written  as  sum  of  a  finite  number  of 
normal  K-subgroups  , 
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c  -  i>i 

i=l 

If  the  m-conditions  hold  for  the  normal  K-subgroups  of  each  H,  ,  the 

same  is  true  for  G.  An  analogous  rule  holds  for  the  M-condition. 

Proof:  1)  Set  L  =  T  f_  i  H.  for  1  =  r  =  n  ,  L^  -  (0)  . 

1  1  r  l—t  i—  1  i  0 

Let  X  be  a  normal  K-subgroup  of  G.  For  each  r  with  1  -  r  -  n  , 
set 

(19)  T  (X)  =  H  n  (L  .  +  X)  . 

r  r  r  - 1 

Then  T  (X)  is  a  normal  K-subgroup  of  H  . 

r  r 

(2)  Let  Y  c  X  be  a  normal  K-subgroup  of  G.  Clearly,  T  (Y)  c  T  (X) 

—  r  —  r 

for  1  -  r  -  n  .  Assume  that  here  the  equality  sign  holds  for  all  r. 

We  wish  to  show  next  that  then 


(20) 


X  c  L  +  Y  , 
—  r 


<  < 

for  0  =  r  =  n  . 


This  is  certainly  true  for  r  =  n  ,  since  L  =  G  .  Assume  that  (20) 

n 

has  been  proved  for  some  r  =  1  .  Now,  L  =  L  +  H  .  If 

r  r  r-1  r 

x  €  X  ,  it  follows  from  (20)  that  we  may  set  x=Jr^  +  hr+y 

with  0  .  €  L  .  ,  h  €H,y€Y.  Since  x  ,  y  ,  f  €L  +X, 

t  r-1  r-1  r  r  r-1  r-i 

we  have  h  €  L  +  X  and  ,  by  (19)  h  €  T  (X)  .  By  assumption, 
r  r- 1  r  r 

T  (X)  =  T  (Y)  and  hence  h  €  T  (Y)  c  L  +  Y  .  Hence 
r  r  rr  r-i 

x=l  +h  +  y  €  L  +Y.  This  shows  that  (20)  holds  for 

*r-l  r  r-1 

r-1  instead  of  r . 

Thus,  (20)  holds  for  all  r  -  0  .  For  r  =  0  ,  we  obtain  X  c  Y  , 

=  Y  . 


that  is  ,  X 
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Thus,  if  Y  is  a  K-subgroup  of  X  and  T  (X)  =  T  (Y)  for  all  r, 

r  r 

then  X  =  Y  • 

3)  Consider  now  a  descending  chain  of  normal  K-subgroups 


X1 

X2  —  X 3  ■— 

• 

with 

1 

<  < 

=  r  =  n  , 

T  (X.)  d  T  (X  )  3  T  (X  )  3  ...  . 

rl  —  r  2  —  r  3  — 

Since  the  descending  chain  condition  holds  for  normal  K-subgroups  of 

H  ,  we  may  determine  an  index  m  such  that 
r  0 


(21) 


T  (X)  =  T  (X  ) 

r  m  r  m+ 1 


for  m  =  .  Here,  m^  may  be  taken  the  same  for  all  r  since  we 

have  only  finitely  many  r.  Then  (21)  holds  for  m  -  m^  for  all  r  . 

As  shown  in  2)  ,  this  implies  X  =  X  ,  for  m  =  rn  .  Thus,  the 

m  m+ 1  0 

descending  chain  condition  holds  for  normal  K-subgroups  of  G. 

4)  The  proof  in  the  case  of  the  M-condition  is  quite  analogous  to  that  in  3), 


6.  Completely  reducible  groups. 

A  K-group  G  is  completely  reducible  or  semisimple  if  G  is 
the  sum  of  normal  simple  K-subgroups  F. 


(22) 


=  1  V 


i€  J 


The  following  two  theorems  will  be  proved  simultaneously. 
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(J)  Every  completely  reducible  K-group  G  is  a  direct  sum  of  normal 
simple  K-subgroups. 

(K)  If  G  is  a  completely  reducible  K-group  and  H  is  a  normal 

K-subgroup,  both  H  and  G/H  are  completely  reducible.  Moreover, 
there  exists  a  normal  K-subgroup  such  that  G  =  H  +  . 

Proof:  Let  H  be  a  normal  K-subgroup  of  the  completely  reducible 

K-group  G.  Suppose  that  S  is  a  set  of  normal  simple  K-subgroups  F. 

J 

for  which  (22)  holds.  Consider  subsets  T  of  S  such  that  both 

^  F.  and  H  +  (  ^  ^  F.)  are  direct.  Let  be  the  family 

j  J  5  1 

of  all  subsets  T  of  S  with  this  property.  Since  the  empty  set  T  =  0 
has  the  property  required  of  sets  T  ,  0  €  ,  and  is  not  empty. 

We  now  apply  Zorn's  lemma  (Section  10)  in  a  standard  fashion. 

We  order  by  inclusion.  Let  ^  be  a  linearly  ordered  subfamily  of 
and  let  T*  denote  the  union  T*  =  ^  ^  ^  T  .  (Each  T  € 

is  a  set  of  subgroups  F^  €  S  and  so  is  T*;  we  have  F^  €  T*  ,  if 
F.  €  T  for  some  T  in  .  ) 

l 

It  is  easily  seen  that  T#  €  .  Indeed,  on  account  of  the  remark 

(V)  in  Section  2  ,  it  suffices  to  prove  that  the  sum 


(23) 


H  +  F  +  F.  + 

*1  xz 


+  F. 


n 


is  direct  for  any  finite  subset  {F.  ,  F.  ,  ,  F  }  of  T*.  Here, 

Xl  X2  n 

each  F.  belongs  to  some  T  and  since  *s  linearly  ordered  and 

we  have  only  finitely  many  F.  ,  there  exist  ^  such 


V 


that 
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F  ,  F  ,  ,  F  all  belong  to  T  .  Since  T  here  is  an  element 

i,  i_  i  0  0 

12  n 

of  »  the  sum  (23)  really  is  direct  . 

Thus,  T*  €  Kr-  Clearly,  T  c  T*,  for  all  T  .  Hence  , 

has  an  upper  bound  in^-  and  Zorn's  lemma  applies.  It  follows  that 
there  exist  maximal  elements  T  of  Set 


(24) 


G0  =  H 


?  <  *  l  Fi  >  ’ 


F.  €  T 

l 


where  we  know  that  the  sums  are  direct.  Here  ,  is  a  normal  K- 

subgroup  of  G. 


We  wish  to  show  that  G^  =  G  .  If  this  was  not  so  it  would 

follow  from  (22)  that  there  exist  F.  €  S  with  F.  G^  .  This  implies 

J  I 

F.  n  G^  c  F.  and  since  F.  fl  G^  is  a  normal  K-subgroup  of  G  and 
F  is  simple,  F  P  G  =  (0)  .  Now  the  remark  (IV)  in  Section  2  shows 

j  j  0 

that  Gq  +  F.  is  direct.  But  it  then  follows  easily  that  if  we  form  a 
J 

set  T,  by  adding  the  one  element  F.  to  the  set  T  (i.e.,  T  =  T  LJ  {F  }), 
1  J  1  W  j 


then  the  sum 


G0  +  F  =  H  + 
0  j 


<  •  I 


F.) 

l 


F.  €  T 
i  i 


is  direct.  This  means  that  T^  €  'zfc  and  since  T  c  T^  ,  T  would 
not  be  maximal  in  ,  a  contradiction.  This  proves  that  G^  =  G  . 

Taking  now  H  =  (0)  ,  the  equation  (24)  yields  (J).  Moreover,  for 

an  arbitrary  normal  K-subgroup  H  ,  the  last  part  of  (jK)  is  obtained  from 


(24)  by  setting 
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(25) 


H. 


I 


F  €  T 


Then  G/H  and  (25)  shows  that  G/H  is  completely  reducible. 

Since  we  now  know  that  every  quotient  group  of  G  is  completely 

0 

reducible,  this  applies  to  G/Hj  =  (H  +  H^)/H^  «  H  and  (K)  is 
proved  in  all  parts. 

(L)  If  G  is  a  completely  reducible  K-group,  the  minimum  and  the 
maximum  condition  for  normal  K -subgroups  of  G  imply  each  other. 
Proof:  1)  Assume  the  ascending  chain  condition.  If 

X1  2  x2  =  x3  ••• 

is  a  descending  chain  of  normal  K-subgroups,  it  follows  from  (£)  that 

# 

there  exist  normal  K-subgroups  Z  of  G  with  G  =  X  +  Z  and 

n  n  n 

• 

normal  K-subgroups  Y  of  X  with  X  =  X  +  Y  .  Since  every 
6  r  n  n  n  n+ 1  n  7 

element  of  Z  commutes  with  every  element  of  Y  c  X  ,  the  group 
n  n  —  n 

• 

Y  is  normal  in  G  =  X  +  Z  Then 

n  n  n 


X1  =  X2  +Y1  =  X3  +  Y2  +  Yl  =  X4+Y3+Y2  +  Y! 


•  • 


If  we  set  Y* 


=  yn_,  y  , 

n  Lj  i=l  i 


this  sum  is  direct  and  Y*  is  a  normal 


n 


K-subgroup.  Since  Y*  c  Y*  ,  ,  ,  the  ascending  chain  condition  shows 

n  ~  P+1 

that  there  exists  an  nrt  such  that  Y*  =  Y*  for  n  =  n  .  This 

0  n-1  n  0 


implies  Y  =  (0)  ,  whence  X  =  X 


n 


n 


.  ,  ,  for  n  =  n_.  Hence  the 
n+ 1  0 


descending  chain  condition  holds. 


2)  Assume  the  descending  chain  condition.  Suppose  that 
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X.  c  X.  c  X  c  ... 
1  —  2  —  3  — 


is  an  ascending  chain  of  normal  K-subgroups  of  G.  Without  restriction, 
we  may  take  X^  =  (0)  .  We  wish  to  define  a  descending  chain  {yJ 
of  normal  K-subgroups  of  G  such  that 


(26) 


G  =  X  +  Y 
n  n 


(n  =  1  ,  2  ,  3,  .  .  .  ). 


For  n  =  1  ,  we  may  take  Y  =  G  .  If  Y  ,  Y  ,  ,  .  .  ,  Y  have  already 

1  1  2  n 

been  found,  it  follows  from  (J)  that  we  can  find  a  nomal  K-subgroup  Y^+^ 

of  Y  such  that 
n 


(27) 


y  =  (X  P)  y  )  +  y  . 

n  n+ 1  ■  *  n  n+ 1 


It  follows  from  (26)  that  Y  is  normal  in  G.  Since  the  sum  (27)  is 

n+ 1 

direct  ,  X  ,,  f|  Y  fl  Y  =  (0)  and  as  Y  c  Y  ,  this 

n+ 1  p  '  n  *  n+1  n+ 1  —  n 

implies 

(28>  Xn+1  n  \+1  =  (0). 


Substituting  (27)  in  (26)  and  using  X^  c  X  ,  we  find 

G  =  X  +  Y  .  By  (28)  ,  this  sum  is  direct  and  it  follows  that 
n+1  n+1 

(26)  holds  for  n+1  with  Y  z>  Y  . 

n  —  n+1 

This  shows  then  that  we  can  define  a  descending  chain  {Y^}  such 

that  (26)  holds  for  all  n  .  Because  of  the  chain  condition,  there 

exists  an  n„  such  that  Y  =  Y  ,  ,  for  n  =  nrt  ,  and  then 
0  n  n+1  0 

•  • 

G  =  X  +  Y  =  X  +  Y  Since  X  c  X  ,  ,  this  implies 
n  n  n+1  -n  n  —  n+1 

X  ,  ,  =  X^  for  n  -  n_  .  Hence  the  ascending  chain  condition  holds. 

n+ 1  n  0 
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7.  Cartesian  products  and  sums  of  K-groups. 

Let  {G^}  be  a  family  of  K-groups  all  with  the  domain  K  of 
operators.  Assume  first  that  we  have  finitely  many  G^,  say  that  V 
ranges  over  the  set  J  =  {l  ,  2  ,  .  .  .  ,  n}  of  indices.  Then  the  set 
theoretical  of  Cartesian  product  P  =  is  the  set  of  all  n-tuples. 


(29) 


P  —  (§  »  §_»•••»§  )» 


n 


with  €  G  for  V  €  J.  If  p'  =  (g1 ^  , .  .  .  ,  g'  )  is  a  second  element  of 

P  and  if  CL  €  K  ,  we  define  operations  in  P  by 

P  +  P'  =  (g,  +  g’,  .  •  •  •  >  gn  +  g'  )  .  Pa  =  (g,01*  •  •  •  »§na)  • 
li  n  n  l  n 


Then  p  becomes  a  K-group  ,  the  Cartesian  direct  product  |X  |^G^  . 

This  definition  can  be  extended  to  the  case  that  we  have  infinitely 
many  .  Let  J  again  denote  the  set  of  indices.  Instead  of  (29)  ,  we 
take  mappings  g  of  J  which  associate  an  element  g^  €  with  each 

V  €  J.  (These  are  special  mappings  of  J  into  the  union  U,S  •> 

If  we  define  the  sum  of  two  such  mappings  and  the  product  gCL  for  cl  €  K 

in  the  usual  manner,  we  obtain  again  a  K-group  P  =  ]>T[  G^  the 

Cartesian  direct  product.  If  we  take  only  the  elements  g  €  P  such  that 

g  is  the  zero  element  0  of  G  for  all  but  a  finite  number  of  indices 

v  v 

V  €  J  ,  we  obtain  a  K-subgroup  S  of  P  .  This  is  the  Cartesian  direct 

sum  S  =  ©  )  G  of  the  G  .  Of  course,  if  J  is  a  finite  set,  S  =  P  . 

-  L  v  v  v 

We  are  mainly  interested  in  S. 


For  each  /I  €  J  ,  we  have  a  K-isomorphism  i  of  G  into  S 

M  M 

(and  hence  into  P)  which  maps  the  element  x  €  G^  on  the  element 
g  €  S  with  g  =  x  and  g  =  0  for  V  €  J  ,  v  ^  [l .  This  is  the 
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H  -th  injection  i(j  .  On  the  other  hand,  we  have  a  K-homomorphism  of  S 


ZG  onto  G  where  p  maps  the  element  g  €  S  on  its  value  g  for  the 

V  V  M  M  ** 

argument  €  J .  This  is  the  ^ th  projection  p^ .  It  is  seen  at  once  that 


(30) 


ip=I,ip  =  n  ior  H  ^  V . 


Here  ,  I  is  the  kientity  map  of  G  and  Q  the  map  which  maps  every 
element  of  on  0^.  On  the  other  hand, 


(31) 


y  p  i  =  i , 

L  v 
u€  J 


the  identity  map  of  S  ;  for  each  x  €  S  ,  only  a  finite  number  of  terms 

xp  i  are  4-  0  . 

*V  V 

The  p- th  injection  i  maps  G  onto  the  K-subgroup  G  of  S  . 

r  r  r 

It  is  seen  easily  that  G^  is  a  normal  K-subgroup  of  S  ,  that  the  elements 

of  G^  commute  with  the  elements  of  G  for  H  ^  V  ,  and  then  that  S  is 

the  direct  sum  of  G  , 

V 


(32) 


J 


—  # 


l  Cv 

J 


Here,  of  course,  G  and  G  are  K-isomorphic. 

V  V 

Conversely,  suppose  that  a  K-group  G  is  a  direct  sum 
G  =  #  ^  G^  of  normal  K-subgroups  G^  of  G.  As  in  (4)  ,  every 
element  s  €  G  has  a  unique  representation 

8  =  I  h„ 

J 

with  h  €  G  such  that  h  -  is  the  zero  element  of  G  except  for  a 
V  V  V  V  r 

finite  number  of  indices  V  €  J.  Let  g  be  a  function  defined  on  J  such 
that  g(p)  =  h^  for  every  V  €  J.  It  is  seen  readily  that  g  €  ©  ^T^G^ 
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and  that  the  mapping  s  - >  g  is  a  K-isomorphism  of  •  ^.G^  on^° 


£)  V"  _  .G  .  Thus 
Lv  €  J  v 


(33) 


•  I  G,  -  ®  l  Gv  ■ 

v €  J  v€ J 


Because  of  (32)  and  (33)  ,  we  usually  consider  a  direct  sum 
*  as  more  or  less  the  same  thing  as  the  Cartesian  sum 

G>  lv  G  ^  .  For  instance,  we  identify  in  (32)  the  given  group  G^ 

with  the  K-isomorphic  group  G  . 


8.  Fitting's  Lemma. 

A  K-group  G  /  (0)  is  said  to  be  indecomposable,  if  G 
cannot  be  written  as  a  direct  sum  of  normal  K-subgroups  J-  (0),  G 
of  G.  We  prove  Fitting's  Lemma  : 

(M)  Let  G  be  an  indecomposable  K-group  of  finite  Jordan  dimension  d(G). 

Let  0  be  a  K-endomorphism  of  G  which  maps  normal  K-subgroups  of 

G  onto  normal  K-subgroups  of  G.  Then  either  $  is  a  K-automorphism 

of  G  or  0  is  nilpotent  (i.e.,  some  power  0 n  is  the  zero-mapping  _Q  )*. 

Proof:  1)  Set  G.  =  G  ,  G  =  G0n  for  n  =  1,2,...,  Since 
-  0  n 

0  maps  normal  subgroups  of  G  onto  normal  subgroups,  and  since 

Gj  =  G0  c  Gq  ,  we  see  successively  that  all  G^  are  normal  K-subgroups 

of  G  and  that 


(34) 


G  -  G  G  ^  .  .  .  3  G  — 5  .  . . 

0  —  1  —  —  n  — 


On  the  other  hand,  let  H  be  the  kernel  of  0n  .  Then  H  is  a 

n  n 

*  A  K-endomorphism  of  G  is  a  K-homomorphism  of  G  into  G.  A  K- 
automorphism  of  G  is  a  K-isomorphism  of  G  onto  G. 
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normal  K-subgroup  of  G.  If  x  €  ,  we  have  x©  =0  whence 


X0 


n+1 


=  0  ,  that  is,  x  €  H  .  Thus  , 

n+  I 


(35) 


H  =  (0)  c  H.  c  H  . .  .  c  H  c  . . .  . 
0  —  1  —  2  —  n  — 


Now,  by  (H)  both  chain  conditions  hold  hold  for  normal  K-subgroups 

of  G.  Consequently,  G  =  G1,=G1_=...  and  H  =  H  = 

n  n+1  n+2  n  n+1 

H  =  .  .  .  for  all  sufficiently  large  n.  If  we  choose  such  an  n,  we 

n+  2 

have  G  =  G0  ,  H  =  H  .  Set  X  =  G  =  G0n  and  Y  =  H  . 
n  2n  n  2n  n  n 

Then  X0n  =  G0  n  =  G_  =  X  .  Hence 

2n 

(36)  G@n  =  X  =  X0n  ,  H  =  H  =  Y  , 

n  2n 

n  n 

Let  g  be  an  element.  Since  g©  6  X  =  X©  ,  we  may  find 

n  n 

elements  x€  X  with  g6  =  x@  Then  g  -  x  belongs  to  the  kernel 

H  =  Y  of  @n  .  This  implies  that  G  =  X  +  Y  ,  We  claim  that  this 
n 

sum  is  direct.  Indeed,  if  d  €  X  H  Y  ,  then  by  (36)  d  €  X©  and  we 

can  set  d  =  x^Q11  with  x^  €  X  .  Since  d  belongs  to  the  kernel  Y  =  H 
n  n  2  n 

of  ©  ,  here  0  =  d©  =  x  0  ,  Thus  xrt  belongs  to  the  kernel  of 

0  0  2n 

0  .  However,  then  by  (36)  xrt  €  H  and  xrt0  =  0  .  It  follows  that 

7  0  n  0 

d  =  0  ,  X  fl  Y  =  (0). 

Hence  G  =  X  +  Y  is  a  direct  sum.  Since  G  was  indecomposable, 

either  X  =  (0)  or  Y  =  (0)  .  In  the  former  case,  G0n  =  (0)  ,  that  is, 

0n  =  anci  ®  is  nilpotent. 

Suppose  then  that  we  have  the  second  case  Y  =  (0)  whence  G  =  X, 

that  is,  G^  =  G  and  H_  =  (0)  .  It  follows  from  (34)  and  (35)  that 

1 


Gj  -  G  and  H^  =  (0)  .  Thus  ,  0  maps  G  onto  G, 


kernel  H^  is  (0)  ,  0  is  a  K-automorphism  of  G. 


G.  Since  its 
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9.  The  Krull  -Schmidt  Theorem. 

It  will  be  sufficient  for  our  purposes  to  deal  with  the  case  of 
abelian  K-groups.  We  prove  first  a  simple  remark. 

(N)  Let  G  ^  (0)  be  an  abelian  K-group  such  that  the  m -condition 
holds  for  K-subgroups  of  G.  Then  G  can  be  written  as  a  direct  sum 
of  finitely  many  indecomposable  K-subgroups. 

Proof:  Let  ^  be  the  family  of  all  K-subgroups  ^  (0)  which  cannot 
be  written  as  direct  sum  of  finitely  many  indecomposable  K-subgroups. 

If  ^  is  not  empty,  it  has  minimal  members  H.  Since  H  cannot  be 
written  as  direct  sum  of  indecomposable  K-groups,  H  must  be 

9 

decomposable;  say  H  =  A  +  B  where  A  and  B  are  K-subgroups 
£  (0).  Then  A  c  H  and  B  c  H.  Since  H  is  minimal  in^£  , 

A  *£  .  B  .  Hence  A  and  B  can  be  written  as  direct  sums 

of  finitely  many  indecomposable  K-groups.  But  then  the  same  would 
be  true  for  H  =  A  +  B  ;  we  have  a  contradiction. 

It  follows  that  is  empty.  In  particular,  G  and  this  yields 

(N). 

Our  problem  is  to  study  the  uniqueness  of  the  summands  of  the 
decomposition  in  (Nl. 

We  use  the  following  notation.  If  <p  is  a  mapping  of  a  set  S  and 
if  T  is  a  subset  of  S  ,  <p  |  T  denotes  the  restriction  of  < p  to  T.  The 
identity  map  of  S  is  denoted  by  Ig  .  If  a  K-group  G  is  written  as  a 
direct  sum  G  =  A  +  B  ,  we  denote  the  projection  of  G  onto  A  by 

p(A  +  B  - — >  A)  or  simply  p^  .  Thus,  p^  maps  a  +  b  - >  a  for 

a  €  A  ,  b  €  B.  (If  several  decompositions  occur,  we  may  indicate  by 
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superscripts  which  of  them  is  used  in  projection.  ) 


LEMMA  1^  .  Let  G  be  a  K-group  and  suppose  that 


G  =  A  +  B  =  C  +  D, 


(1) 


B 


where  A  ,  B  ,  C  ,  D  are  K-subgroups  of  G.  Set  p 

p(A  +  B  - >  B).  Then  p^  -  jD  has  the  kernel  A(1  D.  Moreover 

p  ^  |D  maps  D  onto  B  ,  iff  A  +  D  =  G. 

(1)  _ _ _  A  _  (1) 


Proof  ::  Since  p 


B 


has  the  kernel  A  ,  p^'*7  |D  has  the  kernel 


A  0  D.  If  d  €  D  and  if  d  =  a  +  b  with  a  €  A  ,  b  €  B  ,  then 


(1) 


|D  maps  d  - >  b  =  d  -  a  .  Hence  the  image  of  D  under  p. 


(1) 


Pg  I  "  ‘““y0  ^  A.A.WAAV.W  WAV  A“‘«5V  VA  —  VAAAVAVaA. 

is  B  0  (A  +  D).  This  image  is  B  ,  iff  B  c  A  +  D.  Since  A  c  A  +  D, 
this  is  so  iff  G  =  A+B  c:A  +  D;  that  is,  iff  G  =  A  +  D. 


D 


LEMMA  1.  Let  A  ,  B  ,  C  ,  D  be  as  in  Lemma  1  .  Set  again 

(1)  *  (2) 

p  =  p(A  +  B - >  B)  and  set  p^  =  p(C  +  D  — — >  C).  Then 

±5  L* 

p  ^  jD  is  a  K-isomorphism  of  D  onto  B  ,  iff  p  ^  |A  is  a  K- 


isomorphism  of  A  onto  C. 

Indeed,  by  Lemma  1  »  P  ^|D  is  a  K-isomorphism  of  D  onto 


0  B 

B  ,  iff  A  fl  D  =  (0)  ,  A  +  D  =  G  .  Interchanging  A  and  D  ,  B  and.  C 

(2)  , 

in  Lemma  1^  ,  we  see  that  p^,  |A  is  a  K-isomorphism  of  A  onto  C  , 
iff  the  same  conditions  A  fl  D  =  (0)  ,  A  .+  D  =  G  hold. 

Definition  1,  Let  <p  be  a  K-homomorphism  of  the  K-group  A  into 
the  K-group  C.  Then  <p  is  invertible  with  respect  to  C  ,  if  there  exists 


a  K-homomorphism  {/)  of  C  into  A  such  that 
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(37)  <P0  =  IA  . 

LEMMA  2.  If  <p  is  a  K-homomorphism  of  the  K-group  A  /  (0) 
into  the  indecomposable  K-group  C  and  if  <p  is  invertible  with  respect 
to  C  ,  then  <p  is  a  K-isomorphism  of  A  onto  C  . 

Proof:  Suppose  that  <pij)  =  I  as  in  (37)  .  Then  <p  must  have  kernel 
(0).  Let  M  c  C  be  the  kernel  of  $ .  If  x  6  C  ,  then  xif)  6  A  and 
hence  x0  =  x  ifxpij).  Thus  (x  -  x$,<p)^[)  =  0  ,  that  is  ,  x  -  x^<p  €  M.  It 
follows  that  C  =  A<p  +  M.  If  B(f>  €  A <p  (1  M  with  a  €  A  ,  then 

a<pj/>  =  0  ,  and  by  (37)  ,  a  =  0  .  Hence  A<p  f"|M  =  (0)  ,  the  sum 

C  =  A <p  +  M  is  direct. 

But  C  was  indecomposable.  Since  A  /  (0)  and  <p  is  an  isomorphism, 

A <p  /  (0).  Hence  M  =  0  ,  that  is  ,  A <p  =  C  and  we  are  finished. 

Definition  2:  An  indecomposable  abelian  K-group  A  is  a  Fitting 
group,  if  every  K-endomorphism  of  A  is  either  an  automorphism  or 
nilpotent. 

LEMMA  3:  Let  A  be  a  Fitting  group  and  let  <p  be  a  K-homomorphism 
of  A  into  the  abelian  K-group  C  which  is  invertible  with  respect  to  C. 
Suppose  that  C  is  written  as  a  direct  sum  C  =  of  K-groups 

and  set  p  =  p(C  +  C  - >  C.),  i  =  1  ,  2  .  If  i  =  1  or  2  is  taken 

1  L  Ls  1 

suitably,  <pp^  is  invertible  with  respect  to  (L  . 

Proof:  Clearly  ,  Pj  +  =  *  Let  0  be  a  K-homomorphism  of 

C  into  A  such  that  <pj/)  =  1^  whence  <p(p^  +  =  1^  .  If  we  set 

=  for  i  =  1  ,  2  ,  we  have 
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(38) 


6  1  +  6  2  *A  * 


We  use  the  fact  that  the  K-endomorphisms  of  A  form  a  ring  E  with 

the  unit  element  I.  .  Both  0  ,  and  0_  are  elements  of  E.  Since 

A  12 

0^  =  1^  -  6  i  ,  0  ^  and  0^  commute.  If  we  raise  (38)  to  some 

el  b 

exponent  h  it  follows  that  is  a  sum  of  terms  0  ^  with 

a  +  b  =  h  .  Then  a  =  h/2  or  b  =  h/2  .  If  ©  and  Q  were 

/ 

both  nilpotent  ,  we  could  choose  h  so.  large  that  for  each  of  our  terms 
0  0_  ,  we  have  0  =  D  or  0  =  Q  .  This  would  give  the 

k  C*  1  Ca 

absurd  equation  1^  =  |  | 

Thus,  at  least  one  0^  is  not  nilpotent.  Since  A  was  a  Fitting  group, 

then  0^  is  a  K-automorphism  of  A  and  hence  0^  has  an  inverse  0^ 

in  E.  It  follows  that  I.  =  0,0,  1  =  ,(pp.lf)S.  1  .  If  0.  =  (00.  Sic.  , 

A  i  i  l  i  T  i  ^i*i 

then  if)  ^  is  a  K-homomorphism  of  C.  into  A.  Since  <pp,  maps  A  into 

C.  ,  we  find  <p p,0.  =  I.  and  <pp,  is  invertible  with  respect  to  C.  . 

l  i  l  A  i  l 

We  now  come  to  the  proof  of  the  uniqueness  theorem  which  we  state 


in  the  form 


(O)  Let  G  be  an  abelian  K-group  which  is  written  in  two  ways  as 
direct  sum  of  indecomposable  K-groups. 


(39) 


m 

g  -  *  y  g 

M=0 


n 


I  H, 


V=0 


Assume  that  each  G  with  H  >  0  is  a  Fitting  group.  Then  m  =  n 

M 

and  if  the  H  are  taken  in  suitable  order,  G  ss  H  for  fl  =  0  ,  1  ,  .  .  .  ,  m , 
M  MM 


Proof:  If  m  =  0  ,  G  =  G^  is  indecomposable  and  we  must  have 
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n  =  0  ,  G  =  Hq  and  (O)  holds.  We  use  induction  with  respect  to  m. 


Consider 


r-(  ^  J 

Suppose  that  m  >  0  and  set  A  =  G  ,  B  =  )  G. 

m  Z_ i  /Li  =  0  [L 

all  K-subgroups  C  which  satisfy  the  following  two  conditions  (a)  and  (b). 

(a)  C  is  a  sum  Z,6NH„  with  V  ranging  over  a  non-empty  subset  N 

of  {o  ,  1  ,...,n}  ,  If  Q  is  the  complementary  subset  of  {o,  1  ,  2  ,  .  .  .  ,  n}, 

set  D  =  Y  .  H  so  that  G  =  C  +  D  . 

Lv€Q  v 

(b) ,  If  p  =  p(C  +  D  - — >  C)  ,  then  <p  =  p _  |  A  is  invertible  with 

V  C 

respect  to  C. 

Such  groups  C  exist.  For  instance,  C  =  G  has  the  required 

properties.  Here  ,  D  =  (0)  ,  p_  =  I_  ,  and  <p  =  I  .  Then  the 

O  Cjt  A 

projection  0  =  p(A  +  B  —  >  A)  is  a  K-homomorphism  of  G  into 
A  and  <p0  =  I  . 

Choose  a  group  C  =  ^  ^  ^  H  with  the  properties  (a)  and  (b) 

such  that  N  is  a  subset  of  {  0  ,  1  ,  .  .  .  ,  n}  with  the  smallest  possible 

number  of  elements.  If  the  are  arranged  suitably,  we  may  assume 

that  n  €  N  .  If  N  contains  other  indices,  we  can  write  C  =  C^  +  C^ 

where  C ,  =  H  and  C_  4  (0)  is  a  sum  of  groups  H  .  It  follows 

1  n  2  6  ^  V 

easily  from  Lemma  3  that  either  C  or  C  has  also  properties  (a) 

1  2 

and  (b).  This  is  inconsistent  with  our  choice  of  C  .  Hence  N  =  {n}  , 

C  =  H  ,  D  =  7  n_1A  H 
n  Lv-0  v 

•  • 

We  have  G  =  A  +  B  =  C  +  D.  Since  <p  =  p  |A  is  invertible 


with  respect  to  C  and  since  C  =  H  ,  Lemma  2  shows  that  p_  |A  is  a 

n  L 

,  (2)  . 

K-isomorphism  of  A  onto  C.  Now  Lemma  1  applies  (with  p^  =  p^  ). 
It  follows  that  x  ~  is  a  K-isomorphism  of  D  onto  B.  Hence 
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m - 1  n-1 

•I  gm  =  B  =  °X  -  •  l  <H„X>  • 

p=0  v=o 


This  is  a  formula  of  the  same  type  as  (39)  with  m  replaced  by 

m  -  1  .  Consequently,  Theorem  (O)  may  be  applied  here.  It  follows 

that  m  -  1  =  n-1  and  that  for  a  suitable  arrangement  of  the  ,  we 

have  \  *or  M  =  0,1,...,  m-1  .  Thus  ,  m  =  n  , 

G  H  and  as  p_  |A  is  a  K-isomorphism  of  XA  -  G  onto  C  =  H  = 
p  n  (_/  n  m 

H  ,  this  holds  also  for  p  =  n  .  This  shows  that  (O)  holds  for  (39). 
n 

Note  that  our  proof  does  not  require  that  G^  is  a  Fitting  group. 

This  is  important  in  Chapter  VII.  Actually,  in  the  application  made  there  of 
(Q)  *  it  is  clear  that  the  groups  G^  with  fJL>  0  are  Fitting  groups, 
independent  of  Fitting's  Lemma. 

If  we  assume  that  d(G)  if  finite,  every  indecomposable  direct 
summand  A  of  G  has  finite  dimension  and  is  a  Fitting  group  by  (M). 
Combining  (N)  and  (O)  ,  we  have  the  Krull-Schmidt  Theorem  ,  at  least 


for  abelian  K-groups. 


(O*)  Theorem:  Let  G  be  an  (abelian)  K-group  which  has  a  composition 
series.  Then  G  can  be  written  as  a  direct  sum  of  indecomposable  K-groups 
and  these  summands  are  determined  apart  from  K-isomorphism. 

The  same  method  can  be  used  in  the  non-abelian  case,  but  some 
additional  remarks  become  necessary. 

10.  Remarks  on  Zorn's  Lemma. 

Let  S  be  a  set.  Suppose  that  a  binary  relation  p  is  defined  for 
the  elements  of  S  and  that  we  write  a  <  b  ,  iff  the  relation  holds  true  for 
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the  ordered  pair  <  a  ,b  >  of  elements  of  S.  We  say  that  p  defines 
a  partial  order  in  S  ,  if  the  following  conditions  hold(for  a  ,  b  ,  c  €S); 

(a)  The  statements  a  <  b  ,  a  =  b  ,  b  <  a  are  mutually  exclusive. 

(b)  If  a  <  b  and  b  <  c  ,  then  a  <  c  . 

We  have  a  linear  order,  if  in  (a)  always  exactly  one  of  the  statements 
a  <  b  ,  a  =  b  ,  b  <  a  holds. 

If  p  defines  a  partial  orddr  in  S  and  if  T  is  a  subset  of  S  ,  then 
p  also  defines  an  order  in  T.  If  T  then  is  linearly  ordered,  we  call  T 
a  chain  of  S.  An  element  s  of  S  is  called  an  upper  bound  of  the  chain 
T  ,  if  t  =  s  for  every  t  €  T  . 

Zorn's  Lemma :Suppose  that  S  is  a  partially  ordered  set  and  that 
every  chain  of  S  has  an  upper  bound  in  S.  Then  there  exist  maximal 
elements  m  of  S  ,  i.e.  ,  elements  m  €  S  such  that  there  does  not  exist 
an  element  x  of  S  with  m  <  x  . 

Zorn's  Lemma  can  be  proved  from  the  axioms  of  set  theory.  It 
is  equivalent  with  the  axiom  of  choice  (assuming  of  course  all  the  other 
axioms). 

In  many  applications,  S  is  a  set  consisting  of  subsets  of  a  given  set 
M.,  If  x  ,  y  €  S  and  if  we  define  x  <  y  to  mean  x  c  y  (that  is,  that  x 
is  aproper  subset  of  y),  we  have  a  partial  order  in  S.  We  say  then  that 
we  have  ordered  S  by  inclusion.  If  T  is  a  chain  and  if  we  choose  u,^,  as 
the  union  of  T  (i.e.  ,  as  the  set  of  all  elements  of  M  which  belong  to  some 
t  €  T  )  ,  then  t  =  uT  for  every  t  €  T.  If  S  has  the. property  that  the 
union  of  each  chain  T  of  S  belongs  to  S  ,  T  has  an  upper  bound  in  S 
and  Zorn's  Lemma  applies. 
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